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SUMMARY

I
The use of identification techniques using the model—reference

adaptive system (MEAS) approach is investigated . The problems of

identifying systems of the type represented by the human operator

I 
in a compensatory tracking task are Investigated by considering the

three cases of linear time—invariant, linear time—varying, and

I nonlinear time-invariant systems. Identifiers applicable to each

of the three cases are summarized as to existing methods , new

I methods developed , analysis of identifier stability characteristics

performed, and design guidelines for implementing them in practice

are advanced. Experimental results are provided to indicate the

accuracy of the identifiers in the presence of measurement noise for

each of the three classes of identifiers investigated. Results

indicate the good results possible using some of the MRAS identifiers,

especially as regards the time—varying and nonlinear cases.
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CHAI’TER I. INTRODUCTION

A. Ills t ory  arid Pre l ~ninariis

The i d o n t i f i c a L  ion of significant parameters in pi lot  t r an s f e r  func—

tion mod:is is an n r ~~i that has been of considerable interest to aerospace

researcijeis since b e l or e  Wor ld  \-~ ir  II. The problem is one of cost and

safety versus accuracy . Many flight scenarios exist where great  danger  is

involved if a pilot ‘~;cre to be present , yet  the pilot ’s dynamic response

characteristics dui ’us; such stress manuevers are precisely what are required

to determine a fly in~ vehicle ’s ability to function properly under adverse

conditiuiis . To this end , pilot dynamic models are sought which can he sub—

stituted for an actual  pilot in a dangerous f li ght simulation.

The field of idcntific~ tion is long and diverse, encompassing both

statistics and engineering. A large variety of off line techniques have

been developed over the year , including least squares [1], weighted least

squares [2], generalized least squares [3,4] ,  instrument variable [5,6],

frequency domain [7], cross correlation [8,9], stochastic approximation [10—

12], Bayesian 113], Kalman Filtering [14—161, and the Kleinman optimal con-

trol model [17—19]. General surveys covering this field include [20—30].

To oblain pilot models, tracking tasks are utilized to place subjects

in comparable flight scenarios. Both humans and monkeys are utilized in

simple tasks, as it has been shown that highly trained monkeys exhibit

dynamics s imilar  to tha t  of pi lots .  The usual scenario is that of the sin-

gle axis compensator tracking problem , shown in Figure I—i [31]. Here a

subject  is to v i sua l ize  an error e and keep it “small” by ad jus t ing a “j oy

st ick” o u t put  y .

Special problems which ariss demanding model ing of p ilot response in

place of p i l o t s  are stress cond it ions  such as 1) nuclear i rradiat ion1
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re~~r c s n i t i n~’, a nuc lear  b l a s t , 2) hi gh— g corner ing  manuevers , 3) hypoxia ,

4) e f f ect s  of increased t n s k  ra te , 5) response due to environmental

Is~ u L 5  SUCh as t empera tu re  and v ibra t ion , and 6) e f f e c t s  of psycholog ical

\~~i j ~, J e ~; such as t ra ining , motivat ion , and task d i f f i c u l t y .  The r e su l t i ng

5 :~1o~ n s t i c n  d~~r ived  f rom such s tudies is use fu l  for  desi gn of new high

p e r f rr n s i nc e  a i r c r a f t  and t he i r  control  systems (CCV ari d DFBW sys tems) .

Previous work in t h i s  area has p r inc ipa l ly  relied on ei ther  f requency

re~~~~nse t r a n sf er  funct ion models [32— 34 ] or optimal control  models [17 ,

18 , 3 J .  The fo rmer  rel ics on a describing func t ion  sine—wave driven ap—

p r ( a c l I  [ 3 6— 3 9 ] ,  and the l a t t e r  on the assumpt ion  that  a trained pilot

operz i L es  to minimize tracking errors in a leas t—squares  sense. The la t ter

\ iork relies on Kain lan f i l t e r i n g  [4 0 ] ,  o f f — l i n e  maximum likelihood [41], and

l e a si —s qu a r e s  i d e nt i f i c at ion  approaches .  The work reported herein is pre—

~5icateJ upon a d i f f e r e n t  concept , the model reference adapt ive system (MRAS)

appro ~. c h i .  This method , not previously applied to human operator work , is

concep tua l ly  sui ted to this  goal because the human is inherently adaptive

[4 2 — 4 ( ~] and the I~RAS concept has buil t  into its’ formulation the ability

to adapt ive ly  track time—varying human performance parameters [47—49].

Thi~. adaptation can manifest itself in the form of task allocation [50],

chang i ng ability to process sensory inputs [51], and altered reaction t ime

and response [19). Therefore , the MRAS approach offers a natural mathe-

matical vehicle for formulating the human modeling problem.

Such an approach  would complement t h e  Opt ima l Control  Model work on

model  development and least squares cost f unc t i ona l  formulat ion . The ?‘ffiA S

approach , hovevcr , offers a more natural setting for the problem (i.e.

human operator characteristics are ident i Ned as they occur without need for

previous r es t r i c t  Lons as to time , invariance, and optimization form sech 
as3



L~~~ s : t - -s q i~~~~~~~~~ r , e t c . ) ,  and also alm s for adaptation , nonstructured cost

c L i ans i  (~~:1mizatioJl (e.g. other than least squares tracking error),

H :~Lra i~~ tfo rs~ard i nclu s ion  of nonl inear  model phenomenon. The u l t ima te

ot t h i s  ‘~srk is to use MRA S methods to identify general parameterized

] r5.5~ op sa 1-or mndel s , f rom p i l o t — g e n e r a t e d  opera t ing  records, that are

rk~~d l y  super io r  to least squares and Optima l Control  Model approaches.

L~csu l ts  of such analyses are useful in providing quantitative and

q i [t .at iv~ design  inforeation on fly ing qualities , p i lot/vehicle in tegra—

t , L n i , roe l p i t  in f o r m at i o n  display , and stability and control  c h a r a c t e r i s t i c s .

~~~~~~~~~ [u L  resul ts  have been made avail able from the quasi—linear modeling

a pp s n a c h  of t h e  past [33], but it is felt that in develop ing new model

co n cept : ; , inc lu d ing  nonl inear , t ime—varying ,  multi—loop, and adaptive , then

analys  is m e thodologies are warranted for  invest igat ive purposes.

Becau se  of 1-lie complex nature  of the human operator i den t i f i ca t ion

1)1-ob ler l  and 1- l i t  embryonic stage of MRAS identifier development , it was

d o e ~~cd to be a m ult i p l e  stage task to the practical implementation of M1~AS

idcntiii ers to th e human operator problem , namely 1) develop tuning and

optimization procedures for MRA S , 2) determine model structures suited to

i f l L o h , and 3) implement the identifiers on operator task da ta.  The philos—

ophy behind th is  is that other identification techniques have been improved

and optimized over many years  of use and are about as good as they will  ever be ,

whi le  M~AS is relatively new and o ff e r s  fea tures  beyond other methods , such

an 1) the tracking error e can be guaranteed to match lim e(t) =0 , even in

tIi~ presence of noise (E {c } then) , 2) the problem fo rmula t ion  lends i t se l f

to m e sn i n g lu l  p a r am e t er  i d e n t i f i c a t i o n, 3) nonlinear i ties  can be simp ly

in oorpora  N d . For the  p r e c e d i n g  reasons , it was deemed necessary to con-

centrate the b u l h  of the present effort- on MRA S identifier design and4



For g e m ; : r n l  use , w i t h  l)~~r t icu l .ar  emp hasis on the so lu t ion  of

i i ne 1 - i  ccl problcn.; which rd ate to the hiuiua ~i Operator problem.

A l t so~igh the main  t h rus t  of this work was mot iva ted  by the p i lo t

road ’ 1 I r o P l e r i , h i ~ are a considerable  number  of o ther  Air Force areas

‘ - 3 m . 5 C  sa~ h work is of direc t be nefi t~, These include a) determinIng the

p a r c i s t - e r i z a t i o n  of wing rock due to high ang le of a t t ack , b) on—line

r espcn: ; .~ of new !oF Ii ~f ll p e r f o rm a n c e  control  configured vehicles for  f iner

~- a n ; c t ;  a iming,  c) model  d e t e r m i n a t i o n  for  c losed—loop f l y ing qualities c a l—

c I ; I ! r  so , d) foi- o ’ i pn t echno logy  weapons syst em assessment , e) an t i  missile ,

c r ; ; i .~~~~:’3sse ls , and flLflV pursuit -~cvasion problem , f) trajectory control for

t h e  new c l ass  of missi les (Missile X ) ,  and g) human capabi l i ty  In tele—

v h S  150 puided bomb systems (Maverick)  and o ther  man—in—a—loop—ins  ide—another -

IC) ;‘p

The p ra c t i c a l  i m p l e m e n t a t i o n  problems investigated include

(a) p a rame te r  b ias  in the presence of noise

(h )  tuning methods  fo r  s e l ec t i ng  desi gner con-

trolled identification parameters

(c) convergence rate prediction and control , and

the concomitant effect on efficiency

(d) dete reiiiati on of stability boundaries

(e) robustness of identifiers in handling time—

vary ing models

(f) algor ithm modification and t un ing  fo r  identi-

f i c a t i o n  of both r i I; 1r) J ’~~ and s~~ ‘ic—valued

fu r i c t  ioiis

(g)  fr e q u e n c y  r ichness of the inpu t  and its

5



i f e et  on model i d e n t i f i a b i l i t y

t a l e :  h ave  n i t l y  been addressed In a cursory and superficial manner

in  t i m : as t , r e s u l t i n g  in c ‘- - /  c methods .  T h e  p resent  work provides an

n o .  l~ c Ir : i i i :c  ear l : , the end r es u l t  of which is maximum user f l e x i b i l i t y .

l~ . o ’Pr - .t of P ,rh
- 

C l i  C t i m e  t i n e  of MRAS in human opera tor  work Is new , prelimi .nary

p~ ~eral 1 : - n t 1  1 i c ; t :  i on  work needed to be done f i r s t  to he able to insure

t i  t v o l  ~~( LL: d l~hAP identifiers coul d function in 
realistic environments.

To l i i  is mud , 11e\-) cork was undertaken to provi de answers to the eng i neering

p P I e .  i i  of

1) no jar effects on accuracy  and convergence r a t e

2 )  e f f e c t s  of fr e q u e n c y  r ichness  on p a r am e t e r

1- r o o ’ k i n p  accuracy

3) i d e n t i f i c a t i o n  al g o r i t h m  devciopmont  and

ana l y:lis

4) coTll l )u L ( r c o m p u t a t i o n al  r e qu i r e m e n t s  (s torage ,

comput;it Len time , etc.)

)  o n — l I n t ’  model  order determination.

To s l o w t h e  w o r k — t o — d a t e  and exp ec ted direct i on , these top ics will he

C O V e  d .

Therefore , identified human opera tor  models is NOT the goal of the work

r e j i L e d  herejn . h ence the thrust of the work will deal with technical

a:;I erts of stabilit y, modelin g, model structure , etc. of identification

al gori lions , and n o t  on human rr o ;oi lt s using  I/O data.

C. R e j or t Orj~- r i i z a t ’ i o n

The report  i s  divided into four main areas. In Chapter 2 the genera l

identi i i col t ion p r o b l em  i s  deve loped  m a th e m at i  c a l l y ,  1-lie l inear , n o n l i n e a r



/

and t ime—vary ing human opera tor  mode] .s are r e v i t o . e d , and t in  v : r~~ot iS  :‘ - :

and re la ted  i d e n t i f i e r s  are d e f in e d .  The d I f f o r c n c e  b ety m ’ ; .  iih ’n t i f  r~~,

whi ch f a l l  int o the two classes of se r i e s — p a r a l l e l  and p a r a l l e l , is

quantified . Chapter 3 covers the NTIAS synthesis and anal’s is 1 i n r ;m r  t i

i nva r i an t s y s t em s . Chapter  4 deals ~.‘:i 1-h nonlinear ident :ificrs , model

s t r u c t u r e , and the cri tical subjec t of parameter  i d e n t i fi a b il i t y .  C l m n p L : - r

5 deals wi th  t i m e — v a r y i n g  parameter  Id e n t i f i e rs .  Ch ap te r  6 covers ‘1; -1 .—

menta t ion  problem s from an empir ical  and approximate  analysis  approach ,

so as to address prac tical situa tions in which t i m e  theory f a i l s  to p r o v - f d o ’

substantive answers about identification. Chapter  7 provides s i mu l at

resul ts  and desi gn guidel ines  based on the a n a l y t I c a l  development anai s i n

of the previous chapters . Chapter 8 summarizes the f ind ings , prov ide s

conclusion f r om the resul ts, and offers suggestions for future work.

7



CI’iAI ’TER 2.  ~lA1 l1b1-1J’ T fCA T.  T E C I I N I Q P I ; f  USED T fl TIlE
SYNTh ESI S AND ANA LYSiS OF MRA S i DEN TIFIERS

In th is chapter  the  back groun d  m a t e r i a l  and re levant  m a t h e m a t i c a l

L h )r C i i mi na r i c s  necessary  for  an uo i : i e r stand ing of tile a lgor i thms  which fol-

low will be deve loped .  Concepts  which  w i l l  be emp loyed include general

non l inea r  syst em s t a b i l i t y , hyp e r s tah i l it y ,  posi t ive real func t i ons , paral-

lel and s e rie s—para l le l  model c o n f i g u r a tio n s , and f r e q u e n c y  richness.

It is necessary to present these concepts because of the need for func-

t ional  a n a l ys i s  to u n d er s t a n d  the mathemat ica l  subtietier of the identifiers

to be presented.

A. Prelimin,~~~

The work performed in sys tem Identification covered three distinct

phases: lirocar t i m e — i n v a r i a n t  sy stems , l inear  t ime—vary ing systems , and

nonl inear  t ime—invar i an t  systems . The question may have arisen to the

reader , “Wh y wou ld  anyone continue to perform a funct ional  investigation

of systems i d e n t i f i c at i on  techniques since a high level of e f f o r t  has

occurred for  over t h i r t y  years?”  The answer lies in the fac t  that  a l though

much i d e n t i fi c a t i o n  work has been done by s ta t i s t ic ians, mathemat ic ians ,

engineers , and sc ient is t s, the bulk of such work has been under the assump-

tion tha t  the  system cons i st s  of a linear , t ime—invariant p lant  s t ruc tu re .

Al though t h e  m a j o r i t y  of ph ysical  processes can be roughly character ized

by a l inear ized model , there comes a t ime when hIgher—order , secondary

model  e f f e c t s  are sought , and it is to this  issue that  par t  of the present

stud y is addressed , the rest dea l ing  wi th  general MRA S iden t i f i e r s .

Many d i f i e r e n t  t ec lo n i qua s  for  parameter I d e n t i f i c a t i o n  have been

dev o lope d  ove r the y ear s , each based on a set of ma thema t i ca l  modeling

a s s u m p t i o ns  ( - on com ing no isa , b i a sed i t e ss , p 1 n u t  l i n e a r i t y ,  a priori

8
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P - . . i edgc  ~ f noise s t a t i s t i c s, corre la ted residuals , identif ying an open—

u i  p l a n t  r; er at i ng  in a closed—loop (the human operator  problem is

ii case) , and many o thers .  Front such information, iden t i f i ca t ion

p m . : :
~~

durcs  such as least squares , maxim um likelihood , etc. have evolved.

U i J m  r espec t  to l inear t ime—inv ar ian t  ident i f ica t ion, most techn iques

h i v e  f a i l i i r c ’ mod es , and for  t ime—varying and nonlinear systems results

a becon e progress ively  worse.

One r e l a t ive ly new technique (developed in the last five years)

( o f f e r s  the  possib i l i ty  of much improved accuracy and greater  f lexibi l i ty

it ’  p r a c t i c al  i m p l e m e n t a t i o n  (i .e. noise , nonlinearit ies , time—varying terms ,

s t o h i L i t y ) . This technique is called model—reference adaptive systems

( :P

~

’h )  and is predicted on the  simple concept that a model observer is

t ’ d p i n t e c b  u nt i l  tile p lant  o u t p u t  matches that of the model.

Mos t of the past i dent i f ica t ion  techniques have involved o f f — l i n e

methods which identif y constant coe f f i c i en t  linear system models . The

M I1AS concept is a s ign i f icant depar ture  from t rad i t iona l  approaches in a

number of ways , (1) a scalar metric lim E { e }= O  as opposed to scalar or
t—M ~

vec to r  summation or integral criterion, (2) using Lyapunov an d related

s t a b i l i t y  theories it is possible to insure global s tabil i ty of the para-

m e t er  i d e n t i f i c a t i o n, (3) the MRAS technique is inherently an on—line sequen-

t Ial  approach , allowing for  i ts  use in the iden t i f i ca t ion  of nonstationary

systems , (4) unknown system parameters are treated as “gains” of a model ,

w i t h  the end result  being the matchin g of model pa rameter s to those of the

system.  S t a b i l i t y  capab i l i t y , coupled wi th  s ign i f icant  previous work

w i t h  MRAS control , makes the MRA S concept a tt rac t ive  to investigate as

rt j s t rd o ;  its u t i l i t y for  human operator iden ti f ica t ion .

9



T om I ;  v port , t h e r e f o r e , is l i i i ted to MEA S i d e n t i f ic a t i o n  techn iques ,

th e i r  ;i ]ar i t i e s  and d i f f e r e n c e s , and the f u r t h e r  development  of

;mn :ll yLi ’., i lep lenientat ion  design procedures . To e f f e c t  this , linear time—

i i l . a r i ; ’ o i t , l i n e a r  t ime—vary ing ,  and nonlinear MP~AS con cepts  are f irst

n t ’rve ’> e d  r o d  reviewed , followed by new a lgo r i thms  and design techniques .

In th in  w ay , an ex t ens ion  of NRA S methods towards  the human operator

p e h l c o : i  can be r at i o na ll y and object ively determined.  It should be noted

tha t  i t  is because of the newness of the MRAS approach that it has not

been r a ~-.ieyed for the present problem , not necessarily i t s  inabil i ty to

handle r o e  problem .

B. S v st e n m  ident i f i ca t i on  Concept

To beg in the resu l t s  of the work performed , it will be use fu l  to

iT ev ~~d~w h r i e f] .y the concept of dynamic system iden t i f i ca t ion  and wh y it is

a n o n — t r i v i a l  problem. Two classes of ident i f iers  are of f — l i n e  and on—line .

A techni que processing inpu t—outpu t  data during normal operation and

provides a continuously updated real—time model is an on—line approach .

O f f — l i n e  methods genera l ly  employ stored operat ing records and special

test  i nputs  to aid in system iden t i fi c a t i on ; computational  time require—

mc ’uts are relaxed here. This is i l lus t ra ted  in Figure Il—i [52J .

The most common method of system iden t i f i ca t ion  is employed regula rly

by e lec t ron ics  people , namely Bode p lo t t ing .  Using the very special input

of a s inuso id  to a linear , t ime—invariant  p lant , the inpu t—outpu t  magni tude

and phase response of a system may be obtained , f rom which system poles

and zeros (and hence parameters )  may be ex t rac ted .  To show this , consider

the p l a n t  [53] given by

_______ 
l 0 (3 s + l)

lOs + l l l s  + ll ls  + i O s

10



By n L o ~~ i~ ci ft . p l ant  t:o o ;inus oida l  signals of vary ing  f r e q u e n c y,  a

m a g n L 1 : ( - - p h i -on 1~~. t of 11 v ; . ~ can he obtained , where s = j oi , as shown

in I i ~~~:a’ Ii--~. ,  The p lots  can be analyzed from frequency response knowl—

ed ge e l i

-~ ~~1c~ ± 1) 11—2 B(i’~) (1 Ojti + 1) (i°° + 1) ( .l j e + 1)

and i i -  :c

_____
(3

~ 

.f 1)H ( s )  
(s)(lOs+l)(s±i) (.ls+l) 

(Il-3.B)

l 1 t ’n v c r , net  all. systems can be subjected to a sinusoidal input .

Suppore a stc  o i : l!t  iS n p p i i ed  to an unknown plant H(s )  known to be of

f i rs t  o dor , as o n  in F i gure  11— 3

-
~~~ (s) H ( s )  (11 4.B)

u = i / i  (step input )

Then i t  in knuu~ I at  t h e  r e s u l t i n g  out put  t ime—response  is

y ( t )  = 1 — e ’~~ ; y (o )  = 0 (II-5.B)

If the syst e m 0 -a p o n s e  y ( t )  is recorded for  u(s)  = ifs , then “a” can he

d e t e r  f tcd  by cal  su l :o t i n g  t h e  t ine  t = t at which y ( t ) = .632 , as shown

in Fi gu r e  11—4 . Then

a = ( II—6 .B)

S i m i l a r  r ,ults bold for  h i g h e r — o r d e r  systems wi th  s tep  Inputs  [5 4 J .

IT n Io rtu n a  e ly ,  i f  the o r d e r  of the sy s t em is unknown , the i n p u t  can

not be preselec! m d  (or is no t  a si m p l e  t e st  s i g n a l ),  or the sys t em has

mul  ii p ie  I n p u t  s i i m . l  o u t p u t s  (i~~ 1 t ivar iobl  a s t ru c t u r e )  , then d e t e r m i n i n g

11



OFF :]~~r 7 ~ER~~~~ MANIPULATE H ANSWER 1
TIME

~ 
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~~~~~~~~~
VV
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Fi gure  I l— i . I l l u s t rat i o n  of the princip le of o f f — l i n e  versus
on—line system iden t i f i ca t ion.

40 -20 dh/d e c

20 -

—40db / dec
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~~~~-
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~ ~~~~~~~~~~~~~~~~~~~~~~~~~ - —90

—80 
—60 db/ dec  

—180 ~
Phase

— 100 - — 270

I —360
0.01 0.1 1.0 10.0 100.0 ~

Figu re T T — 2 .  Frequency Response Ident i f ica tion
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th~ a par ;.s’c rer s Is not  .so easy. For such cases it Is more appro—

p r i o t .e t o  develop n u m e r i c a l  techniques  for  ca l cu l a t i ng  sys tem parameters

t r o m : i m t ) u t — o u i p u t  measurements only.  The main work of this report is

c e ;m c c ~ mie d w i t h  dev e l o p i n g,  a n a l y z i n g ,  and ca lcu la t ing  i d e n t i f i c a t i o n  rules

a n t  a ssoc ia ted  t o o l s  (model order de te rmina t ion, input  na tu re  r equ i remen t s ,

Ci .)  needed for  pract ica l  implementa t ion .

I
C. J i r u e  Classes of Plant  SI : ru c tur e

To c lar i f y the  key d i f f e reoces  between the three  d i f f e r e nt  classes

of p1 m i t  s t r uc t u r e s  a l luded to previously ,  consider an n th  order dynamical

s y s t e m  w i t h  in ut  u and ou tput  y as given by Figure 11—5. The system is

descr ib ed  by

x f (x  , u , t)p p 
(Tl— l . C)

y = g(x , t )

D e f in i t i o n  I l—i .

If the  systetmi ( I I— l . C )  is 1ine~~r t i m e — i n v a r i a n t , a model descript ion

is

x = A x + B  u (11 2 .C)---p —ii

= x

Lu c re A is an n x a constan t m a t r i x , B and C cons tant  n—vectors . Super—

p o s i t  ion and hoom h en e ity  hold in thi. s case.

D o i t i o n l I- 2.

If t h e  sy s t e m i  ( I i — l . C )  is l i n ear ,__t imc—v ar ~~~~ ,, a model desc ri p t ion  is

x = A ( t )  x + B ( t )  U ( 1 l— 4 . C )

13



1 1( t)

I 
Unkno wn P lan t

y( t )
h ( t )  

-

I

F i g u r e  11—3. General Impulse Response Representation of a
Single—Input Single—Output System .

y ( i )
A

.6 32~~~~~~~

7

~

Figure 11—4. First—Order System Response Due to a Step Input.

I

u ( t )  Dyn:rnical 
_ _ _ _ _ _

Figure 11—5. General Dynamical System Conf igurat ion .
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x (I I—5.c )

ro A i s  a x n m a t r i x  w i t h  possibly each e lement  being a func t ion  of

t t r ~ ( i .  m . ~~~~~~~~~t + 2) , and B (t ) and C ( t )  t ime—variable  n—vecto rs .

~- : : - i  so; I t .  a - i l  h o m o p e n e i t y  s t i l l  hold here .

ii s t m n ; l d  be not ed t i n t  the time—invariant case is actually a

1 . eva of a t i m e — v ar y i n g  sys tem , bu t becau se t ime—invar i an t  systems

a used so e a t  onsively in  science and eng ineering the two are treated in A
p r : n ~~ire  -n- ; c~~-0 distinct modeling approaches. Unique to time—varying

s
~~

;; l an i
~ 

t o ; t i m e  ~: e_ oJ _ e ~~ s~:e of A, B, and C. Questions of determining

SL i l l t y  aI  sy s t ems  of the form (lI—4.C) , (II—5.C) arise since the

~~. i i . .  I n  i;I - . m of

I ? J — A ( t ) I = 0 

1h:s— ; no n~~s1~~~p in  the  st r i ct  sense [55 ,5 6 ] ,  a l though fo r  ~~~ I j A ( t ) H <

n
a les i gn c o n st an t , m e a n i n g f u l  approx ir . ;rmte  so lu tions  may be obta ined .

Tim e th ird class of systems addressed is that of nonlinear , time—

i nvariant i l v ;m t~~. Here , ce r t a in  p l an t  terms involve squares , magnitudes ,

s a t  i n s o t Ioii t e r m-; , hysi c-r i s i s  e f f e c t s , e tc .  in order to def ine  the p lant .

ii t i omi and homogene i ty  do not hold in such cases.

I);  i i  i t  I on 11—3.

If the sy s t e m  ( I I— 1 . C )  is nonl inear  t ime—invar ian t , then a model

di C i i  P I i  ( m i  15

u)

(II— 7 .C)
y =

1 - f Ls iii n~~vee tar and g a scalar.

Seine Ln; I ~ - o ex a m p l e s  c f  £ and g f u n c t i o n s  are

f = (II-8. C)



f .  ~~~~~~ ( I I — 9 . C )
1 p

f . = (II—IO.C)
1 p

(K x if j x j < C
f — I 1P  P —
j  < (I I— il . C)

K if Ix I > C
2 p

f. shown in Figure 11—6 (hystorisis), as veil as (II—17 .C)

g = K’x
2 

(II—13.C)
p

g = , e tc .  ( I I — 1 4 . C )

T h e  l inear , time invariant case is then a special case of th i s  class ,

wherein

f A x + B  u
— --p

(1 1—15.  C )
g C x—p

In general , the human opera tor  is a mult itn odal , adaptive , learn ing

control system [44]. The learning occurs because the human changes i ts

control performance due to sensing the environment in which it operates

and altering its characteristics to improve the performance . The

adap tation is manifested in predictive and correlating capabilities , in

adjus ting sensory input information by ignoring immediately unneccessarv

q oan t i ties , and altering the control response to meet a new “cost criterion ”

as a test  progresses. An example of this adapta t ion  is shown in (4 3 ] .

1). St ab i l i t ~~j o rhn iques

In th i s  sec t ion  some of t he ma themat i ca l too ls used fo r MRA S identifier

de te rmin a t ion arc presen ted , along with appropriate analysis definitions.

This material is i n c l u d e d  so as to provide a background to the theoretical

results which will he developed in ensuing chapters.
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l o a f  Live  t~c a l  Func ~i r~n ;

The concept of a p o si t i ve  r e a l  f u net  ion  is  c e n t ra l  to the th v l o t i r - s o t

and a n a l v a i n  of asymptotically hyperstahic identifiers , both COnt InU OUS

and d i s c ret e .  Th i s  iS  because , as in circuit theory whm :re it evolved

f rom , st ;~ 11 1 t is Ioo ~~ed on whc ’ t h or  a sy s t em absorbs or generates  t 1owe r ,

represent ing a posit ive or negative real “ i m p e d s n r m ” r e q u i r e m e n t .  To

this end , L i e ; , fo rr ~~ l d e f i n i t i on s  of th i s  p r op er t y  w i l l  be s ta ted , a long

w i t h  some p r a c t i c a l  d e s i gn r a m i f i c a t i o n s .

C o n s i d e r  f i rs t  the  con t inuous  time casr , where in  one is given a

m ; i isfer f unc t i on  H ( s )  of the f o r m  [57 ]

a n — i
- s

n — i + l
l i ( s )  = 

~~ 
= 

~~~~~~~~~ , b 1  ( I I— l . D)

n—i
i=l

D c f i n l t i sm T I— ~~.

A continuous—tim e function il(s) of the complex variable s a+jw is

strictly positive real (SPR) if

(1) ii(o) is real (II—2.D)

(2) Re{hl (s) } > 0 ; Re{s} > 0 ( l I — 3 . D )

The term real refers to time realness of H(s) for real values of s and

positive to the p o s i t i vi t y  of the  real par t  fo r  values of s wi th  pos i t ive

real part ;. From the d ef in i tion , the following guidelines result:

(1) If H ( s )  is rational , no poles or zeros may lie in

t h e  ope n ri ght  hal f pl ane (ORHP)

(2)  I f  t i m e  c o e f f i (  l en t s  of N ( s )  and l) ( s)  are real

11 (u ) is  ieai .

(3) ~ (t rder  (N ( s )  }— o rde r  {D(s) }
~ cl-i , ii .



or d i  :;r rct: e t ime sys t~~ os , one m u s t  I c - f o r  to a C (z )

~ 1)L n — i + i
G(z) = = ~~~~~~~ —- — --— (Il-4.D)

1+  ~ a . z
1

1ir l  

~on 11—5.

Ii i h i o c r e t e — t i o m e  fu n c t i  ooi G ( z )  of the  complex va r iab le  2 = Y ± j

1~O ~r i ; e 1 y  p c~~ i c L e c -  real if

i t c o { G ( v ) )  > 0 z I  = 1 ( I I— 5 . D )

:° . T - y a p mnov S t a b i l i t y

i ~~~~ ao - e t~~o key anal  yn I n  t e c h n i q u e s  d~~vmolo p e d b y Lyapunov . These

1 L i u c -  I t o  t ~ c t L v - d and tb Second (or D i r e c t )  Mi t i m o d .  The Fi rs t  ap—

f ~ i c ;  d n u i  - -; 
~ I iii dot  ; i m i n i l o o  t i m e  local  s t a b i l i t y  n at u r e  of a n o n l i o c a r

1 :5; : C :;;stc — a n d  t he  Second m i  th  su f f i c i e n t  c o n d i t i o n s  to insure

S t  d i i  
~~~ w i t  l o t  a c t u a l l y  so lv ing  in closed — f o r m  the dynamic  e q u a t i o n s .

I t  s t i ~~ S - c - ; r s l  ~tc b o il  which has  been d e m o n s t r a t e d  to be of value in

l I m e  S o c u u o d  M ethod  of J y ; p u o s v , a l so  r e f e r r e d  to as Lyapunov ’s Direct

t : - d , i-~ a r n t l~~-r ~ i ica l  t e c h ni que f o r  d e t e r m i n i n g  t -h oe s t ab i l  ity of

ord  i f l O L  d i  C~ r~ ; m t i o o l  e qu a L  ions w it h o u t  r e q u i r i ng  t h e  so lu t ion  of the

di  f i  ‘ - m c i i  L i a l  m o o .  i t  io n ,  it  is based on the  d i s s e r t a t i o n  of A. H. Ly apunov

o r  i t  t m ; i  in  I 89d .  I t  i o n s  i ts o r c a t e s t  va lue  in a p pl i c a t  ion  to non—l inea r

a n d / i  i r  t b — u n — v a r y  l u g  c i t  f l i r t  n t i n l  e q u a t i o n s  where c l a s si c a l  con t ro l

rca o i l  t s  f o r  ~ t d I i i  t v  ar e  O c n i  m a i l  l v  no t  a p p l ic a b l e .  I t  i s  based on ti le

en ~- m - v  i ’ f lCC~ o t of  n—cl I o rcu i s  I c o i n  i sys  tems and r c q u  i res the  dete r m imla  I ion

of 00 0 . 0 . 1  1 0 !  f m: - ic -  L i on  s a t  i a l v i  us ;  r i  I i m i n  r u l e : ; .  The has Ic d c - f  i iii t i  ens
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and t h e o r o u s ;  c c ~p ti .cai I e Lit t h e  ic - a d s  l.— iefcrence ad ap t i v e  problem will  now

be i n t r o d uc e d  -

For the t ; cc. r ;i l i m t i ~ or d e r  n c - u — l i n e a r  automonmous system

f u n - )  ( I I— 6.D)

wi th qui .ihri or : stat r , u- a a o: d f fer e n t  k inds  of s t a bi l i t y  m~hich

ap lo ly  to x .  I l u :  l o s  is  at.uI. i i  c. ’ c o n c e p t  fo r roou i i . a t e d  by Lyapunov re la tes

to the hound in g  of a n v - t n  t r a j e c t o r y  x ( t ) .  The Euclidian norm ,

deno t ed  by I , is i - l os  b a s i c  ru le  used to d c-f i n e  “closeness” to tile

e q u i l i b r i u m  s t - c t  e.  Ti d c f i r i i t i - :o n  of Lyapunov stability is:

D e f i n i t i o n  11—6 .

An equilibrium st- ;t :.o , x , of con auton omous dy namic sys tem is stable

in the sense of Lyapun ;v~ if f o r  c > 0 there  is a ~ > 0 such t h a t  if

l ix — x < 6 , then Ja (t )  — x < C for  all t > t
~0 —e — —0 0

In the above r. r e fer s  to r (t  ) This implies that  a system trajectory
- o  — - 0

ini tial ly res t r i ct ed to scen e reg ion will never leave another well—defined

reg ion. However , of far: greater impor tance  in model—reference  systems

is the case of asypmtot -ic s t ab i l i t y:

D e f i n i t i o n  11—7 .

An cqu iiil - r l i m o s t a te  x is a s y m p t o t i c a l l y  stable if (1) the equ i l ib r ium

s t a te  is [y a p u t m a x s tab le , and (2)  there ex i s t s  a ~ > 0 such that  if

<
~~ 

t h an  u r n  II~(t) -
~~~~~~~~~~ 

= 0 .  

p

These s ta b i l i t y  c o n c e p t s  a re  local in na tu re  in tha t  they are only

good for  “small ” re gions  a b o u t  an e q ut l i b r : iu m  s t at e .  Lyapunov theorems

w i l l  now be s t o t ed which can be used to de te rmine  global s t a b i l i t y .

20
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Theorem 1 l - - 1 — L v a j~~pnv ’o F ir s t  St a b i l i t y  Tlsnrevm . An equf l  i b r i u a : - - o t , m t e ,

x , is s t a b l e  in the  sense of Lyrmpunov i f  ( I )  t h e r e  c--c-: l o t s  a s ca lar  fu co - —

t ion  V ( x )  wh ich  is c o nt i n u o u s  and has con t inuous first partial deriva livan

L in some reg ion R about x , (2)  \ ‘(x)  is p o s i t i ve  d e f i n i t e  ( p . d . )  in t i m e

reg ion R , and (3) t Im e  t i n e  d e r i v a t i v e  of t i m e  s co la r  f u n c t i o n  V ( x )

evaluated along the  t r a j e c t o r i e s  of t he  Syst  o r ]  under  i n v e s ti g a t i o n , is

negat ive s e m i — d e f i n i t e  in the  r eg ion  R.

Theorcsn l i—2 —_ Lyapunov ’s Second St a b i l i ty  Tbec  m o m .  An eq u i l i b r i um  st a t e

x is a s y m p t o t i c a l l y  s t a b l e  if (1) t he r e  e x i s t s  a soal  as f o ; c t  ion

w h i c h  is con t inuous  and has con t inuous first partial deriva t ives in n i m O - l o

region R about  the equ i l ib r ium st a t e , (2)  V ( m )  is posi t ive d e f i n it e  i n

the reg ion R , and (3) the time deriva t ive  of the scalar fio uct ion V ( x )

evaluated a long  the system trajectory is n c - f oo t- i y e  d e f i n i t e  in the r c ’ ; i o o m  ‘t.

Theorem 11—3. An equ i l ib r ium s ta t e  x is as’ : - 1 a t i c m u l l . v s t a b l e  if--- -C - ,  -

(1) the equilibrium state is Lyapunov stable , and (2) time Cu rVe V = 0 is

not  a sys tem t r a j e c t o r y .

Theorems 11—2 and 11—3 are the two most i m p o r t a n t  t h e o m ns wlm i e~u co re

employed in modei. —rcf ercnc :e  adap t  ive desi gn .  The t ime do r i va ti ve  of V

found  f r o m

V (x) = W (x) . f ( x )  ( 11— 7 . 0)

where 

= ...

f ( x )  d e l i  c o d  by  ( 1 1 —6 . 0)

— ________ - — - — -- ________ ~~~— — - —



Given an i: ’ m l t iowi i p I a n

= A x + 5  ( J T — 8 . D )- -j) p — P

f t  is desi red to form a u- :ndel
L

= A x + B u ( I I — 9 .D )—in rn —in r o —

such t h a t

e x — x (11—10.1))
— — rn p

approaches  zero as t -
~~~~~ in such a o - ’ m y  tha t

A - * A
in p

(u — u . 1)
B -

~ B
in p

This  is cal led the  observer  problem c m n d  in  gener al  depends upon the  out-

put  s t r u c t u r e  and canonica l  r e a l i za t i o n s  of A , B . The equilibrimo::
p p

s t a t e  is then  e = 0 , ‘Y - ~ A — A  = 0 , ~~= B  — B  ~~0. The scalar func t ion
-- — nu p — m p

V ( x )  is a lmost  a lw ays  se lec ted  as a quad ra t i c  f u n c t i o n  so as to f a c i l i tat e

ease of the d e t e rnm in a t i on  of sign d e f i n i t e n e s s .

The shor tcomings  of the Lyapunov approach applied to MRA S system

are two—fold : (1) the select ion of the V f u n c t i o n  and identifier gains

~~~~ b~~. are a r b i t r a r y  and depend upon a combina t ion  of skill , pa t ienco ,

and luck on the par t of t ime designer so as to insure V is n . d . ,  and

(2) the Lyapunov s ta b i l i ty  theorems provide onl y s u f f i c i e n t  c o n di t i o n s  fo r

d e t r r : u i n in g  the s t a b i l i t y  of an e q u i l i b r i u m  s t a t e .  This means if a V can-

not be found  which sa ti s f i es the stabili ty theorems , it does not f o l l o w

that the equflil- rium Sta te  is unstable.

3. H— K— Y Lemma and Popov ’ S ib thd)d

The M ey er— Kcmlncm n— Yakubov i ch  (MK Y ) Lemma is  an ou tg rowth  of the

s t u die s  into  the  m i n e  of L”apunov tluu um r v in determining sufficient coed i t i on s
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fa r  s i .~ I i ’ , f r out 1- uI syst ems . The approach originated w i t h  Yakubovich

u- . : m . ~ ] : . ~~d to  t h -  I )r oblCm of Lure by Kalman [59] ,  and further

U fl e \ er  [60 1. It  p rov ides  the link between the existence of

t a -  m l  tk: i m e  a sot o f  vector—matrix relations and the stability con—

‘fi t ) or, . i i  f a  Is ’- 1 x - . -uo-  domain (such as the Popov Crite rion) through a

u ; m ’ a : i - u l  i’ m - ; , .  o f  a L\ : :pun o ’r  F u n c t i o n .  As wi th  the Popov Cr i t e r ion  and

- a r \ , L i m i t  1-1KV Lemma p rov ides  only s u f f i c i e n t  condi t ions  for

st s i ’i  1 u

B e f n : ~~ s ta t i c ’ .~: t h e  MKY Lemma , the fol lowing definitions are given .

c i~ i ~~~~ 1I— ~~. -
~~: Eucl idi  an n—space .

a T~~-9 •  If A is a real n x n  n~~t r i x , A(s)  =~sI — is the charac—

t e r i m ; t i c  - i x  of A.

D c - f i m u i t  ~i n  10. l Ic e  so bs :iaces of E~ genera ted  b y vec tor s b , Ab , .~~
. are

d e n o t e d  I :  1 - u , 1,] .  The o r thogonal  complement  of [A , b] in E’
~ is denoted

b y [A , h i < ’ and , in ~y - n c - r a l

[ \ , h i ° = {xc E~ : X
T
A
k
h = O , 1,2, . • ~

I l a L m h  th c - u ro d e f i n i t i o n s , the MKY Lemma is as follows [601:

I ; ; & c r ( -m 1 — -‘i t - 1-~vu r—-K:i  -t r a c o — Y a l r m u l m o v i , -h l emma • Let A be a real n x n 
— - —

~~~~~~
---

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ in

o’:c~tri > all ~ f o~1m o c - e  1 ir :icte ristic roots have negative real parts; let

be a i~ - 1  n n r m u u o ) - ; m t  i r e  u o u m b e r  and l e t  d , k be two real n—vectors. If

A ( s )  T + 2k
T 

A (~~) 1 d
101 —

is a p o s i t  ive u - c- - m i I m o n e t  ion then t h e re  ex i s t  two n x n real symmet r ic

m at  si c-mu i~~, C , and a m a - , :  I n — v e c t o r  
~ 

such that
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T
I )  A Q  + QA = —qq — C.

2) Q d — k =  /~~
3) C is positive semi—definite and Q is positive d e f i n i t e .

~4 )  {xcE~~: ~c = o)(\ [A
T

,q 1
0 

= 10}.

5) cj ~ [A , d J °

6) If jw , w real , is a zero of _~ T 
A (s) 1

d + , then it is

a zero of d rA (_ s )  lC A(s ) 1
d.

The main c o n t r i b u t i o n  of the MJ(Y Lemma in MRA S ident i f ica t ion  problems

is t w o — f o l d :  (1) i t  provides a mechanism for  determining the si gn—

d e f i n i ten e s s  of a Lyap unov—like scalar V function , without which it

woul d he d i f f i c u l t  or impossible to ascertain stability for  a class of

V f u n c t i o n s , and (2) it makes it  possible to eliminate the need for

measurement  of all the p lant states and instead requires only the system

output to be available. This second point is impor tant  as it is o f t e n

the case that not all of the plant states are available and noise con-

siderations exclude the possibility of repeated differentiation .

4. Popov ’s Hyperstability Approach

Hyperstability is a condition of stability for a class of dynamical

systems. Developed by V.M. Popov [62], the approach is a generalization

of some w e l l — k n o w n  nonlinear stability phenomena for the case referred

to as “absolute stability ” [63,64]. All are an outgrowth of the linear

systems condition.

Consider  the bloc k diag ram given in Fi gu re 11—7. For simplici ty

the system is autonomous (unforced  and time—invariant). C(s) is a Laplace

transfer function and F a constant.  Using l inear systems concepts , the

system 
~ (s) is asynmimloticaily stable if
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I
1 + F C( s)  = 0 ( i I — l 2 .D )

ha- ;  1 1 r oo ts  R { s .)  < 0 .  Tn general , F can take on a range of values ,

F < F < F
or:. ; ; mci:-:

TI: i S  idea can  he f u r t h e r  r e f i n e d  to time g e n e r a l i z e d  Lure problem

[65 , c a , as shown in Figure 11— 8. Here a nonl i n e a r i t y  F (y)  appears

( a o :t u . i  ~ the tin ery  ho lds  f o r  F(y , t)  also) . If F i_ s a cont inuous fun c—

t i o j .  ,

F ( y ) y > 0  y~~~~0

F(o) ’~~0

tiiemi 
~‘ : v ’ s Fk -th od [67 ,68] can be used to determine ranges for  the sector

n on]~~~~-t r i ty  F (y )  fo r  tile sys tem (Fi g. 11—8) to be asympto t ica l ly  s table ,

i.e.

< F ( y ) y  < A2y2 (II— 13.D)

c i n m m ~ pt  is  shown in Fi gure 11—9 , which demons t r a t e s  the  f ac t  tha t

the  p! of F is en tirely con ta ined in the sector  hound ed by the  l ines

and o This method al lows fo r  s ta t ic  F bu t  does not admit

d y n am i c a l  r e l a t i o n s  in F.

A more genera l  problem t i t an  above is tha t  of a l lowing F to be

dvi i - T h ; u ( -- o h  i~n n atu r c -  and C(s)  becomes a general  eth order system of s t a te

J e qu a L  u s ia .  This Ia dep ic ted  in Figure 11— 10. Block C is described

Ax + 13 u (II l4 .D)

where x i s  an n — v e ct o r , u is a scalar , and A and B are n x n  and n x l

• Cons l a st  l . o : m  t m  ices. The output y is

y = CTX + D to (I T- . l 5 . Tt)
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- ~~~~~~~~ 
-
~~~ 

- ____ C (s)

H F —

Fi~y e  11—7.  1-;:’: ic  CaS , F constant.

r = 0  
_ _  C(s)

F ( y )

1-’ i m I r e  11—8.. Ge n eralized  Lu r~ P r oblem , F( y ) A Sing le—Valued
Nonl inea r i ty .
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a

F ( y )

~~~~~~~~~~1~

0

Figure 11—9. Sector  Nonl i n e a ri t y  Bounds.
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r = 0  u G

a F

Figure 11—10 . Genera l Sy s t e m  C o n f i g u r a t i o n  For Ilypers tab il ity  Cond i t ion .
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C cm I :~ n c o e ’ a n t  vec tor  and D a scalar  constan t .  The func t ion  F sa t i s f ies

the c o n d i t i o n  th a t , fo r  any T > O , [62]

y ( t )  a (t )  dt  < ô ~~up II~(t) !~ (II-16. D)
° 0-(t< T

where  ~ > 0 1 - :  i ndependent  of T but  may depend on x (o) . The system

( 1 I — l4 . D )  i :  1 o . ~cer s t ah l e  wi th  respect to u 0  if there exists a constant

K such th;it c loy s o lut i on  x ( t )  of (I I— 14.D)  sa t is f ies

l l x ( t ) I I  < K [
~~jx (o)I! + ~

] (11 l7.D)

The system is a s y m p to t i c a l l y  hype r s t ab le  if it is hypers table  and

1im ~~~~(t )  0. (II—1 8.D)

The cond i t i on  (II— 16 .D) , the hear t  of the hypers tabi l i ty  concept ,

represents a “tim e average ” instead of a sector requirement. This is

needed because y and a are time—vary ing. It seems reasonable that

s t a b i l i t y  should be kept  even if

u(t) o (t )  ~ 0 ( I I—l9 .D)

for short time increments , bu t is sat i s f ied in the mean .

For the  dy na rmo i ca l  system case jus t  described , necessary and suff ic ien t

conditions for tile system to be asymptot ica l ly  hypers tab le  are :

(1) Z ( s )  CT (sI _ A)
_ 1

B + D ( I I— 20 .D)

be s t r i c t l y  posi t ive real , and

(2) al l  roots s . of Z ( s )  = 0 are such t ha t  Rc {s~}<o ~~~~~~~~~~~

This set of conditions will be very impor tan t  in the development of

some of the MRAS iden tifiers.

For th us discrete time case , hyperstability conditions are similar ,

except i nt e ~~r ;i t  i n ns  are r ep l a c e d  wi t im infinite summations. Given the plant
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m
x (k) = a1 

x (k—i) + b u (k —j ) (II—2 1.D)
1=1 p

and model

n m
x (k) = x (k—i) + ~ u ( k — j )  (I I—22 .D)

1=1 m

the output error is defined as

e(k) = x (k) - x (k) (II-23.D)

A filtered version of (II—23.D) is

n
c(k)  = e(k) + c . e(k— i)  (I I—24 D)

i=l J

The system ( I I—2 1.D)—( I I— 24.D) , along with identif ier  terms ~ and l,~ ~~~~

asymptotically hyperstable if

1 +  ~~~~~~~~
Re — i=l 

(II—25 .D)
1 —  ~~a1

Z
1=1

is strictly positive real , and

~ ~~(k)[ ~ 
[aj

_
~~j

(k)1xm
(k_ i) + ~ [b — b  ( k ) ] u ( k—j )~~J > _~2

k=O L L i=l j =l

(I I—26 .D)

where ‘1 is a constant which depends on the initial conditions of the plant.

The connection between the Lyapunov approach and hyperstability can be

seen from the following example [69,70). Using (II—8.D)—(II—l0.D) as a

contro l ease with known model A , B , it is desired to deter mine A , B tom m p p
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a - ‘  Ci a s  t ~ ( a s ymp t o t i c  tracking) . It can he shown that

e = A ‘: + [ A  — A  Ix  + [B — B  ]u ( I I— 27 . D)
— 11r em p —J) m p —

i ; S  ( 1. I - 2 7 .D)  o : i t 1 e r  wi th  ci linear compensator which generates the

- v

v = Dc ( I I—28 . D)

w~oc~r-. 1) i - s  a s~ tmar - .’ matrix. Defining

—w [A — A  ]x + [13 — B  ix (II—29.D)rn p — p  m p —

= ~(v(~ ), t)dt - A + A ( t ~~~~x ( t)

( I I—3 0 .D)

+ ~~( v ( T ) , t ) d t  - B
m 

+ B ( t ~~~~u ( t )

j O : ,  ( 11—27 . ] ) ) - - ( I I — 3 0 . D )  de f ine  a non l inea r , t i m e — v ar y i n g  feedb ack

systea , wi tim (lo —30.D) tile noni b ear , t in e— v a r y ing par t  and the  o thers  a

linc-ar p 5 r L  wiLo input .  (—w) and ou t p u t  (v) as c h a rac t e r i z e d  b y

v(s) I)(sI-A) (-w(s)) (II-31.D)

To use yp2rstab I i i  t y ,  ~‘ and °-1° icust be selected such that

r~(0 ,t) = j t T 
d t  > — ~ 2 

•\I— t >  0 ( I I—32 .D)

Nun - — ; o~ I q is- so lu t  o mi s  m c i  tide

A = Rv
— p — -

~~
,

-~ T ( I l — 3 3 . D)
B R v  ii

— p — ——

k , g a r c  p . d . is.: t m- I o c r .  his i h g  t1m~ MKY lemma [71 , 7 2 ]  , I) mus t  he a sol m i t  ion

of I h o Jr a p u o m n v  o w i c i  t l O f l
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1

A
TI) + 1) A = — c ( I1— 34.D)

where C is a p .d .  , r y r - r e t r i c  a r b it r a r y  m a t r i x .

An “c q u i v a l c n L ” Lyapunov  Fun ct ion cou ld have been formed w h i c h

resul t - d  ~~ ident  l e o  i c- r i ;  ( 1 1 — 3 3 . 1 ) )  . Timi s i s

T t T 2
V e hç + 2 f V u d t  -1- 2 y (I I—35 . D)

0 0

w h e re  x i s  g iven by ( I 1 — 3 (J .D )  am i d

2 
= ti- [ A  -A  (t ) J

T 
I~~~ {A - A  (t ) ]

o 2 mu p o A m p o
(Il—36.D)

+ 1 t r [ B  — B  (t  ) ) f 
F 1

IB — B  (t  ) ]
2 mu p o  B mu p o

The key d i f f e r e n c e  U ; the use of v = Dc w i t h  v fo rmed  to assure conve rgence

of ~ , ‘P w i t h  no oino -n i tude r e st r i c t i o n s .

In s r m n - : ::I ry , a 1oy ~v - r i ;  table s y s t em  may be described In par t  a s :

(1) It is s table  (or a o - o v m p t o t i c m i  ly  stable)

(2) BIBO (bounded i n p u t — b o u n d e d  o u t p u t )  s t ab l e

(3) The p ara l  id comb inat ion  of two h y p i o r s t u b l e

blocks  is also a hyper stab le  block

(4) The fe e d b a c k  c o m b i nat i o n  of 1:0 hyper st able -

blocks  is also a h y i er st able  block

This r i d e  es the s t a b il it y  p r o b l o :  to one of adding and feeding hack

or iu l i  local h yp e r st cob l e  blocks.

C. Th( i W o  ~-iR ~’oP I i i  - i t  i.f i c r  St rime t oem s

There are two  1~o -v prob 1cm f o r mu l a t i o n s  pt~’ -s h ie  in systems i d m i  t i f i  en—

ti on , t i m e  i - r i o  i t  i ~n o r ror  f o r m u l  at  1 001 and t h e  response e r ro r  I o l i : i i i  l o t  L I I I .

Both appr oa c hes occur  ni -id h ave  l o o ~ p o i n ts  and d rawbacks  f o r  eat-h ( o f  the

t d r n  t i i  i c a t i o n  ca seo ; of a) t i i :  I r p j o y  t a n t  p : 1 m : o i o o r  t e r  I ( h r - n t  if l e n  I ion ,

b) t i i o . - — v m  rv I ng p a r c imee t  er i c l o n t  i f  I c a t ion , and c) noni i li ar , time— i uvariant
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sy s t e m  i o b r n t  i f i  cation .

Time f i r s t  method is t i m e  o - : : : t t .  0( 111 e r o - o r  :s tP o 2 .  1 o o ; - I n i : r a i son

f r o m  st a t i s t i c a l  t i n s — s e r i e s  i-;c :~~ and i- e f (  1: : to c- - n - : o : -~ nil Ci r c e s t ir o a l

f r o m  p 1 ant state inforoant L o u • in  MI~~S i-.’ c , t b iS ~ : ~ 3 r d  is r e f e  o r o ’ d  to

as s e r i e s—para l l e l  MRA S . Tii i a i s  due to t:he h o t  a :r ; li ei c i l cu i  :J:

OcC m i r i f l ~ ’ as w e l l  as the  t and em (or se r ies)  e a l c om I :  L i r e - : ;  re~ i r a n . CL- .n

a SISO i d e m i t i  f i c a Li o n  sy st e m  as si olj il i oo i i  gu ru  -
~ I — ]  3 , f o r  a pl o m i t

d e f i ne d by

), (n)  
= 

~ 
~ (m— i) ~ b 

(I--i ) 
( I 1 — i . F )

j :rr ] 
1 P 

~~~~~~ 
3

a r e f e r e n c e  model  i:: d e f i n e d  1

= 

i~ l ~~ 

y
(I_ l )  

-
~

- b .  ~ ( 1 )  
( 11—2 . E)

i 3 L - r o  A i s t a r r n  to an e s t i r m o a t e .  I - o r  s losH c i  Lv , def

i(s)  = — 

~ 
~~~

. s~~~
1 ( I T — 3 0 E )

no
i( s )  = s~~~ (Ii I— 4 . E )

wh i ch a re  shown in I i  go re I I— l i .  An equ i .  L io n  c r r~ e , C , i~ d o  f i n e d  as

= 
(n)  

- 
( t o )  

(I1-5.E)
p

which  can b w r i  t t  ii i i i  t h e  m u o n  1 f oc i

= -- 
~~~

. 
~ + 

~ 
h i ( I  1—6 .1:)
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No te  that t b u i c ;  e r r o r  i o t i i y  has j o i n t  : ; La tO  . 1 0 1  ‘Ipil t i f l i( , 1 : s it i O f l .  If

a . ,  b . then C ~
- 0 and (f l -  t- . ) flue ; r o ;L3 tCs  (f1— l.E) . The e qu n —

t lon  er ror  i s  t h m e r e f o r~ a self e m  - o m - , or:] d r - e r o d i n g  on I) iarlt  Sta tes.

This approach  is i -P a t  is t in ; 4 by t b i ~ i - i . a .  :~~l lens L—o ;qua rcs  m et h o d

of identification . Drno :bncks m e l on s 1) t~~n- fact t1i~ t if x is cor r u p ted

by no ise  t o ( t )  , then  the  r r u r a m e t : e m -  c e L l - o n  t c. :-~ [0 . , t’ . wi i i  be biased , and

2) most id eum t - ! f  I ers us in g  t i me  equ - L i s o  C r . - f o r mu l a t i o n  are not  g uar a n t e e d

to y ie l d  convergence  to L PC corn : - a ~ a n s wer  (a c lass  of NRAS e q u a t i o n  error

methods wi] ~1 hr  shown te n conv er go : , n ( n : r ~\r . . r )

The second appro no  oh t o  be p r e ss — ic ed  is i-lie o u tout  error mett io ci  , shown

in Fi gure 11—12 . As con be ecen , t i l e  nab : :5 - is a pp r o p r i a t e  because two

r e la te d  o u t p u t : :  (p l an t  and model )  core coe~ - ; i r : - d  and an error s igna l  fo rmed .

In 1P AF t h i s  is r ef e r red  to as the  “par a il  ci ” approach since the model  and

p l a n t  operate  s in o u l t a n c ou s fy  in ~o :-r : ti icl  wi t i m  one ano the r .

- The p l a n t .  - d e f i n e d  b y (SlsO case fo r  sin j : i ~~c i t y )

(n) 
= a . 

( i -i )  
+ h .  ~~~~~~~~~~~~~~ (II-7.E)

i=l i ~ i l

wi th  corres p o n d i ng  mod el

~ (n) 
= 

~ 
~ ( i — l )  

+ 

~ 
~~~

• ~~~~~~ (II-8.E)

f rom which an e r ro r  s~~r : u n l  is f o r n  - -3

e x — x ( I I — 9 . E )
in p

N I  e t h a t  t i m  i s  case , d i  I ne t  Iris -i t i ho p r ev ious  e q u o t i o m i  e r ro r  method , has

the  inpu t  u p a s si n g  t b o r o : i g h no f i l te r  ( the  i : ;o d cl )  sepa rat e  f rom the p l a n t .

Ar ; hi f o r e , l n :-:o ver , t ime  m ock ing  c o o o c - ~pt is s i m i lar , i .e  • i f c 0 t > T ,
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then ~ ( t )  ~~a .,  f (t) = b . r o b  x x
i 1 J 1 Li p

The advan tages  of the o u t p u t  er ror a - t h u d  are t h a t  1) s t ;m h i  1 i t y  of

the  i d e n t i f i e r  is easier to i r r - ; u r e  than for  the  e qu a t i o n  error f o r m u l a —

— t ion , 2) it is possible to have asymptotically unbiased estimates in

the presence o 1 m e a s u r e m e n t  m o o t o e .  A d i s a d v a n t a g e  of t he  approach  is t h a t

more ha rdware  (or software) is required because t i r e  s epara te  model is

a f i l t e r , wi th  a d d i tio n a l  s tat e s  t :o g e ner a t e .  In a h e u r i s t i c  sense , how-

ever , the  ~ RAS RE is b e t t e r  than  other approaches  because it al lows fo r

ad d i t io n r i  “data f i l t e r i n g” by requir ing i n p ut / o u t p u t  d l t a  f rom the

unknown p l a n t  to h~ passed t h r o u g h the ident i f i ca t ion  model made up of

time parameter estimates , res ult ing in improvcod operation for noisy

mcasur e : ents , unl ike equation error—type formulations .

F. 1km:- :: -- cm One ra t cor  1i idcis

Over the  past 30 years much work has been done on human o p e rat o r

m o d e l i n g .  From this  work to d a t e , essent ia l ly two ma jo r  model s t-ructures

have evolved , the descr ib ing  function quasi—linear model [32], and tbe

Optimal Control  Nodel [17].  A number of va r ia t ions  of these approaches

have bren developed over the years , inc lud ing  non l inear  and t ime—val-v ing

models .  Time concern here is fo r  models fo r  coml)cnsatorv tracki.n~ ts .ik s .

1. Describ ing  Func t i on

A model, of human t r acking and control  in this mode is shown in Fi gure

11—13 and 11—1.4 , where \‘ is a f r equency—doma in d e s c r ip t i o n  of the pilot!

opera to r  nm -md Y is a f requency  response r ep re sen t a t i on  of the p l an t  to be

contro i . 1 ~-d ( I  .e • a i r c r a f t , n u t  o n . d o  l i e , e t c . )  . The object  of the op era tor

b :  to c o n t r o l  Y u s i ng  e as an a v a i l a bl e  signal .  Y is developed be the

i luf l i - lf l  t o o  Po rt  ti me / i O .’5 1 1 1 : l i i  - —H114 m1) r e  ?-~ ‘acyu c~e - o ~~- 1 a S c o t  tHo r ~: [73]
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Figu rc- J,I—l3. Ora:i—T irv,ar “Describing Function” Pilo t Model for
Coape r : ;e  t ory  T r a c kin g .
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At f r eq i s n e i c s  j u s t  w i th i n  and i iey on d the input  bandwid th ,
s c c -k a r o - ; i u : m  of —20 dic/decade s lope  fo r  the amplitude
r a t i o  - n d  nd~ ust the ioop gain so as to put  the u n i t y —

un p i i tuck  crossover f r equency  near the  h igher  edge of t h i s
i i  ton i , i - P i  b ma i n t a i n i n g  adequa te  s t a b il i t y  marg ins ” .

— b ) i i i

~
‘
OL 1 

Y (II— 1.F)

i - l i e : ;  l i e s  close to —20 dB/decade in the reg ion of crossover f r e q u en cy

to ,)
0.

A t :yj ical p a r a o n c t er i z a t  ion of Y is- p

(T j u i + l )  — j W T
e e 

( I I — 2 . F )
~ p 

~~~ 
jw +1)

wii e r tO’

K — s t at i c  gain

T
L 

— lead t i n e  c o n s t a nt

— lag t ime constant

T — e f f e c tive transpor t lag

Typ ical  s t r u c t t m r e n  for  Y arc
C

K
C

(r I—3.F).1W

K

-1- fl

N u r m o c t i ’ - - : !  valuer ;  of T depend on human response capability and system

l a t e n c y ,  iii th ii b o o  i ;110de: of .05 seconds and maximums a few tenths  of a

seco nd. T y p i c a l  t r a i n e d  a ir c r a f t  p ilot values are T .2 seconds.
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She ‘i t i m  Figu m- - 11—13 is ~ , a noise power remnant.  A remnant is
n n c

t i m e  p o r t  e u  of  th e  ou~~p o i L  of Y which is not l inear ly  c o r r e l a t e d  wi th  t he

s ra to ~m l a 1  o t .  ~-1i I I i  t he  c losed—loop  remnan t  power ,

°1’ =
ItO 

~~~~~~~~~~~~~~~~ ( I I—4 .F)

~i ±y  ~ 
2

c

If t h e r e  I - on i n p u t  r em n an t  at R , denoted ~~ . • ,  then
:1~1~

2
= ~ —i- ~_ _Jl_ _ 

~ ( I I — 5 . F )
cc iou i~+~ Y ii

P C

i i-: the  t o t  i i  cont ro l  o u t p u t  spectrum . It has been shown tha t
cc

the  l~ f l L 0 ’u dos  cr i h i n g  f u n c t i o n  can lead  to l a rge  remnants  [39 ] .  Overall ,

such a ri - dot as in l ’ i g : o r o  11—12 is reasonable when s tress e f f e c t s  are

m i n ima l , tHe input: K i s  not p red ic tab le  [37] ,  and nonlinear e f f e c t s  arc

l o i n  L:’i:i]

V a r i a t i o n s  on t h i s  s t r u c t u r e  resul t  for  the  pursu i t  mode , where a

t i m e — v a r y i n g  i n p u t  (enemy a i r c r a f t  motion , evasive manuever , c tc - . is desired

to be c losely  t r a c ked .  The general model is shown in Figure 11—15 , where

represent:; an open—loop f eedfo rward  response to the inpu t , Y an out—
I i pm

put  feedback  sen s in g ,  and Y and Y as before . The term n represents
C C

i n t e r na l  loop  d i s t u r b an c e  or u n c e r t a i n t y , which is always present .  Some

c o m p e n s a t o r y  t r ack ing  t a s k s  with  q u a s i — p r e d i c t a b l e  inputs  requi re  Y
p 1

but  no Y [ 3 9 ],  as consis ten t w i t h  successive organiza t ion  concepts in [7 J 0 ] .

Other  p o ss i b le  mode -s f o r  the quasi—linear model use include preview

conirol as i i i  au tomobi les  as well as a i r c r a f t  scenarios [75 ,76] .  Variat ions

on th is  to  i n c l u d e  onl y f u t u r e  data  for  t racking is g iven b y [77] .
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2. (100 o ; ’ :-d Coot e o i — ’ i u u - . o r e t i c  Model

is - -  ‘ - a - , app n o - o h  t r e a t :  a h um an  oper at or as an op timal

o - ; t  : :o tor -- ~~:- . - t e e — u - o u t  r e !  1cr. I t  was develo ped und er  the assump t ion

t h i ~~t a i i i g l :  0 ; ,  ~- l  t o e d  n o t i v a t  - d b o m m m . - omi  ac ts  to m i n i m i z e  a quadr at ic

0 tO I t i r m c ; t  ~i , - i ; . ~: a :-  i ’~~~ o i in  o pt i  loeo t control [17,18 ,78 ,79) . A block diagram

1 ’ , : ; i ;  . 0 0  1 0 :  i u ; u ’: I. r—i 6 , 11—17 o:ioo-re  t ime  “e s t i m a t o r ” and “gains ” are

be ed i ’n  a I’ :;] om a n I i i  t a r  — R;iccati e q u a t i o n  f o rmu l a t i o n , w i t h  noises 

-- ; o - r o ’~ y - ,~ e -eI ~’aL ion c reo r s  rind response errors (motor i r regular i t ies,

1. 0 . us - b ) ~P 1

P ,,n ~- - ’ ; -~ i c ;  be~~rm done on r e d uc i n g  parameter  r e d u n d a n c y  [19] ,  model

00 ( 0 1  - 
t . J J L V  [P 1] ,  :e- r~ c r r , r - o m c e  eva lua t ion  [ 8 2] ,  and ex tended Kalman f i l t e r —

imp of b a n e ;  o;’: t i : o o l , - o o : t ~-ol mod el , formulations . Other work includes

p 1 o ~~ J -/ t o  :,~-k ;~~g \‘ c , j L i : o n l  c on t r o l  [51).  In a l l  such cases , one of the

p r o d .  h o r s  ia to I- - - o p  t h e  made l  as s imple as possible , using reduced order

m ood !; ;  [ i~ ] , or- ; aol 1 as r : i n i : ;a I ly p a r u o n ut e r i z e d , as discussed in [19].

Ti m e Op t i : a ’l (Hotrol Model formulation has also been used in solving

a t t e n t i o n  a l l o c a t i o o -o t a sks  with good resu l t s  [50].

Ti m e b m u m ; ; c : n ’ s control characteristics are a cascade of the opera t ions

1) t i n - - - d e l ay ,  2) equn1~ za tion , and 3) nueromuscul ar  and a c t u a t o r  d y n a m i c s .

Tim Fi gu re I l — i C , i t  is presumed t h a t  t ime  human ’s equa l i za t ion  is  per—

f o r r - - ’ - d under  an o p t - im a l  c o n t r o l l e r  assumpt ion . I-Ic is d isp layed one or

Tm i , o r c -  o u t p u t s  y r. [y ~ ~
‘m 1 and m a n i p u l a t e s  a s ingle  cont ro l  v a r iab l e  u.

The v i i i  i ( - I I -  dv uo a u i : i c : :  ( i  .e. a i r c r a f t  f l i ght  d y n a m i c s )  arc assumed

k n o w n ,

?:x + ho + i-p c ( I I— 6 . F)
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EI ’U ’IRICt~l. ld 1’ tRI~IJ-P ’,h , ~— - - - - N EAu~h i s r -;o kT
N Ol  PL

e ( t )  = 
PP~-iAN P h r A O R  y ( t )  =

0 
~~~~~~~~~~~~~ A ‘-  ‘ SIi o ~~( t. SlC, .- L  S f l i C m ~ + AV ,ol L o ] , t :

F1I C)~ !)ISl ’lJ~ AND 
-~~~~~~~~~~ flEA S

CONTROL STICK

4-

COMPU T1 [I , S IMULATI ON —
f ( t )

~~~~~~~~ 

f
~~~~~~~~~~~~~~P 

_____ _ _ _-— 
~~ ~ ( t/ t )  = A  x ( t/ t )  - - _ _ _ _ _

+ K  V ( t )

NOISE SOURC1~ ~(t) NOISE SOURCE n(t)
MEAN 0 MEAN = 0
COVARIANC E = Q CO”J AR IANCE = R

Fig ’mr c IT—b7 . OCI-~ Closed Loop Identification Algori thm
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X ~~~~ i i i  : — ~~‘( r~~ar (1 ” ’p r c ’se n t ing  vehi~~lc st a t e - n )  , u is the  h i o u ~~,’mn ‘s sy s t em
i n p u t  , a is a zer o r o a n , h e re;-, )  w h i t e  n o i s e  r e p r e s en t i n g  r andom ex t e r n a l
d ist ; -  - :ce.n (1 ,~m i h h  0 0 0 c c : , m-iind gu st s , e t c . ),  E~~e(t )  w~ (o) }
‘ a l e -  - - :- ‘ I

(I I-7 .F)
. 0  — , e~~~~~ - n od A , B , C, D known . v is an observa tion noise,

t-’ i t h  I~I~

flfv~~(t) V
y

(~~)}  = V ~ (t — o )  i=l , 2 ,”~~, r ( I I— 8.F)1 i, - 
1

thin ’ I . e  0 0- 0- ,  p e r o ~’e 1ot io n , v ( t )  is SeCu as the  pc~’rceived delayed ou tp u t
( b y  f oe - t a r  v)

y (t )  y ( t - ’r) + v (t-T)  
(II -9 .F)

[I ‘ i : - -  , L 1’me on: - a generates a command u , b ut  since he doesn ’t know
0 ’ : - : : L v  ti , then c o o  ersor  u is addedm

u = ci + u 
(1 1— 30 . 1’)c m

~ + y em y v 
(II— l l .F)m

E {v } U FAv2 } V
m (I I —l 2 .F )

‘f lue- i n u : . : n  is a o :S u . ad  as an opt ima]  e st i m n at o r ~ con t ro l1 , . r , so

AT u + u = —2. x ( t )  — 2. u ( I I — 13 . J - )N c c — — In m

t i .  0 1:;  1 P e  n c n m - o - .~~ 0)1 t ime’ c 0 0 5 t ;m nt  , ~~
( 0 the o p t im a l  estimate of x(t)

I vc-n no ’ : : ; m o  u -m o n t : -  v , and em to ;  t iu ~ o p t i ma  1 C’S t i m~ te of uIn m
= A~~~~ 

; 
2.~ T N ~

. 1=1 ,2 , ... ,n ( II - ]4 . F)

-~~ 
~~1 ‘ n41 1

T 
, (I1-15.F)

) I~~/g 
(IJ-16 .r)
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A
1 

C 4 K ,-, I (~~~ Q (I C h b T 
/g 0 ( 11—17. F)

Q~~~ - ii i g [ r  ‘ ; 0 ... q l , h [ Q  ~~~~~~~~~

1:
A - ~~~~ C = [ c : d Io H ;  t’

- -  o~, 1) \ )  1 ) J  (C 1 Q ci + ! b ) / g  (11—18.1- )

h I~ . 0] 
a 

(lI- 19 .F)

l’/ i, Lb ~‘ , t~~1o~ coc~ 0 : - c s  are .07 sec < ~ 
< .1.2 sec. So

+ t o = ro t (11—20. F)
a ri

= - (II—21.F)

Tb : - op t ’L a a l  n i ’ : r o t o r  ~~~~~~ potion noe;:u , s  t J oe  human p e r f o r m s  Kalman f i l t e r i n g

to generat e  ~~( i — i ) ,  ire. :

= A1 ~~( t - - T)  + ~ (~ V
1.

[y
~~

( t )  - C X ( t — i ) ]  + b T

N

1 m (t -T)  (II-22.F)

w i mc:  a~t

A A A

x ( t )  [ o( t )  , u ( t ) J  ( I I —2 3 . F )

W i t  bu  ~ the  p . d .  e r ro r  cc ’,’:;r l ance m a t i  i x

O A 1
V + + W — ~0

T 
~~
1 

(II—24.F)

b [TOIW1ET 01
A 1 

= 
_

~~ I ( I l -2 5 . F)
~ T N [ 0 V T N

2
_J
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A A
-~~ ; : o - : l i u - f : . -~~~~~~~ ;-~ ~ ( t - -r ) to d e t e r m in e  x ( t )

A 1T
2 = ~(t) + e I p —  ~(t—T )J (11 26.F)

C. = —\ ~ + b ni (I1-27.F)—, I -— - -co a

Tvp i r o l p - -  r : : :;eLer  r an g e s  are T
N 

.1 seconds , ( V ) . . ~~~~(.O 1)

.(
~~P) 10 :::’ 1 . The expected values  are

i- (y~ } = (C X C I
) . .  i=1 ,2 , — ,r (II-28.F)

E {u
2

1 y (r I- 2 9 . r )

: 0  r e - t o o l  b y sd r i n g

A T  ATT T A a  AT
G

Ei~~(L) 
~~~~~ = C: e ± f e w e do

— T T (II—30.F)
o~ ~~~: A T  , .  A - u  X~0

+ ~ 
1 

~ ~ \~~l ~ e e do

A ,\ 1) A (Il_3 1.l’)
0

iJx~~) = X . .  11 , 2 ,.. .,n ( I I — 3 2 . F )

t” , i : o o  t oo ’  ombo ~’e , V ami d  V can be a d j u s t e d  u n t il  the assumed values matchy rn

t i m u : ; : :  f r o m  (1 [— 2 8 . F )  and ( l l~ ?9 .F)

3. No n i’hmc’ar ;tnd ’fi::e’-- \‘aryiumg Ope-re t or M o d e l s

A I t h o r o u g h I. he hulk of h o c i r o e u i  operators are based on a q u a s i —  , i n e ar

‘ 1  - o , th e re ’ ;meo ;- S i t e m a t i o m m s  in \ - J h l j r h o  h ih i C lo  an a s r . u i ’ip t ion  is not

r~- ,m : ;o- ::Iolc- . P oo l  ‘ i m m e a r i  t I t - S  dun - to “ m d  i i  ference thrc’o-.ho] ds ” , rate saturatica

a id ii - , : ‘ ‘  i t  t r o t ~ p r o o l u c e  im;u-uoioni cs who i cii c a m o m lo t  be accoun t ~-d f o r  by

I 1 5 - o u t  f l o o r ,  a b o o n : . . A c h , o o  ri’-te r is t in of such  Case ’ s IS t-ima t t h e  roore

~) t  c O RO! i ’ d  t i u i  m i o u l  u i ;. r i t  o , the  g co a t  -r  t i me ’  remnant [85 I
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Not : ’; a t  i o n : e r ’ - - r e sponS e i: :  e:-:h lb  it c d  a some ca 00 :0: , ( l ime to th e

learning ran d ad .-’g ’t  at I con c.ip ;tb i 1. 1 ( ‘V of ir o n .  ‘fbi s i:; c-specially treme in

tracking, ui  t im no t  ct - : - , i; . l c c l i : o n g u s in ga’i rm s and t l o o t : -  n i l  ay e  [8 6 — 8 8 ]  . O t h e r

work l eo : - - shown L I m e  cf  fe et  on t P ~ gain ami d )u!orc ’ C rPSpOfls e~ of  a c o o u t r o i , OL er

— as a f o u n t  i on  of Li; - : - due  t o  c l m a n ~:a-s  in t h e -  n a t ur e  of t i e -  t r a c t  I eg,  si gnal

[89] , c lea r ly  m d  i e e i t .i  t o ; ’  t h e  po~~~ible I i m e — v a r y i n g  m o - i t u r e  of time: human

ope ra t e . These ide-a :; :: a ’e’ ii l t m r u t r a t e d  g r a p h i c a l  ly in  Fi gure 11—18.

F ir st  , a Good yea r  n - onl I :e- ; , ; r :- , a dc  t [90]  - , o f ;  t ch  c o nn i d e -  red Limc ’ e f f e c t

of d it i t .a r is shown - i n  Fi gure II~~l )  • Here t.’ hrc - : ;hol d is  shown as a

zone , t a sk  overload a:; r a t e  s — u t u r a t  ion , cad d i t h e r  habi t  as an act i ve

“adapt  iv ’ ’ con t ro l  p r o b i n g  si p, a- : 1.

Second , a samp i c d — c l a t a  roa d ;  1 [91] ie ’i s t d on the  m l  0 - n  r : - i t te f l t  a t t o - o n t  ion

ali oca t i  on c a p a b i l i t y  of the  l o w o c o :  is c on s id ~ ‘ i’d , wi ’ m e m - e t:he model  is of

an in fo i - oooa t i o n  ti - uc ory  o t ,  ruc tu : - c  ‘This m o d a l  , sho e- -n in Figure 11—20,

i n c l u d e : -: q o o ; : u u t i z a r  ion , i n ter ru p t e d  o u t p u t  s e n s i n g ,  prod i c tion  , cst I-  a t  ion ,

and short—ta --ron moving average memory.

A third model , incorporating adaptive’ o . a nj o ] i n g , is shown in Fi gure:

11—21 [92]. The key features of this model :ore t h a t  1) a d a p t a t i o n  occurs

based on h ien man p r e d i ct i o n  c a p a b i l i ty , and 2) :i va r i ab l e sampl ing p er i od

controlled by external ootinoulu.n occeirs.

Ty pi c a l l y , L i i i  - -ceo -v l og o i o o d ~ - ,t~~ w ill he assumed of a l i nea r  f o r ; :  ‘0 - : i t h

le -  p a r a n o t - t e - r o :  all rn - c- cl to va ry w i t h  t i m e . The idea b e h , i m o 0 t  Lii i :; is that

b y allow o g  f o r  0 ( 0 0 0 0  t a t  i onar  I t y , p r e v i o u s l y  trea  ted as qe m a s i — l i  n e - a r  t [o ’:e—

invariance , t:hat a b et  tot fit to the data re : e ml l’s • For cont  i n em ous t i t oe

such an in p u t :  oi tptm t em o t e ] In

(T  ( t , )  s + i ) 1  —r n
H ( s )  = K ( t )  (T ( t ) : ; + 1 ) ~ ~~~~ ~~~~~~ 

( i 1 - 33 . F)

/~ 8



\‘ib o’;a Lion

Te onop c ra Lure  H yp oxia

_ _ _  

1 4
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Sensory
1l; i s-° .- r -— °

c e p t ’ i o ’ o  L Coe-: : o U r  m o t i o n

l - i ot i \ ’a t ;t , : : o J L.~ Task D I I  f ’ b e e : i t y

Motor  N o - ~~~e j  ~~ l a g  Ce: pe ’ t~~e \‘n r i c t i c o n

-~~ l U  n u i t i g

1- i gm mr e ’  l I— I S .  L x t c - r ; o - o l  I u f l u u - a o - g c ; ’; ( O n t o , ’- ; I t v , T’io;; r :_ V , o: y ’b; : : , , Opera to r  E f f e c t s
In ;m Compc ’ r msa t  c r y  C e n t :  ol  J ’ r ob l e m .
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C Pm ‘ c c

l x , — “:, ‘c r : ‘0 0 om oc c u  t o t  U t hon e constant

T — l o t :  o r  c-ac t  t on time delay

— I , - , - , ° ; ‘ : c m p  o n e .  L ion time cons tan t

— l~~’~ ::‘ ; ‘ 0 ) c -r : . :) t ion

K — ;m , b n  -

T im e ’ I - g - : ~ 5 - 0 1 0 1  r e -present  human response l imi ta t ions  t h a t  degrade per—

f o ’ o : - ; ; ; ’i~r e : o : u - ! , ’: 0 cc - s -nI L the  v a ri a b l e  compensat ing dynamic terms K (t)

[
L

( t )  and i~~
( t) .  For discrete—data modeling, a similar case results ,

(b (hI + b (k ) z 1 
+h (k)z

2 
+ +b (k)Z

m
~ Z~~~~~

c’( ) = - ‘ , ___
~ :J~~~~~~~J~~~~ 

0 
(II-34.F)

a~~~ (kI z~~ + a 
2
(k)z

2 
+“  + a (k) z  n)

ePa re d 1 ; - L t ;o d c- l ay  u -o f dT tim e units , and b ,, a are func tions of the
- 

1 3
I F - i -  C O U IO t I  0 I - . ,  t k’f , ft - 1 ’l , 1, 2 , ’” . Typical ly no < n , and n < 3 , so j u s t  as

c - L i l t  t i m e  c ’ o ; L  I . t o y - : ,05  C,-- : m : e  h it  l o o t  order  linear discre te  models do not

m o - ge ’evo  t ie ; oc- ’ i o r : o c v ;  t h i s  is due to t ime  r e la t i v e l y  large noise remnant .

A ecod : I to: i t-c-c dec o [89] accounts for  t ime—var iab i l i ty  of the human

d t m m - i o m g  a I t  : e o - v e n t  t r n e : 1 . i m u g  mode.  Time nm odel  developed was based on the

(‘(‘u o e ’ ep L  cot ’ t l o ~ - t t u u ; ; ~~~~ as a modula t ion  system changing the  amp l i t u d e  and

1~lw c cham - to c on- istics of t,li c human to different input  frequencies. In

P a r t i c u l a r  the  opera to r  i n pu t  wan

1
r ( t ’)  = )‘ A . sin w t  (II—35.F)

1=1 1

urm nel t i m e  Op e o ’ : i t  o O r  O u tp u t

c ( t )  

~ 
B . ( t )  ~ in [ W 1t + 0 1(t ) ]  ( I I— 3 6 . F )
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‘It o o o b ]  ‘; to dct ,o - m ; ‘ ;  t j i e B . ri g id 0 . as a fu n c t i o n  of t ime . This sys t e ;r m

in ni: -‘n 0 ,  ‘~ ; ;o orc ’ II,— ? ? .

‘1 1 1 ( 0  1 ’ -  - i o l n o S nc U o- : -re’ssei ril y act as a continuous control icr , so

to ; , -: 1 °  - a  - .1:ae to de’- JClo p  d i s c - r e t -c models.  The d i s c r e t e — t i m e  concept  

~‘po 1 n t’o ; : V c ’ t o C o,t op~ cal  grouoo o i e  193] . Models developed include

tlo - ’ ,;c- by 1’; - -  0 5] ,  F i g o o r e -  11—23 , R;tovlt [95], Fi gure 11—24 , Lemay and

l - be- ; - c:o.u t t  [° - 6 j  F i ~ -, ore II—2 ~~, and O’tiv::s [ 9 7 ] ,  Figure 11—26.

One f i n a l  Lir ’ie—vary Lo g parameter  model ing approach f i t s  no p ar t i c u l a r

model , b u t  t o -  a c - o n c o ’- p t .  Us -log an extended Kalno ,-ui F i l ter  approach , it is

p oe: e io :o c ’r I i ; 1 ; : o t  t h e  p a i’o ; on c t c r  v a r i a t i o n  can be model led by the sLochast i c

d I - f e r n -o i c c  o : ; o ; - t i oj f l

o t ( f  ‘1 ) = ~o ( h )  + w ( k )  (II~-37.l:)

~o’I ’e-i’c ~~
- 10 L i ;  - p a r a m e t e r  v ec t o r  and w a gaussian zero—mean , w h i t e  noise .

11110 00130 l i ’ . - :  OOS ti e un c- c -r t a in t y  imi the Kalman noeastmr cment yO+J 1k)

r i nd  l a -n r c -  C ; ’ i 5 C 0 3  t ime 1)0 -d i  cted covari ;lm lcC; matrix P(k+ 1/k) to be b iased

and hence’ t o o t  ‘‘bc- i t o -ye ” a l l  the old da ta ~y (k) , y(1-—l ) I .  Such an

at p ru :oc l i  a I loan feo ’  un kn own  p ot ramne t c - r t ra c k i n g  w i t h o u t  need of a 1-r!~ori

k n ’ ~’l c - dge  of t i m e  ra tes  of chat -ge of the  parameters .  Resul ts  d e m o n s t r a t e

tioc p o t en t  i::l p a \ ’a r  of th is approach [98] .

C. Open i- n ’  -p  V ’ ws ( l l : o w d - -LO~ JL T d e ;n t t i i c r m t i o n

In ‘j d c ; o L  i f  ca t ;  L oo n c ur l :  a d i s t i n c t i o n  is made between open— loop and

c l o : - ; cod—l o op  i d e m o n i f i c a l i n n .  This is because it in possible to  o b t a i n

incor rec t  s o i m o L i o u o u - ’; if t i m e  proper cond i tiOt1S are n o e L .  To see’ th is , c o n s ic h -r

Fi gure 11—27 , eo’l m U ’ l ’ e; c, is a n o i s e  source and G 1 arc ’ z—trans f or n i  f u n c t i o n s ,

r .1 o; t he  i n p u t  and y t ime o u t p u t .  1,1 C 2 ~.S known an d c1 = 0, then measure—

m m - l o t oF to ~ o o I  y e ’LJ ,i y ic ii C~ [99] (ft in case lot m - o-pr esentat ivt ’ of the ’
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I
I hac,no ~‘p er a t or  p rob lem) . If c1 is cor re la ted  wi th  e , then calculations

of can lead to errors so ~ C1 
[2 2 ] .  This l a t t e r  case lead to the

c- eu  ,a b no t st r e p ; i i  np,  [101) , 101. ] and in s t r m m m e n t — v a r i a h l c : o - ;  [5] to appr ox i—

s i t - m i, : un c o r rel a t’ co e and y ,  and hence avoi. d pa ramete r  b i a s ing .

In p r a ct i ce  t h e  human opera tor  problem has and c cor re la ted , sine-co

I r
1 

and C
2 

are t :oc:’0 o1 r emnant  and noise f i l t e r s  respect ively .  The degree

I 
of oi : 1 -;e depc rndc  on t h u  model c-nd t i m e t y p e  of s t r u c t u r e , i.e. linear ,

0 31o in - :r , t ime—v:-~ry tuog ,  etc.  These pro b lo -coc --: will  be addressed at the

a p pr o p r e at e  t i l t : -  riS regards s i m u l a t i o n  r e su lt s .

I
I
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c ’’ - n , ’ ’ ’pp  3. r T b : P , ’ , !- h , T I  ~li :—- l~-1V Al < ] .A:-: T

~1RAS i i ,; :-1’l ’iF

A.  Pm ~o ’ : 0 0 ” 0

A - - -  p er  o : f  i - i O : i ~ Lf  icr’tion techni que s  have been dev e loped in t ime

il L o:r :t t t : ; : - h i a s - :~ c-a I ’ o’: ~h iP ° b  0 0 1 C c - p t  f o r  u n kn own  p l a n t s  which  are an st o o ; :ed

oc l O o C ’ ,’ , o  c ’o~Ie r , i o o e r o r , L i on - - i t , - ;  i :mi t t , an d  ( i c t c - r m n l n i st  ic’ . Their basi .c

ci - - -’0’ u i o o - ’  : : l  and :: p; JO t or e  fCc- so :  ~,o ,Li 1 be prc ’nent ed in t h i s  r e n t - i o n  to

c c p o o o i ; . :  - ‘~~~~~r d i ’: :- : o. - erk  - Lu t l o i - :  arena . This then wi l l  p rov ide  a guide

t o o  c . :to : ; I to ~ ’ :- ,~ I i c - i ’ :  have -in cotoom on c,’~ th ti-ac] it i o n a l  s t a t i s t i c a l  t echn iques

10:; 11 ev ~: i f  f o r , 0 : 0 : 0 1  po - .niNl  e (1551 pn and imnp i em e em t a t i o n  guidel ines  fo r

us l o o p  t o  l i  c- i  1~ L i :  ~ 1:1 p r a c tI c e .

B. ‘ t i ; ) ’ ;

In h i s  so r t  L a n , oa- 1: of a r- c- c h-s of i d c -n t i f i c nr s  ~~~~ 11 be b r i c : i l\ -

d c - cc  I :  - - t o  e i c il y p m - r ,’c -cn t  t1 m ~ i d e n t i f i c a t i o n  ai pom ’ i l t n , ke - -’ a s sc o c ip t ’ions

l f l V o i \ - o : ,  in 1 - 0  P c-se 1 lopoc -P o t , c-no ]  I cop lemen t a l l on t~~chnio 1 o n - s .  Th i s  wil l

a l l o w  f u r  s t :r ;  I ~ l ; t .  loo r  S O n  co;.p ;oL Lion and Co V i cmw of t t oe many di vo rsc’

a pp r o ’o ’ i eo : \- ‘ l ) ’.,C l )  l ; o ~~ t o --cm dove l o t - c . )  b y a v a r iet y  of pc-epic. Both c-c 1na t lon

e r r o r  ( ‘ ‘ i c r  I c ’ s— l - l r :m i l  ci. ’’) cu t) ou t :put  e r ror  (‘‘ paral le l ’ ’ )  me thods  are  c op i C r c - m i

t o o  ( ‘ c - n ] . r m  r h o  on ~‘oco  r f o a 5 Q s  , Lott ie ’ I l l — i  is p Ly on whi r i m  p r ose— nt - s  a so on :—

o : ’ ; oo y m l  c -l i  t ime  ro t - i o n ) : ;  wi t c;i : c, i I i f o i i o o - o . Time “ t v l’ m ’ ” r e f e r s  to w h e t i m e r

t i oc- li m o -  t- , i i  or nc ’Ll~~- I  .j cont  I t - ;oc -u s— t’ i ,me (C) , or d iscretc-~-c 101’ (D) . The

‘ t-r r o :r S t  0 c t o ’~n i - ’ ’ re- i c - r n  to c, ’; 1 -  r th e  r n - I  1 , 0 - I  o ’-ap l oy s  the e q u a t i o n  er r o r

( I t ) ,  ~‘, ‘c- r -  I m z c - o I  c - p o t i c - t m  c t  t o o l ’  ( P I t ) , or o ’ : :] 0 0 0 ’ 5 ’  er r or  (R l~) fornou  i c o t i o n .

‘ p ’ o t / o t ; tp ’: t o : t o - o o : - t e m r e ” r e l ;o t e o ;  w h e t h e r  ci p a r t i r e i l a r  n m c - t h m i d  b a n d i t ’s

u ; o  1-’ : 1 0 :  1 0 - - o t p u t / o ; i o o p l o ’ - : - ’ m t ~~ o t  (~~r so) , or I l o u ’ m o t t i  t i var i a l oi c  ( ‘r i S t ’  (MIt t ) )

1 , ’ m ) I l o ’, 0!) ‘P ,- ;t c t ? ’  r o t  t - 1 ~~S tO  ~-;~ u - o  I t  r t uto ’ o n I 1~n r - i thms is am ) rl fop i - o x i m l o a t  ‘
- (N)

( 0  0



--

T ;mb l. c 11. 1—i.  L i : i c - ; i r  1.Yu P ‘ fyp i ;  T c i e - t ; L l f i  ~ t i on  ‘ 1’ - i m n iques

Lr r om ’  In p u t  / O o  1 P u t
N c o c s t o e r  ~-to .: thoci  ‘i”,’~~n ,S t r t o o ’~ : 1 ) -  S t o  0 ;  t o r e  i-~x nc1

1 1, ’i,oi-e [ i t s ]  C t i :i :  siso

2 P: ; ’d er r m [ l o t  ] j  C RE t l l - t () V

3 V o n  do L I t - P m  10 5]  C RE MIMO N

4 L’: r o ’ c .o i i  1 106] C GEE SI SO Y

5 L~~d o - m : c -  [107] C EE Sl ED .
6 P o o l — ’ - , , N a r ,’n m t r c -  [108] C El-: SISO Y

7 i ic -~ o - , [109] C N E SISO ,LIi1 ’i ( i

8 l i i i  cc l i  [11 ] I) RE S1SO Y

9 J . L ’ic’r s , >: cj o; c .c - o ] o’ :o  C EE SISO Y
Con [ Jnuou s  [1, 1 2 ]

10 Ecoc iv a  [LII 3] D EE I-liMo Y

i i  Ke is . o , L’ ’- - ; ) . : ; o  [114] 1) EE Nil -j O Y

12 }] o ’Pcc ’o [ i i - ° , 115] D GEE SISO

13 J - a r m t : m o o  IlL (. }  I) RE S1.SO V

1/i Va c-v on ]  ] [1 .15 , 1 19] C EE 1-111- 10 V

15 Cam r o t S ]  .1. [ 120]  C GEE SISO V

16 IS: ~~~-, [ 121] C RE SISO V

17 t ’ i - ; l n a r  [ 12 5 ]  C l -:t S1SO I

1.8 K r c - f L  [ .124]  C EE SISO Y

19 / 0  : t ; - : Io i [125 , 1.20] D EE S1SO Y ,N

20 ‘1 00 1 ; ‘ :o o 1’ — o [ 127]  1) EL SI S O  Y ( t ] ; c o n T p )

N ( p r ac~ I ’
2) i~ - l o o non [ 12 8 , 1 ~~ D l:i- : SISO N

22 Prc - o tv ~o [ 1. ;O , I 5 1 ]  I) ii] SI SO N

23 Lc- , - -~ L — - S q : m ; o i o - : ;  [ i ~~2-: I) i- :t- : s ’iso N

26 i , i ’ c ’ i : ; c - o - l r n r ’ i c ’ r  E 1 I ’ ~] C EL SI SO

*
C Coi l  i o n i c - m i s  D D i : ; o ’ r c m l  p
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or e— ::.’.”t a n p r o - - c l o  (Y ~ as  r c’~- ; r ) s  a’-. ’, ’ o p t o t  i c  s t a b i l i ty .

1. L ion  [102]

- m c t . o a ]  c o o L  o o ~ -s a 5150 fo r t m u l c - t  ico p  for  a l inear  c o n t i n u o u s — t i m e

o : v o  c - - - - I t i m e  1 re

i t — i  - ni
~, ( io )  

+ ~ ~~ 
s 

~ h
1 

u~~~ ( I I l — 1 .B )
o j c-- - ( )  J~~0 -

It - .‘o ~., ; ;, - -I t i n -  ~oi : t 1n~-u1 ; ooi - : i ou t p u t  or u and . A t r a c k i  op error

is  d o t  i n ’  d by

(o :)  
— y ( 111—2 .3)

in

c- : ;m dc ’ l i s  p.’ ; t c - n - o ; . d aI~~er t h e  p lan t  soc

( \  n-i 
t:. ~ (1) 

- ~ 
~~~, u~~~ ( I 1T-3.B)

- i _ I-mo ~ P j=O ~

I I I  C O  0 0: P i . l t ’ ” t  h d n - e t o - o ~~

it— i . F )(n )  -F cc . ÷ ~~ u~~~ (1 11—4.8)
ir :O  j =0 ~

I’ ; c c : o c ’ a - — : ; t O _ m -:: ~ t t ’l  i o o ” o m t : n y an ci em , cam i be d e f i n e d  as- 

~ 1c
y = t V (111—5.11)I . p

I- . u ( I I l — n . B )

1 1 0 ( o )  ( :: + o o ) ! 
(111—7.3)

\ ‘ l o o - j ’ i o  t u ( ~~) i n  an n : i : i t r , o r y  : : t a b ’ co f H . t - m ’  an d  c > 0 , c o m o : ; t ; o n t .  A d d i t h o : o , m l

( . 1 1 0 : 0 1  I~ t i’ t e O : t ’ c -r ; :  o ’ ; l i t  t i o ’ o m  be clef h m e d  front

-f ~~~ ~~ 
+ ~~ ~~~~ ( 111— 8. 13)

k 0 ,1 , . 
~~, m + i i — I

(0 -~



or

- co , Z I ‘ 0 ,1, ” ( o H -  - i - i )  ( 11 1—9 .8)
I 1~~~~

wit c-i, -

(-0 [y  y ‘ . . y U . 1J~ ‘ i.t 1 ( 11 1— 1 9 .8)
- - O i-f l ~ ( ic- i-I  ~ 

1 : i t  o;cl 1

= [ ( H  -a ) , ( ‘  -C ) .  (I -a ) ,
o 0 0 1 1 o u — 1  co—i

( 111—1 1.8)

( f ~ — b ), ( S ~ —h ),  (~ —h )
o o 1 1 no mom

Del i o t ’iop,

c
1 [c e: ] ( I 1 1- 12 , B )

0 1 n-fin+1

1 1 ° c _ I )

c W ( t )  z ( I I I — 1 3 . B )

TI o c p c-r ao co L-r  a dj u s t .: . ’ o : t  t c o ~ ,’ f o r  ~o ’ = ~~~~~~ i t :

= - k \~ft )  ~ (I1I—l / o. B)

To r e - l o o t  o’ to , ~: to a and 0, coi::p;ur o- ’o of (11,11— 4 .13 ) fo r  c = 0 i s  icc ~~- s—

- By c 9 i t ;0 t l u g  app o c -p r i n t  c I i i  c - r i  iop t erm s of y and ii , ii + mu + 1 i i tool r

; o l c.b r a ic  relat ‘ono  b e L - c - , o n  (~ , 11) and (a , 0) r e su l t s .

2 .  P~~n o i o - r , o  [103]

Ci r c a  t ito ’  o : O I I : - c-o\-,0 1 0  ; o i , : c t .

= I ’- ;  + Bu ( 111—1 .5.8)

c - - l o t -  0 ’ ~ A co o t ) B : io - m -  un k m i o : , o o  : c n tr ,i c e c - . ti n id -n t  i f  i c - i  nmo j dc - 1 o ;’oo be f o i - o u u i a t o d  on:

= ‘ ; + ilu ‘1- ~o ( 111—16.11)

who m- ’ A Oc - l o t It co t-c- c o o o l t I o o o l c o o o : ; 1  y co d ] C o m o (  ed cot  t i o o o o l  c - s  of o\ c-nd P~, a t ) t  V 1 an

c o o , ,  i I i  t o ry hm ~~ o ! 1 1 0 ’ too - : : 2t  I 0 -: 1 v i n~; v 0 - . A t ’ :ork cmbl 1’ ‘ 0 .o ~~ I o ent o iL  i on
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of i I ’  1c ° ‘ ‘ o ’co _ o -h ‘~
mm E 1 

1° ~ x (111-17.3)

L 
: ~~ 

(III-18.B)

- 1 .. 1° , P cc ’ - - c o n s t . ; m o ’ :t real  s v t o , o c - t r i c  p o s i t i v e — d e f i n i t e  ma t r i ce s ,

— ~c , I) is  a ;: o n b i t r a r y  m a t r i x  whose ci .genvaiues all, have negat ive

real  : :-ts . 0 00 ( 1 U i o o : f l ic i e ; c t l  f r equency  r i ch  [104].  So long  as ,

a r i o i t r : ry  p . d .  m a t r i x  Q, t ha t

I i )  + D
I

P = — S Q (111-20. 11)

Joe t c- L ‘~ ‘ , A ~A , B B. The shor tcoming  of this  approach  fo r  the human

( 0 ] c ’ c , L o i  ‘ ‘o ’:o b l e t :  is t~l o : o t  it r eclu irdo s f u l l  s t a t e  measure io :ent  x f o r  i aml , c-—

0 0 1 0 I ~ 1 o : o o i .

3. T a o  Pc E m d c  [105]

Too is o - ’ - p r e r 0 -! o t ; : :cs the oo :c ’tI :c -i of s u b se c ti o n  2 as a basis , b u t  aiSl cn-:s

fo r  c m ;  0 n - o  ~- : so~d convci - pc-n cc r at e  b y deveiop i t o t ;  an a lgeb ra i c  cond i t i on

on i~ o l u t ,Lons  f o r  t i m es w1’mcn c -
~ 0. I t  is based on the  concep t  t ha t  an

0 1 0 0 0  0 101 ! ] c - : : i : ; t o  i f  e = ~~~= O  but  A~~ A and B~~~B.

So ~o ) : - ” c’ t In— 
~
.]  : : o :  L -’- ,i dent  i f  i c - i  sy s t em  t i n : ;  a l  t a m ed an cxt-r aneous  nul l ,

e = P - x = 0 (111-21.8)

and h e r o i c
0

~A~ + Pu = x = II z ( 111—22 .8)

I I (A , G) c - m o  i 7 T (:H’ , u
T

) .  At t ’io :c’ t , c - h c ti (1 11—2 1.11 ) it ;  s at i s f ’ i , o ’ ,i , t hen
3

s to r e  : ( t  . ) aod z ( t  .) . C o o j i t  i nu c -  o c t  ~ i ic ; L I m o A and B and c:t or e va lues  fu r

j Im I , 2 , • . A t o t  - :1 o f p d c - t a sc~ mu are r e q u i r e d  fo r  p p c m r a n : e t c ’r o ;  to l o u ’

I c ]  c u r t  i l l  P . ‘ i I con d c l  0 0  O~~

( 1’



• ° °  Z ( t ) ]  ( 111—23 .13 )

1-r o t :: ( [ 1 1 — 2 2 . 1 3) , them ;

— 
= l IT ( 11—24 . ‘it )

f r , :; ;:1 i i  c-li

H = (A ,tl) = 
~ (1 l1 —2 . L )

In terms ol appl i cation to hu man ope ra to r  ~.:oo ’k , th i s  a p p r o a c h  s o o f  I c - o s

f r o m  t i m e  n c-c’) lot ’  all s t ab -:; to be ava i l ab l e .  The m a t r i x  i o o v c - r ;~; inn

p roce d o i  re does o f fe r  a ps coue io orm—l in e  r ipproac li  to p or a in e t .co r  I dc -r o t i l i e - a  1;

Rcm ’,u i t  s olemio or i s t o  at e  tha t  imp r oved  convergence  r a t e  can re: ;u l t , b u t  t h e

O\o cOm ’ S.l 1 approach is not deemed d i rec t ly  amenable to i t e r at i v e  c o r e .

4. Carrol l  [ 106]

A sirmg1c_ i io~out , sing le output  plant with  un ’mc n own dynamics  is a sscoo: ie-1

0 
to he t r a n s f o o o - o~1o ] c  i nt o  the  form

= (A + AA )x  4’ B r ( I I I — 2 6 . J c )
— 0 0 1

Only m 0 0 0 c - ’ o u t pu t  is  ava i lab le,

‘i = x 1 ( 111—27 .8)

w i t h

1 0 • . .  b 1

A = 
—a 2 0 :~ :;~ 

B
1 

= 1) 1 ) 2  
(111-28.8)

0~~~~~~

• •

~~~ 
0

l b
L °

r —~ c -x t  ern :i  1 p 1 C o o l ’ I n p u t

(‘mA i ’  d c - f  in c - P  f r o m  an er0’ o1~ c-qua t ion
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1~

e = K c + (C C -M  )x + AB r + Hu (111—29 .8)
0 1 —

C = [g 1 ~~~ 2 
. g0 j T ( I I I—30.B)

H d ;iag [I) h h ~~~
- h I ( I I I—3 1.B)n—2 n—3 o

u — p c -n c - i c - I c  d set of signals

—k 11 0 . .
n-I

K —k - 0 1 • ( 111—32. 11)
0 n— 2

S i c - c t  ti~~ a
1

T s are a r b i tr a r y ,  d e f i n e  a u x i l i a r y  variables v . as

n— i
a , x~~~ (111-33.8)

j=0 3 1 1

V
1 

= (111—34.3)

m m — .1.
a , v~~~ = r

(1
~~~ ( 111—35 .13)

3 1

v = r (111—36.8)2 n— i

A p-o r:’ ” c o t c r  e r ror  v e c t o r  ~ is d e f i o o o c t  as

— a 1 i=O ,l ,~~” ,n— 2

~~
- =J n I n— l ( I I I — 3 7 . B)

6 . i’~n , n4-i , .• .  ni+n
L i—m i

A o i , - ’i !  I :m 0 ~ 1n 1.ut s ii arc clef m e d  accord .Lng to

n—2
f + f + ~ ii . ~ Ci) 

= 0 (111-38.8)x r .1 1

id -re I , f arc fu : l o ’t ions of , , ~~~~~ , r~~. Throug h s t a t e -  vari ab l e

m a n o o ’ o o c i a t i n n , t i m e  j ’s co : . I o n  ge -mo o : :t’c -d as t ab u l a te d  in Tc-b1e 111—2 . Us ’i n p
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TABL1- 111—2.

N o t a t i o n  fo r  ge -nc- ra t  ion of v . in normal form . In v . ( j ) ,  j denotes time

— state variable. Exampic- : for n= 4 , v
1 

is d e f i n e d  by

V
1 

+ a~~j1 
+ a

1
v

1 
+ a0v0 

=

n m o c l  genera  tc- d b y

0 1 0 v 1
(i) 0

= 0 0 1. v1
(2 )  ±

-a
0 

-a
1 

-a
2 

v (3)

n 2  U

0
~~~~~~~~

2

V

2

+~~~~
Q

V ()
= 0

n 2  u0~~~o
0v 0 +~ - 2 v2m 1

n =  3 u
0~~~~1

v
1

(2)  ± a
1~ - 1

\T
1

(l)  +q 0
0
v

0
(2)  +a

1~ 0
v0

( i)
m ’ O

+ a~~~3
v

3
(i)  + u ~3

v
3

(2 )

=~~1
(v

1
(2)  + a

1
v
1

( l ) )  +~ -
0

(v
0

( 2 ) + a
1

v
0

( i ) )

+~~3
(v

3
(2)  +a

1
v

3
( l ) )

u1~~~~0
(v

0
(1) +~ o

1
v

1
(i .) + q —

3
v

3
( i) )

n 3  u0~~~~0
(v

0 (2)  + a
1
v

0
( i ) )  +~~ 1 

(v
1

(2)  + a 1v1( i) )

m 1  ~~ +~ o
3

(v
3

( 2 ) + a
1
v

3
( I ) ) + 3

4
(v

4
( 2 ) + a v ( i ) )

1 ~~.v .( i)

.1-/2

n = 3 same as n°~3 m l
mu = 2

2 3 , . 3
n 6  U

0 
= ~ ~ ~~.a .v (j) -+- o~~ ~ n . v1 ( j )

mu 0 i ’J)  j .~l

(,8

_ 7__ --- -  ------~‘ —--



O H  
~ I 

~ ~v~ ( i )  
~ ~~ ~~~

m m :) -~ 1v4 (1)

om 
~~

1~0 - )

2
10 ~“ 1 :, o m - - v ( 1)

Cl I_ 3  - ‘ _ i ’ I ’ i 1

i l l

5 .
u

2 ~ c . v ( 1)
: 0 - 0
1/.3

n ‘ 4 ) 
~ 

-

~~~~ 

- o v ( j )
l1O~~’ ,‘~ ,I ° ° U J 1

~ ~o . a
1
v .(j)

( 0  1=~~

6 ,
~ :~ . v ( l )

2 i i

1/3

ii = ‘i 0 - c c - : ’ :  0000 r : ” ’ ‘i om o 2
~om
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I c ;  a , l ‘ ‘ I 1  : I I  0 0 :  . . - o c t e t  0 0 0 0 0 , ~ - i n  dc- i i t m ( O d  , r f t
1

- - - -~ V . , 
~i

’
~l~~~ i 

(III—39.il)

I t t  - ‘ ;  : : o1 o o~ i :o  ‘l o o t  ~ t d c - I  i n c - P  ,~ t t

‘ 7 ÷ PC ’ ‘:1 
1- 1) 1 ’ + fb i  ( 111—40 .3)

!d j : o u L  l a p  e l m  o . ; o : :;, c-I P l c -.) /33 , t l o  in~u i t — o u t p u t  descriptlo:m of the  s y s t e m

0 0 :  c- ’ , - . o ro ’c ° I r i S  S l o t  j o : I t a :  I ‘, ‘ e - r  i t  I o ’p:

~~~. 1 ,~~1 c -  [ 10 7 ]

1 0 0 1 5  i~, ;. o d c - o o t l n o :  — t a p e  rc - :oporos c’ equa t ion  e r r o r — t y p o  f o rn ~ i l at ion

Ice ~ ITO c i  : ; ‘ c - .  It  t :a s  bc-en shown tha t  for  a r m y  a r b i t r a ry  sc: t of c o n s t a n t

A , = 2 , ~., ii , ? . < 0 t l o . t  I a SJS O sy:, L’ c;m can o;l;-:ays be r ep re sen ted  as
I - I -

1 1 1 ... 1 b 1

0 x + b 2 u (111-4 1.3)

~~ri 
~~~ 

“
~~ 

~~n

\ i R ’ F  a~ a r m d  b~ arc  t h e  2n sy st e m  p a r a m e t e r s  be ing  s o u g h t .  An observer is

1 c- 0 : ’) 11;:-

I :
! 

1 1 • . . 1 X 1 ••
~~, ~~

= 
~2 ~ ‘ 2 

—A 3 + ~ + ~: 
‘ 

(111-42 .3)

cc 
~~~~~~~

‘0
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I

A
w h o - i 0 - ;: — (111—43. H)

p

+ \ v , = x
1 1 1 P1 i .2 ,3 ,~~” ,n (Il1—611,t)

~~. - f 7~0, s . = u
1 1 1

= — (C .V .

2 

+ d . s . ) e  ( 111—45. I~)

a m o d  c- , , ci - arc-  c r c - U i  t r : mry  c c m o m s l : u u t s  > 0. The- pa r :m: :d t er s  C~ and B are dcl  I c - c ’
1 1 

, 
— —

as

- -c
1

e
1

X 1-

~~ I
C

2

( ~C ; 

~LTh T J

~~~
= (I1I-46.P)

cm

-C1
3

c-
l
~~~~

-

~~

--

~~
)

- d e  

~~~
f-  

~~~~~

i i i  t ii = ( - - - ‘  ]
O • C ) . From ti - s for n ou I t :  t I em ; , the

p 1 d m 01 t r a n s fer  I c o n u t i  c-n h c - m oco ’-s

I
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ii F .

8 --I-
s + A .

(111—47. 1 )- . 0 0  t ,c

- - — V ~~~~~~-
~ 

_ ‘ _ l ~~~ s+ ~~ ,

i c - c - m o  I I  r c - o c - f Ii v o ’ a t  , i , ’u ’o i s  s l o t - a ;  in F igu re  I [I—I

-
- a n , H - m o ’ . : : -  ic: [108) 

0 /  j~~o y , ~~~’1,h c ( “ O ’- t i 1 1 0 J n :J - ;  t i me  p : i ra : : :e t’ -r  es t i o : ; a t i , m:0 r t l o s in g  the

T ‘c :  - -, - - I : o ’ m T ’ o v i  :c:li (-m :) Lc: :::o . U~~c of tb La o c ckes  i t ’ possib lc-  to

€ r o j t m  t o ’, o c -  0’ 1 0 : :  o~~— n ’ o  :: , - o t t  d a t ; m  o- 1 t i m  no c l i f f e r c m o t  i c -t i  ons r e q u i r e d .  The

‘0 p 1 - a Of I T : ’ f o rm 

- ~
- l n (111—4 8.11 )

a ::~~~7; S

1” ( I i i — 4 9 .B )

o : :  T a r  I a n  t , h = (1 0 ” O J , and and b are unkn oo~am htm t
S s

t I  1 3 : 0 ,- b o o

~ 

b~ n—v ec :t eo r  (1I1 50.B )

J.t i t ;  o : : o  i r e - )  b l o c - I  L :o c , , t ;ri p i e CA , b , im } is contm :oi . lab le  c-nd ohserv :mb le .
S S S

A o;’ t o ,’ dc ’ 1. oP- to -o ,’~ is set up a t -:

-
~ + E k -~~ ( t ) 1 x 1 + h ( t ) u  + ~; + r (111-51.3)

A T
‘O ’ I z = a

1 
( 111— 5/ . B)

1.0 1 0 0 -

K ~ 
-

~~~~ (111-53.3)

is cm ~: [ ‘ do t o ton I c i x • ‘ I i ,  c r r c -r  v t -c t ore are

A

~0 a — = I t  — h , e = z — x ( 111—54.3)
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‘ , , : av ;on l I i : - ‘~~lY 1 -o: , : ’ ’o.,  l b o 0 ~ i~nr am c- t - o  j d c n t i f r a t ’ i o n

laws t ’ c ’ t o e -

0~ — -

— . (III--55. ii)
13~ 

= — ‘
-

; l o re I I ,, ;;‘a 0 H1 ,”- 0 - o  1 j a m a l !  i - : ’- — d e f i m ’mi . t e  r - o c - t i i , ces. t” ra ; :i ( 1 I I—5!t . J C )  mmd

( 1 1 1 - P  .33),

= F ca \~ h = A e-
~ 

q ( 111-56.3)

ao , r x l  l i a r ’ s’ a:  ‘ t o -  ; o c - )  [o ut \ b o ! Ct o r a  q c ’: o o d  v are ob ta ined  f rn a  f i l t er e d

\ ‘ :O l o l . , - c I  >0 5 0 - ;  0 ,

n — i  i l— ’
f . 1 s , S~~~~~, “~~ , i 

x~~(s)  (111-57.3)

T ~~~ o:--- 2
= 0 ”  - - - - u ( s )  (111-58.11)

i - l o o S e 1 (t ) = ‘: 1 0 ;
fl 

+ + d is a 511:01)1cm j )oiy l’mo oaia l  Sue-li  t h a t

1 -- 11) 
l,
~ ( 1 11—59. 3)

i t ;  p0 ;;  I I ye l o o t ] , = (1 P 2 
d ) .  The st d m h i i i z i .n g  inp u t  si g n a l s

= -c_
i 

‘

° 

2. = -c-1 
q T~~ q (I1l-efl .B)

v~~I A  V P~ AA ~
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I
0 — d — P “ —c l 0 0 0~~~.. 0rn-f l a

0 0 —d ~~~~ — d — d 0 0 0
— a n—i  n

‘I 0 0 0 —d . . — cim n

A = 0 1 d • •
~~~ci 0 • 0 (111—61.B)m 2 ioi i

0 0 l d — d  — d 0 . . 02 m—2 mom — I

I d~

I f  t h e -  n p o i t  is s u f fj o - ,j o r o t ly  r ich (n d i a t in c t  f reqo : i - m i c  es or more)  , t I o t - o t

coo ’ - I ‘ > , £3~~~t~ , 13 ‘0

7. Han g [10~ 1

r : c m o ~; t i m e  ‘o c o n p on s e  e r r o m r ~ t e c h n i q u e , ~ l-fll ,’sI; id er - i t i  h e r  cc -n he d c v e . 1  c ; o , 1

141: ic- tm J C:Cj dO O i C S  coo s I 1 m m  1. d i i  i c - c - c - o t t’ [; ‘m t i o n s  fo r  imp 1 (-I1c-H 1 tat icon f o r  mu l  t 1—

I t ; il l —- a ing le o u tp u t  cy s t  ~‘: :i’ . G i v e n  the  toys  t :5:

= A >o + B 10
P ‘0 —

(i m o t k o o c o ’ - .’ to ) p l a n t  ( i l l —  ( o H .  I t )

P 
‘

x = A x + 11 m m—m in “ mn mu —

( a d j  o i ; ; t a h i  t o )  m :iodcl ( I I  1— 6 ’ ; . B)
v C x
‘ 1:1 10 ’o

0,~ V — y S y s N - o o  l - T rr o i i -  ( lT ’ 1, - - ( 4 . B )
— 

~° 1fl

1) c’ F i l t  o - m ” o - t i  L i - r o t c -  (‘J ’ l T— ( m ”o . l T )

i t  I o~ dc-c l i - I  to o ‘~ o ’ i o ’m; t s o c - - I . °. , 11 i t  h coo l  v > , 110(1 >0 mtco ’ cj -d ( I  c - m-
o- : lii 0

1 
110

1o I i z ; i U  i i  i t y  p m l r b 0 0 0 - : I - S )  . To d c - I  o r m i r o c -  I) , \ , and It a t i c - - n m - o r  t o : ;  i n ] 3  Po t’ c iv ’s
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h e  r m c t , t b i 1 i t ~ Th e o r y  is  ~(

o ’ ’~) ~ ‘r

S o o i f l c i t - : ; t  a-:d pa r t  i s ]  l . v : o c - c - O ” : ; S c o r \ -  c; ’ : t d t t ’ i c c ’:, o j o t  o r d e r  : :~~

mete r adj : c : , t ; - 0 - c t s  ace  ;m ; ’ - v ; ’It t o s t  icc - li -- l o - .’pL- ;- : t l i t  c t ’ ’

a) z
1

( 00 ) C (o l  - , ) 1 
(]1I—o

i s  c i r i e - t l y  pc t O  t ~~J - ‘ c- o n:: I , alo °r c ’ / ,~ ( o ; )  = Z
m

1=0

b) t i0e  A and 11
0: 1 

t Oc r-

11 ~~ [ . - - t v~~ y + e . .~ 1 ( , ,  v v ) 1  ( ‘I l l — s I t ;)
111 . I c: ‘ 1 (~ ~ 0 1 0:: .

- Pb = H v~ tr~ + ‘:i . “ ( o  - v u , )
o:o . J 0 1 T1 , i dt  j 1, j

[0 ~ 1 (1 0 . .
w i t h  A = 0 0 1 • • “ I T =

P L —c - -~ : • • — c - h ~L ~ n— 1 o 1 n — 1 c

= 10
f~~ , i = 1, 2 , ‘

~~~~
-
, n— I

‘I t o , ’ an b u s t f l o c - n t  ga ins  a , coo P 13. > 0 , (i . c-a l S . > 0 . Time S t . i t c ” a ‘.‘ are o h t c i i : o e e l
I 3 3 ~~~ fl .

by p a s s i n o ~ y t I i r o o :p h cm f , il Icr ~c— ~ ’ , to n nth  orP ’r s t , , t e — o  c t r i a U l c  f l i t  c-c-l _ t
i

and

c- = e  — xf 1 P~ mu 1

0 = ~~~~~~ x (111-13.;-)
[i

f ~f
( • O )  p1

(s)  a (s)  (s)
I I

I, o c r u r o :  t h a t  21 ( o ; ) / t )  (s)  mois t  he ~oss , i to i — c -  real c- O h ]  hence ( n — i )  a ,~ < (n-1 i~)

I i  : ; t m o o : m  I d  t o e  o t t o - P  t h a t  by u s b o g  S m i c o ” ’, ‘ c - l y e: e o u t p c o t s  c - I  ‘~‘ ~~~~~~ 
i i  ~s p o t :—

S i ’ s l o ’t t o  s y o : 0 f : b t o - s i z e  w i t  heat: d i f t e r c - t ; t i a L i u s ’ , is  : l o r p : 0 0 0 0 t s oI  1’\ ’ ( 111~ 68 . 0 1) .
1

~/ 0 >



t t: ;o -
‘ 

‘
- L- v :- o - c ’ i m r ,i l c- r  t o ’  c - ‘ c e n t  to  t ° ; r ’  o r i g i o t : m ’ ‘ o - ’l a ; ’ot lye

( . 1  l o o P  - t o  :-:- c l  {] 1 0] , ~- :;o ’ ci: t tou t-i t use of H ’-p ers  tabi ii t ’  t i m e o r — ;  allows

fo r  m , - ‘ 0 : 5 ,  ‘ - - 001 t b m , O I 0 f l i l, Y . 11j d~ t 0 1  t ime  S t a u l  e r _ m a p o n s c -  s - r o o r  a p p r o ac h

( i t - ; r m ’ . ; o o - s o  1 ~‘ ; ac -, 01y r: l I c -  ‘ s ’ o ; c J s t i c : o  o:-rro r t e c b n i ’ i m m e )  , : m . -~y m ; t o o o t i c a 1 l y

u n l o i s ’ ;u - l  c ’ o : i -  I - c - c -  icoo c m i t  if  o r is c- - a r r u ; o t  ed by a z r - r e— m e a n  n & o i o : e .  The
P 1 

-

( 0  !‘ 0’ ’ c- L~~ t S  
- 

~ m~~ - d  e 0 3 : ,  - o r ’s , :ol , L l ’~ m : ~ 
0 : u ri c of i n s t o r c o r n e m it v a r i a b l e  t ech—

f l (  - H ] m: ‘ i l ; f : ’, o ’ ,! t o  ;;j ’o p o : o : c h . m t c ’ l - ~- r ctncrj e the: bias .

P .  2 1 1 ,  ‘- , . i i i ]

1 Iii: ’ :~ :,: , : ‘;co ‘c- I i ;  ‘0 I - o r  d I :a : i -  t o  S)’s t (°mS cm: i c - h  an o u t pu t  e r ror  f o r —

mau l co t  . 1 . o ~~~. 
‘~~~: , :‘° , ; o  s t r u r t : ’ o e  is t ’ ’k’rn b y t ime AR -h \  p r orc ’ SS

( I )  a . :-: (L- t) ± ~ b , o o ( k — i )  (I1I--69 . r0)
e :-~~ 

1 1’ 1=0 1

h . cr ’ , 1 0 0 , :  ucicm;u ’,-,,o o l an t  p c -r : t :. :’: tc rs , x ‘is the  o u t p ut  amid u t l o t -

i,np o - , ‘ i t t ’  H c c  t ab l e  os o, l - l  ‘1’; g iven U : ’

x 5 ( l : )  - Y ~~~(k) x~1
(k ~ i.) ‘~ 1=0 

b
1

(Ie) u O - i )  ( 111—70.3)

.-\ r e - t o  t0 ’V c o l  t i c - ;  o - ; r c - cc - - t  or f i t  is g ive-n b y  t_ h e t r t l c l : i : c l t  e r ror

— x (k) (11 7 1.0 )

The plc - c o t  to a, o, c :c’ - t t , c -  o i dent  I b ie r  equal ici ll s can he developed us in~; Popov

tab iL l  to’ ‘l ’I~c’,corv to be

~~ (k-i)  - ~ ~o (k) x (k-i)  i = 1 , 2 ,~~” ,n (111-72 .3)
1 1 1 f t

~~ ( k - l )  - 1. v(l ) u(i-~-j )  j  0, 1, ~~~~~, m (111-73.3)

i- - I c - ’  r c ’

7_ /



- _l — -  —

( I )  - 
~~~~~~~~~~~ ~~~~~~~~~

1 -‘ :~ • s~~~( t r — i )  + :‘~ uH i : - i )  I
L i”l “ j

- , 
‘ -

‘ s I t , in , C C 0 0 0 S  to: ;  t S 1)~~ Tic- C c : - ; i t > o  p . ’ c - z o o s o  - c-s e , c - r d  p c o r n  So ’ I ‘; 0o 1

t o  s i t  s ly  th e  1:) p-c - r~- t ah i 1  c o  c c o s t r , :  I - - ;  t h a t ’ Lb L r n n s i c r  fu o c t  - ‘ , o

I + 
-
~~~ ~~

11(a) = - ~~~~~~~~~~ (IJl- 7 ’~.i;)

I — ; c ‘
C

1=1

i s  1111 . S c - I - - c - -:: cob the o - : t rc ’ i c i : ’ ,o I ,  c - c d  cs a . c-i’ , - :0 0 : 1 : ’ :  - 0 0 0 .  11e,~ iaoi
1 1

b ’ c - c -~-~- 1 : , : - c’~ t o -a c,1 :jo ’ : t Ilt - : ic~ o o , : 0 , - s  pc-c rc- -t e d 1,a, t ’ eo

0 . Luders  , I ; ’ ” e o o d r c -  Cc it t - I o o o ; , ’-cs [ 110 1

l o I s  c- -pr oc - c m is a S i t:) o o t - p rn ~ ch for  C o ) :o t i , c - e m o : o ” — l ’ i:;’-:- S ) m 0 t 0 : ’ t . I t  ‘i n

assc o r, - ” o] t I ~c- svs tc -lo to b c :  i d - o c t  11, 0 i s  e -o ’ e:i” l e t e l y ( ‘ l ~’S c - :  c - c o b b :  i n t l  oom: m v t i o c i

f or- , - i t:- r c - , r o ’ s : n o i t c - . b  ( o u r  Silo) 0 0 0

[ n j  [1 
+ 

H 

~° ( I l l -76 . i~)

wi ’m er - t o c oo P h are t h e  2n ptu’;’o :’ oct0, rs to he- i d e o o t i f i e  0 , u the  sc:i l, nr  i n p u t ,

y h o c -  :~r o l s o  o u L p ; o  I , c-nd It 1 
, to) c ’i ’ ,- : o , o ’ 0 0 0 ’, ’ 1 - - , T Im e adap t  tvc  observer is

= H w + c-u ( ] I I I — 7 7 . ’lt )

[i1~ ~~ 
-f [--}

~ 
~o - ~~~o’-~~ ) ( 111-7$. t - ,)
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I

- — y (111—79.11)

~~~~~~~ ~~~ 

0. - 
~~
, 

. . o
~ Il 

I

H 1 ~ P ‘ ‘  

~ mm
1 (III-80.B)

/, — A
—~ [ b o , h , ! -  ]

2

= (U ,

A A
; - I - - ,! c - t o r t  h :ti ~-c c - sri;:- o t - ’ ,- - of :m ttc - ,1 I’ . F and r core desi gner so ° 1, -: ’ t ed .

I ’ ; - :  t t : c ’ n j o c , j c l c c - sc -  F d i ” t : o n v ,t l  
~~~ 2 ’ ~~~ ~~~~ ~~ A . d i s t in c t ,

2: [1 , 1 , ~~
• ‘ , 1 ],  t b : o : :

0 

± 

I 
____= ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ____-- - (111-81.3)n a ,

1s — a  —
1 . —s s + X .

1

B y S c - i c e - t i e - t o  of : co o a p p ro p r i a t e  Lyat ’ :onov  f u n c t i o n , p a r c - c e e r  i d e n t i  Ii  o ’r

- -  . 1 noi s : 1 1 c c - c - i ’m ” ;  c o n v c c I ; o ’o ) c co a re

=

= 2,3,’•• ,ii ( 1 1 1— 8 2 . 3 )
A

a , = —1 ’ xoc
1, 1 ‘ L 1

1)
1 

= ‘-~o
l

u e
I

A ~~~~~~~~~~~~~~ ( 1 1 1 — 8 3 . 1 1 )
— 6 : - c -

i i, 1

i ’l c - - r e  o’ , , - > 0 t i r e  c c o n - : L ’ a ml t : tc  s e l e c t e d  b y the dc s i ; - , t o r - r  for  cpc ’c:d c o f  con—
1 1

0 5  1
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10. } ‘b o t d vc i  [ 1 1 3 ]

T h i s  is  a 1- 1 1-I) , - s : ’ r ’ ’ o - ° : or d i s c r - - o - - h i , - -  j ( ° r ’” ! i f i - i t $  ‘ ‘ . i t  — 1 - ’ , s

t t t c -  e~~: :a t i o n  er r o r  f o o r : ’ , o I , o i  l o ’ O . : 0 0 c m  p - is 0 1 5 , 0 : :  - - 1 as

‘P (k+l ) = Ac ,)  x ( 10:)  -t 2 1 ( 2 )  m t ( h )  ( I I  r—S : . 11)-

— lhc: l d o - : l t i t i C ; t t  ic-i l  0 0 c c - I C l  used to ,) i d c - n L i  1’,,’ A c O n , !  11 is

~~ (k+l) = A C~ l- 1 ) c - C )  ± ~Cc , i I ) i c ( h )  ( 11 1 0 - 5 : . 21~

1000 ’ o ’o L o V l oc- ; an ;1n:’- r o - j o i ’ i c l L e  i v : p o : n o ”~’ f t c- ct  b e : ; , C l O S t ,’o t - - f O t t- ,  c -p ’r-  cc t o ~ i5  - - r

p ar ; ,  :~ t o  o’ c s t i m o oto t , css A , I t  cc -n  in , d et c , ’ oc’c i , i0: c l as

/5 A A Ct i’c~~ :) 
T C ’ )

Bc+I)] = L ( : )  B e : ) ]  - 
~~~~~~~~~~

-
~~~~~~

—

- 

o : - ~~~ (1:-I) ~~ 
I )

— x (b< ) (111—07 -

P is cot c - r U t  Lr ;o ry  s V :n ” , - t  n c , posit ivor—def i ::ito wei:’ , t  I : : ~ , o;ia t r ’i ;-; ,

A cup {A . : XII - = 0] (J 1I , — S S . b I )
max - I

1

v
1

(k) = I - o ’( i-:)~ ~ (k ) ] ~~ ‘[i - I 0 .B )

Be catose of t i m c -  1011110 fo~~~u i a t i ou , p iu s  ( 111—89.8,) , i t  is c l ea r  ti ::: t

a l l  s t at ,  cc mc m st:  be a v a i l a b l e  fe : ’ i t c ’: a s u r e - m e r o t .  This is  a severe  const , r - ; i n L

in practic -e and is one reason O h I O  i d e n t o i f i 0 ,’rc arc r o r~- regem i a r ly  h Ives—

tigated they are  e a si or  to j  m o : L  I by Ire: : an i m p l e c - c ’m o t c m t  ion  vict-:point

1, 1. tboodo ’;o , Nc;:’eoi:l ra [11 ~]

Th i s  i ;  a 2 1 I 2 1 t )  i d o ’ n t j f  ic-c -  of t i m e  e q o o - t i c o o i  e r ro r  for :-o . Th ’i : -: m e t h o d

ro -q ili  ceo - i l l  s t c - I c ’s  to be c-va 11:1’ I t ;  for  o , ‘ ; e : o t  r e o r o on t  . The p l a n t  is  g iven

by (111_pt 1 .3 ” )  c - mid  it I . :  ; o : : o - , 010000  -d z i h  1 p l a n t  s t a le s  n oco v  t o t -  measu red .  The

r e f er en t - i,- I c - s O c - i  is p i ~‘o ’ o o by



= A (k+1)x(1:) + O ( i ~~~ I ) u ( I - c )  + 1- e ( k )  ( I r i - ~ .B)

wit ii

c ( k )  = a (k) — x (k) ( I T 1— 9 J , . B )
TO

C r- n :o r b i t r ’ c r y  r c o n - ;t a n t  : - - c - t r i a  t- - i t I c  J A J  < 1 fr i  ~i T — C I  0. i’ s i o p  :1

Lyap un cov f u m o c t i o n  s im ’i ir ir  to  t h a t  f o r  10-le t hod 10 , t h e  p n r ; rc t cr  id - : o ’: i, l A c - c m —

t ion  Ic-rio-cs A , B can be given b y

A A A A 0
[A (k+1) B(k+l)] = [Aft)  B( i e ~~ — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ( 111—92 .1)

A v (k — i )  o ’ C c — I )m fl : mX ‘— “ -

0 < e < 2 and P , A as before .  It is c lear  t h a t  (111—92 .3) i n c l , u d e c ;max
au toregress ive  terms not present  in (11 1—86 . 11) , so as to ‘0 - -e i t ’ , h t  t-OI C\’I,00,S

errors and therefore aid in convergence of ~~, ~~, and to .

12. Kudva [114 , 115]

This is ar~ equaticon error formnulatiorm for discrete SISO syst’e :soi’ c-ndr
— requires only a scalar 1/0 measurement sequence . An n th  or d er  SISO p l ; : t : t

{y, u) is parameterized such that

~~(z) 
b1

+~~~(zI - F) ’ - (111-93.11)

z — a  (zI — F) c - — a1

where u and y are the sys tem i n p ut  and o u t p u t , (r
T

F) is  any C o mp i e t c ’ l \

observable (n--i) c-. (n—i )  pair , and b
1
, h , a1, a are the plan t p a r t u s e t e n o ;

to be identified . To estimate th ;o :- parameters , an observe r  is estab ] l ob ed  as

~ (k+1) = ~ (k+1,) x (k) + ~~~(k+l) ~
- ( i t)m1 I p 1 

—

A A A A
+ 1) (k+1) u ( k )  + O

~~
i (k-i-I ) f(k) + A Ix (k)  — x (i-c ) ] (iii — °~~~~.1 — — - 1 m

1 
p 1
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(k -F l)  = 1’ ‘:-, (A )  ~ r a (k)  ( l l I - ~~~.L ’)
‘- I’ , — 1.0 p

1

A A

f(k+1) = I-’ f ( h - )  + r u ( A )  ( I I I - ’ . B)

< 1, C c - n o t  co ot’

bIn lininp t I -  2n paraaetcr vc-ctor -~ as

= 
~~~~~ 

1’ 
~~~~ 

~~~ ( I  r i - ’:. ~)

c-r od the ;~ei ’~ ior , t m~m e - flt  er roe  e
1 

(k)  as

e 1 (k )  = x (1:) - y C-c )

t i m e o n  t I e  p c- i  c - i n t e r  up dat e ’  i - 0 0 1 ; s t i n : r  cc-ri be d c ’: V C - ] c ’p c’d USing a

f t m o ’, c L i  o:o a-s

A A a P [e 1 
(~ ) — c ( k- l)  } v( l : -3)

= ~i ( k )  — ——---——---------- --
~~
----— — — — ---——--— -—----————-—----- ( 1J i - t - o . Lo

A y (k — i )  y ( k — i )

t he- i ’ s  : -  P , ~ , y cor e - d e f i n e d  3 1:’-sci c-univ . li e observer  st r u ct o : r c  isr ;ct~. —

c lm o ’c - m ’m in  Fl  lo o m 111—2.

13. l ,c o o o d , : r o  [116]

This me thod  is a d i  :°e c u t e  SJ It )  ;cpp r o ach c-t ; :pl or ing, t i o c -  o u t p u t  c - c - c r c -

(iso” “ p.’o ’r;oi,lel “) 10’l: °~to ’ c ;’ o; ’ c p t.  S t , m b i l , i I v is i n s u r e d  m i n i n g  Pc ’pov ’ s ll;-’p~’r—

c t~ m h i i , I ( , y ‘l’ho m ’ -o rv . T i m e  p l a n t  is g ive-n b y ( I T T - - b )  .11) , o-:itlo a ge -nc -o i l  s t a s l ed

p c m r c o o m s - t c r  \ -c rt o r  
~ 1; ivero by

= [a 1 
a 7 ‘ • a h b

1 
1) ]  (I ’IT— ’ -: .B)

oof l o l a general .1 vc - -d .i i m p u l / ou t p u t  \‘c’ c: i o n  by ~~~(k—]) [a (21- - I! ) • •  x (k—n)

t i ( I : , — -1 )  . . . tm ( k--:: ) J so t h a t  ( I I I — 6 9 . t : )  r:::y nl~co he u x p r  :‘ -n ’c-I no  

—,- - -~~~~ - - ---_—- - — — — .-,‘ -—— -—-- -—--~~ ---~~~~~~ -•,-- - —~,-—.--—-—
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:- ( ‘-
~ - 1 ~‘h - - ! )  (111-100.11)

c-c’- I I o l I  : -  ‘ - m c ;  t o O t  u . ‘ cc 3 - . 0 - 1  I t :

/~ .
(~~‘i) :: ( o-fl + ~~h .(k - - ~ ) i o ( k — j )  ( I I I — i . 01. Ci) .11)

~‘ - ‘) s (c -i) (111-101 (5’) .11)

= [ :-: (k- i)  y (1 ,-It ) . x (k— n) u c~~ u(k-  1) • . .  u(k—ni ) ]1 .  mc:
(111—101(c) .11)

Ic do :  I C o n  I I is-? p - t - ,  - : ~ c i i  o: 3 !” . e eq u at i o n s  , a ; n  ~~
- - - ‘ and a pot-c I-

p l - m n t — a : o o i - ,l t - ~cc3’i o~-~ ‘~c - i  c o n s  c-r~- c ! e f i m o ecl r e spc ’c t  i ,vc - l  y as

e~ (n ) ( , . ~~ — 0 (k)  ( 111—103.11)
TOO

e ( 2 1 )  = ‘- ( 1 , ) — 
~,: ( 21 )  (I l l— lOt -  TI)‘ in ’ ‘ -

x~~( l . )  ~~~(1o - -j )  co-c—i ) (111—105.21)

ti c i o P t  A -  t o o:  :- ‘‘ -‘lei C S L  a - ’t ed  oU t p u t  a t  t ime k based on old d a t a  t h r o ug h

[:,:-t .c-~i t
- ( k - - i )  - Th~’ p a m - c - c - c - I  c-r u p d a t e  a l g o r i t h m  is

( I - )  + - ) (k )  (111-106.3)

A T F(k—1) s (k — ] ,)
l1~ 

(I-:) ~Ik— .I~ -1- ‘--‘-------- - 
— 

—-—-—— t ( k )  (111-107.11)
i + ~~ (k- ’) ) [ F ( k 1) + C ( k — 1 ) j  s (k-l)

p 0 (2 —1)  s (2 ’- i )
~ (h) = 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

—-—--— c(k)  (111-103.11)
1. -Es  ( 1 :—i)  [F ( k — l )  + d ( k — l )  I o’ c ( k — l  )

r ( k )  = a - 
~1
T 

~ (k-l) + 
~ 

c . e (k -j )  (111-100 .11)

8/i



1-’(k—l) s (k- i)  
T

(k l )  F(k-l)
= F(k—i) — -‘ —

~
-
~~~~--- (111—110.11)

s(k-1)

p.d.

- F(k) (111-ill, .B)

and t Ot e -  a po c3/ : ‘i’ -f o 1 - 1  weighting coefficico ’ots c . satisfy the o:omlstraint tb -nt

1 + ~~ e - •  
1

H ( s )  -- -~~~ i-I __~~~~~~~~~ - (111 -11. 2 . 1 1)

i=1 1

wher e  z is the  us u— o l z— t r a n s f o r r ~i opera tor , is s t r i c t l y  pos itive- real [ 1] ? ] .

Thin ; l as t  c o nst r a i n t  raises p hy s ica l  real, i zabi i , i ty q u e s t i r 4 o n . Becau se-

the  c . are d e s i g n e r — s e l ec t e d  va lues  to d e t e r m i n e  ~~~ . because ’ a~ are umolo n c - a ,
1 0 1

then  t l’m i s  l a s t  c o n c lj t i c m n  r e q m o ir c s  the  answer  (n i )  to y ield c~~, to y .i c - i d

a . . T h t~ problem is a d d r e s s ed  in  cm l a t e r  chc p t  er  oc-ith r e ga rd  to
1 1 

-

cle ’: : i ,- ’ o :-- o c ’ , o : ot r o i ie d  c
i 

se l ec t ion  t e c h niq u e;- .

‘ m i t e :  spec ia l  case 13(k) A 0 y ie lds  the resu l t  analo8ous t o  l e a s t —

squares  type  al g o r i t i o o n s ,

F(k—1) s ( k— l )  -
~~(k) = ~~(k— l)  + —

~~~~~~~~~~~~~~~~~~~~~
—-----——— c(k )  (111-i

l + s  (k— i )  F ( k — l )  s ( k — l )

whore ~ (k) now s i o c i o h i f i e s  to

c ( i o )  = a f t )  - x ° (k ) + 
i i  

co(k — i)  ~II I— l1 4 . B )

I / i .  V ;m lav a n i  1118 , 119]

T }i i ~ m - . o o t ’ l m od  in a ?‘1I1021 ), co~ o i ; m t , L o m i  e r m o a r f o r m u la t i on of a m o l t  i v a r iab i c-

lde-~~t’ i l i - i .  Al  I s l a t  c-S c l o t ’  f l i t - c o m r : . , ’ ti t m v ; i  I I r i h i e  l t o o  o : - - n su r c - p o e - n t .  The p l an t -

130



i.s d t .- o ; c r i h - -d b y

x = A  x + i t  u ( I 1 I- 1 5.B )—-p 1°~~~I~ P ’ —

wl oe -rc - is c-mt n—v ector of mc-ao-;ur-nble states , u is an r—vector of t ie

mlme a:curc:I oie- inputs , -n o d A and B are  the  otn 1,00o,)wn p l a n t ,  parancc’ I ccc o o c , t r  icc-s .

The P~1AI m o o d o i  is of t h e  equal loon e-rroc foraulatioa ,

x = A (to ):- :  + B ( t )  u + Ke (10l 1 16 F,)
I~ ~‘ 

1,0 —

wh e re

A. 1
~m i  

c-re t:he- ;o d ~~to : ~t : b o lc- o : . ’o t r i , ’c- s , 21 is  r u to a n  st a b le  o : : c c t r i x .  ci v)

P iS g ’i - c~ Lv

= t-: — a (1 11—117. t o )- - i-c -

t i c ;  t i i [ ’  an a j o I r o : o r i o ) t c  I y : o i ’ou n ov  f un ’::t ion , o’o ,~c o i , m ’I identif - c -  tot’:’- . : \ , i c ,i , : I o

i n : :ur e c S c c ;t p t o t i c  ;;tab i l l  toy are

A
rm 

= - A 1 
Qc~~~

1 
( T 1 1 - I 1 8 . B )

_~ — l 
~~ 

T 
(] . I I - T ~19.B )

w i t h  A , I’ am - u a r b i t rar y  n a n p . 0 .  , sy o n m u t r i  c wei gh t i o o p  m a t r i c es , and Q

is co n m i o: to p. d • , ;; m :c cu t r i c  c:000s t r i o i  to sort  r i x  sa t i s f y ing

}.TQ ± QK — C (111—120.11)

where (1 21 > 0 , com os I- an to .

15. C a r r o l l  [1. 20]

Thi s OIl S I l ia d  I a a SI SO apj mr e - ia b o Ut  1 1 1  b o g  a g e n e r a l, I sod eq oua  I iu :i  c r c - o r

f o r o n i m l o c t  0 ( 0 0 . The p 1 - t o o t  i c - c  of  t I m c -  form

= A x -E I u
~“1’ P P

(1 T i — ’  ‘1.
y = =

86



I
- ‘ e r ’- t 1 .~ I o o e’ - ’- . -t - c , ,  o n :, :i i o . ,r c ’! ’ f i n e d as

•

m~i 

~~~~~~~~

. 0  ) ~~~~~~ 
~~~~~~~

——-— (111-122.3)

11 , ,- : t a o- - : m l  l 0 - ’O t i  1 - - ’  of t’Ior ;:sttiod in [102] ,  2n in d e - p -  n b c - o t t  er r o r

(“ 1 0 c : t  I C - : - . . ‘2 n- ~ ~~,( f l -  ci a::

- L O t )  -I- ( 111-123.3)—~ —

( - i c c  ci’

[a 1 Ci , . . .  c 

~ ~2 
•
~~~ (111—124.13)

S the ’  t O O  I c -  0 001 c , sI e t c r  e ’cCte r : 1  th t- : hf ci o  t he  a~ and h . will he deters:) n t ° ,
1 1

( I T I - 1 2 5 . B )

i s  :~ ‘ s c -a lP : :  ‘-~‘ ‘ ‘ - ‘a- t-~ r~ -~’ - ; ’- u -n d in I-he i d c : ’o t i f i c c o t i u o o  p t m : ° s c

( -> 0 as 0 m- c u d

W(t) [c- t-o~ • . .  w 1 (111—126.11)-1 - -i, -‘Ti

T
= [V ~~~~~~~~~~ . ‘

~~~-? - : j  • • ~~i ~~~~~~~ ~~~~~~~ q~~j (1] 1—127.  P0 )

I = i , 2 ,~ 
. . 3n

= [v v • v ] ( I I]  — 128 .1 1)n-I-i io+2 3n

I - u - o t  b o ’ ,o (11 i ’ - 1 2 1 3 . B )  I t  ~~~~~~~~ th em o ,o odel f o r  t io~ s cc- se , w i t h  t’~~, ~~~. the- 
1 1

p a ;  c o r K - t e n s  to’ boi j dc :mu t ’  i f  I ’ d , anal  c - I - c o co s  to o a and b~ . The si,; o ;c ;lS v - q .
1 1 1 1

c ’ i e ’  f i )  - cc - , l  ve-r ~ i c c - o s  0 ’ I  t i n— in p u t  ii  and o u t pu t  y (  a ) of t I e -  p l a n t ,
1 1

- -  v +~~ V ( l I I -) 2 9 . J i )

o~ + ~~ ( I i  ~~~ I I ) . B)

(111-131 .3)t o ’

i-I -’



1, l o r - r -  1: , ; 1 Ao— ‘ ~ ) e m o : - 2 1  0 - t c u ’

‘-‘l

—
-
- - -: 

J 

~ : I I 
= [0 0 . . .  0 1]  ( T T I - 1 3 2 . B )

-~ - . . - :- (1 .11—133 .3 )— c - - c

i -he re (0 , 0 )  - - ( i I i c i s l e, c , ’- : : )  A is s ta t .o l e .  The a d a p t a t i o n  term;; a rcs

— 13 -~ -o (1l b — l ~~ ” .B)

r~- (1 s a p . c. l o m  S ’ : o L r i n - . I- tn-OS (I]1— .L2 -1 .B) c-nd ( 1 1 1— 1 34 . 1 1) ,  t he’

1 0 1 , !  ~t i - - c e

(11,1-135 .3)

16. I l i a c- [ i d ]

‘ t o o  1~- - i n  c- 5 1 1:0 ‘c t o o d 0 0  1 i i ;:  i n g  t he  c ’ ; m I: j’ m it em l ’ r cor fc ’ r :.no .l, ;ot i c ’n .

LI oil ’ : l ~ LI , -’ c- t o t  n e t - o p t ;’ i c - a l l y  u: ;l b ; u : c c o d p a r t o n - ’- t e  r e s t i m a te s  are  assured

tb m n001 t t i c -  i m s c  c t  Pc ’ ~s 10 p c o ’st h i l i  ty l’ioeorv . The p l ant to be Idemi L ’ificd

i m -° mit Li -  : 0 5 : ;  5 (lll—122.}3 ) , and it Is ass ; o u: i ~-d t h a t  y = x  c-nd u al- c:
p
1

tie- oot l~ - co ~ - - o i  i c - l i c -  1o 1 : i o o t ’ oig m m o l a . A ssuni in 1’  ci phase v~c r , i ; o i o l e  ion’ :’: ,

= [a ~ ~~ ~~( n — l ) ~~ r 
= [u u ~~- •  ~1

(n_l)
i (I.T1—]3(~.L)— —- I -  

~~ i°
~ 

lo ll 
——

:~. 4- 13 u
—p 

~
‘ 

~~
o p - -

( I I  1 — 13 7 . 1 3 )
y = ( I so

I



-

~~~~

I 0 • ~~~~o
0~~~~~ 0

A 
0 0  l - • ~~~~0 B — 0  0

P (111—138.1;)
b h •

~~ b
L --a —a~~ 

• • — c t  
1 2 n

1 2 i-i

(I = H 0 0] ( 111—139 .8,)

A- -i I S  cl ’S-c- i n  c - t O ’ o - o : s a m o k  [ 12 2 [ ,  stato ’-—vci r j c t i tle fi l t ers are L m t i l i 2 c m d to

c - t O  c o p l ) r O ’ : l m n c -l t ’e 000  L \ i t i v c -; : of a and U , SO t I n t
p
1

1 f U~ d
S = = = ~~~~~-- ‘

~~~~~~~~~~~~~~ —-  
~~~~

---‘- (I1I- l40.~3)I x i~,i 10 -f 
+ ~~d i 5

m ;- i

f r -  0 : 1 1 0  do ’ u l~~c : L I v c s  of a c - c on  be p i e l :~’d o f f , as sh e-n in FI’:urc- 111—3.P c
‘110 0 e c- Sc’ S C )  c - C L :  0 c c  L I n t  t~ie; passh ntcri of ( 111— 1/ 0.13) is r 0 0 0 c i ,  Sc a t d -r

t b : : ’ o o  f t  - : c o t ’ -i~ : ’;’ m- , c I t - , ~~~~ of :-: of ic-tore -CL. t b n o ’e w i ll  be sa id  a b o u t  t b o i s- -

i c - t o - c- l i i  C l o ap t - ’ ’r (- .

I .  o ’ ~~ ;o , c - c od ) f l e d  p] cm to t f o r mu la t  i con i e su l , t s

x = / t , so + 3  u
1° i

( I r I — l 4 1  .3)
y C x

~ f l0 f

‘— 1 ( t ) : - o  + F, ( t o )  mm
7fl a -‘ nc r. : —f

( 1 1 1 — 1 4 2 . 1 1 )
= C ~ft

1 
-

‘l I m o -  t i c - k i n g  - - c - c - o r

y — y ( 1 T 1 — 1 - ’ o . i t ~I
f 

P f

I t )  b c -  m o r e  sIc-hi I i t  y , d~m~ i 0 t e

V~ (f ; )  
- C s )  m ’ (c; )
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I
~s’ IR:

Z
1
(s) 

1=0 
z 1 s~ ; (n~ l) < t <  (n+l) (III-145.B)

L ( Re{Z
1
(s) C(sI-A)~~~G} > 0 s = j w  (III-l46.B)

is st r i c L ly  positive real., G~~ [0 0 ~~~~° 1]. Defining = a

a b h b 1, the parameter adjustment rule becomes
m in m mn 1 2 n

—(2 V X1 f ifl
f

—(2 V x2 f m
f
2

= v x (III—147.B)
— n f

1 
m
f
n

~~~ 
V

f 
U

f1 1

13 v u
n f f1 n

where a , ,  13. > 0 are constants.
1 1

17. Molnar [123]

This is  a c o n t i n u o u s  time, SISO identifier based on the results of

Lion (N~~t 1iod 1) and Liiders (Method 5).  Its main improvements appear to

T be I )  ~; 1iuple r st~j tc ’  va riable f i l t e r  implementation , and 2 ) elimination

of n i i x i i i a r y  feedback signals (which -
~ 0 as t 4~~~) plaguing many l inear

obse rvors . The p l an t  has a l inear  t ransfer  func t ion  of the form

n
i—ii b  s

x i
C; (

~) (II I—14 5.B)
Li p 1—1

S + ~ a 1 S

i~ l
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Wi Ii a ~ 1 the forn

,~ n—i.

n s+~~.C ; ( ~.) = — - 
~~~~~~~~~ ~~~~~~~~~-—— (III- 149.B)

S +  + + ~

‘ —4—
11 n s+A .i=1 1

w 1 c r ~ A . > h , ~~~~ int , and are kn o m  by the  designer , and a., 13. are the

~~ r - t c r s . The t r a n s f o r mat i on  from a . ~ a . and 13. -tb . is found
1 1 1 1

by en uat  h i i  po’•;cr~ of s in ( I I I— i48~ B) and (111— 149 .B) -

SLate v e r t : ’h i e  f i l t e r s  are employed to generate “pseudo—states ” and

~~~~~~~~~~~~~~~~~~ bre~ed on the scalar inpu t—outpu t  measurements  u and y .

The j r - c n d o — -  ~~~ gener at or  is

1 o •

0 —A , 1 0
L

0 . r (III-150.i~)

—A In—i

— 
0 0 0

T
~~~~ W

2 
u J

wi th 
~~~~~~ 

L)~~, •“  11)
1 

the additional “input” signals. The pseudo—state

~rator is

M x + h [13
T 

r — X 
~~~ ] (111-151.13)

[v ~~~, x ] (111—152.13)—rn 1 2 n—i p
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I

—A 1 1 0 . ~~. .  0

x2 i~ 
• . •

= 
.
. ( Iu—l53.B)

1
n—i

A 1s A A
1 --a -

~~~ -a -a2 n—i n

lI Lt t h e  tracking error defined as

e = x — V (III—154.B)
p n

t h e  ~ar ame tcr a d j ustmen t terms become

= —a . e x (111—155.13)

y .  e r . (111-156.13)
1 1 1

a•, Y . > 0, consta n t .
1 1

Although developed for SISO systems , it can be extended to the MIMO case .

U s J n g  (III—155.B) and (IIl—156.B) , 
~~~

., 
~~
. are developed , which then

form C (S) in (III—149.B). Using Lyapunov methods , It is assured that,

as t >~~~ ‘,

C (s) -* C (s) (111—157. 13)m p

so at “ t =

A C (s) (III- 158.B)

18. Kraft [124]

Th is is a 5150 generalized equation error  formulation for continuous—

t i u~ systems. Given a plant of the form in (III—148.B) , this method
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ident~ f i e s  th e pa ramete r  vectors  a and B. Using filtered versions of

y and u (as in Method 16) , a set of gene ra l ized s tates  and equat ion

errors are fo rmu la t ed , which arc then used to develop an a rb i t ra r ly  fa st

convergence ra te  i den t i f i e r .  Define filtered states and filtered inputs by

y i ~‘ [ ( )  y( s~~ (III-159.s)

i 2 , 3, ... , 3n

r • 

~~ 
u (s)~

where d is a cons tan t , d > 0 , y 1 y,  and r1 u. Transformed states are

related to y .  and r~ by

= [
~ ~~~~~~~~~~~~~~~~~ 

(111— 16 1.13)

whe re

n— id 0 . . .  0 0  1 ~~~~~~~~~~ 1

0 0 . •  0 0

0 0 d n 3  0 0 0
0 •

~~~~ 1 —3 3 — 1 (111—162.13)

0 0 . . -  d 2 0 0  0 ” 0  1 — 2 1

0 0 • ~~~~ O d o  0 ... 0 0 i — i

0 0 . . .  0 0 1  0 ... 0 0 0 1

T
= 

~
‘i+i y i+2 

. . . y .~~~] (III— 163.B)

r~ = [r . r~ . • . r . ] (I TI— 164.B )i+1 1+2 1+11

The second mat r i x  of T is such that  each row consists of the binomial  coef—

fJc 1cnt ~; , wi th  a l t e r n a t i ng signs , st ar t ing  wi th  u n i t y  in the t .,. ent ry .
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h: I , the t~~u set s  of (3ii—].) f i r s t—order  f i l t e r s , ( 3n—i) additional

s t a tes  and filtered inputs  occur. From this , 2n independent error signals

C af l  l ) c  ‘ , y i c r a t e d

E . = y .  — y .  (III—165.B)
j  1 1

A T ”  i 1 ,2, ..,2n
v . = z . (III—166.B)
1 1

or

- - - T -yl
T 

A
— .~2 ~ ( 111— 367 . 13)

~2n T
z2n

T u e  pa t :c- r  adap u. a t ioi i  law is then

A

= C Z ( t )  F(t) (III—168.B)

who r~

Z (t )  = 

~~-1 ~ 2 ~-2n
1 (flI-169.B)

G = [ g i , 
~u

> 0 ’ constan t

The i r. 1 iu~:nt  at ion of this method i.s shown in Figure 11.1—4.

19. Ak. sI i [l?5 ,~26]

T h i s  is a SISO , equation error formulation for discrete time systems .

it i s  a p r a ct i c a l  i1;h lrr.~ - Iit :ition using Lyapunov methods wh i ch insures that

the  1) d f , I ~~~( ( r  er r o r  hound  can be i ia dc  ar l ) i tr ar l .ly small. It inherently

allows f o r  out put no ire w( k )  as l ong as upper bounds are ~ivaiiahJe as to its

- —
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noise spectrum. As would he expected , the smaller the upper noise bound ,

the better the convergence rate .

The plant is of the ARMA form

x (k) = ~T 7(k l) + w(k) (III-170.B)

where

= [a
1 

a
2 

a b
1 

b
m
] (111-171.13)

z
T(k) = (k) x (k-i) • •  x (k-n+i ) u (k )  u ( k — i )

— p p p

u(k—m+l)J (111—172.13)

and w is a Gaussian while noise with ,

E{w(k)/w(k—i), ... ~ (O)}  0 (III—173J)

where ~2 is a desi gner selected upper  bound on the measurement noise

variance. The model is taken as

X
m

(k) = ~
T

(k) Z(k-i)  (111-174.13)

$
T(k) = [~~1(k) ~2

(k) ... ~~~(k) ~1
(k) ... b (k)J

The scalar tracking error is given by

e(k) = x (k) — x (k) (III—175.B)

yielding th e  parame ter upda te eq ua t ion

A A

~ (k) = ~~(k—i) — c(k—i) Z(k—2) e(k—1) (III—176.B)

if (k) > 2M
2 

+ ~~i
X(k—1)[A(k) +o’]

c(k)  = 
2 2 (I1I-177.B)

L Z(k) if e (k) < 2t’i + SM
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L (h) = .5 2 (l~ - ~~ (Ill-I 78.B)

I < (111—179.13)

cc e : i . , e~ — ‘ :ec ie c t cc d c o ns t a n t ,

= t r  Q(k )  (111 180.B)

( )  = f2(k) (111-181.13)

= [Z(k) Z(k-i)] (Ill—I 82.B)

ci ~ , > 0 ~1~~: i. : n cr  sd O ct  c c i  c o n s t a n t .  T h e  term 1~(k) is an arbitrary func-

tion ~:c t  I.K I~~ ’ c1 .~,

~ 
2~(k)  = o ~

k a
(111— 183.11)

7
~ £~~(k)  <~~

a

n H  ~ d e f i n e s  all admissable  k for  the summat ion  (usual ly ~ (k)

a

20. ~io e  i .~ uk~ [1.27]

This is a modification to Landau ’s MRA S method . It is a d i sc re t e ,

SI SO , o u t p u t  e r ro r  fo rmu la . , ion. It is designed to accoun t for deterministic

dj : ’ c t i i r h : a r ’ e  by crea ting “re~ ec tion f i l ters ” which remove the disturbance

hu t  l ave no e f f o c t  on asymptotic parameter stability. Referring to Figure

111—5 , i t  is desired t hat

(
d

(z)  d 1
(z)  0 , Gd

(z) d 2 (z )  = 0 (111—184 .13)

~:~u r e  G
d

(z) -icc a so—called d et e r m i n i s ti c  d t s t u r ba nc e  re jec tor , and d . arc

~nl oi ial  d i c ;t cc - i ’r ic ic -s .  11 d . (k) = cons tant , poss ible  C
d

(z )  are

98 
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—i
Cd (z )  -

~~----- (IlI—185.t)

and 2z — h a  — ( i — l i )
Gd

(z)  2 (111— 186.13)

The model is given by ( ‘E i l — l O l . B )  and t h e  p l an t  w i t h  C
~~

(z )  g iven by

X 1)
(k) = ~J s~~(k—i . ) (111-187.13)

wi tore

s T (k-i) [x (k-i) x (k- 2) x (k-n) u (k )  u (k-rn) ]

~C1 ~d ci

(111— 188. B)

T h e  p a r a l le l  ~‘iRA0 i ci - : i t  i f ier  ( l ien  becomes

A

~ (k) (k)  + ç5 (Ic ) ( 111—189 .13)

- A K s  ( I c - i )
(k )  = (k-i)  + 

~~~~~~~~~~~~~~~~~~~~~~~~~ 
v

d
(k) (III 190.i ~)

L s (k—i)
= 

1 + S r(k~~1 ) [K + L ) ] S (k~ ])  (111-191.13)

vd
(k) = c

~~~
(k) + c . e ( I c — i )  (III—192.B)

e
d

(k) = x (k) — 
1 T 

s (k-1E ) (IlI-193.B)

s1(k-1) = [x (k-1) x (k-2) x (k n) u(k) u(k-n)] (111-194.13)
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I
Fk a 1

ka
0

ka
0

K = k (111—195. 13)
b

0

k

0

k > 0  k > 0
a . ‘ b .
1 1

— I l

a 7 0

L = 
t
a (lll--196 .b)
~ 2.

b0

0

h
m

9~ > .5 k , P > .5 k and the c~ g iv en  b y (1 11— 112.13) .a . a . ii . 1, .
1 1 1 L

21. Johnson  [128 , 129]

This  is an appre: . : i na t e  N ’chn ique f o r  p : oc i r ot e r  :i . den L~~f i c a t i o n  wh i ch

is a sim p i i fi ca t  ion  of Landau ’s h y p c r : - c t c b l e  MR ,\S method . It r ep re sent s  a

ST .S0 app rcs ic l l  u~ og the  o u t pu t  e r ror  ion c I - ion . For t h e  p l a n t  g i v en  by

( i i  — ( .1 . 1 ) ,  the  updl :c t  mod e I ( 1 1 1 — 1 0 1  .f l )  is  r r p l o v .- I .  T u e  t i n -k i n g  errol -
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is g i v e n  by

e (k )  X
m

(k) — x (k) (111— 197.13)

Foi 1~s.- i r c g Landau ’s i n t e g r a l  a d a p t a t i o n  concept , a simple hypers table ,

n a I c t i v e , r e c u r s i v e  f i l t e r  (SI1AIU ’) is developed as

~~~(k) = ~~. ( k — i )  — a (k— l )  t ( k — l )  x
~~

(Ic_ i_ l .)  i=l , 2 , ” ,n (111 198.B)

j . (k) i~~ (k-i) - 1(k-1) c(k-l) u(k-j - 1) j=0 ,1, ” ,m (1~~~~199~~~)

0 I TO

r ( k )  = e (k) + c e ( k— i )  ( I I I—2 00.h i )

is a f i r s t— o r d e r  i oving average of the error , and a . (k) and y .( k )  are

p o s i t i v e  wei g h t i n g  ter I : s of the form

M
1

ct . (k) 1. -— (111—201 .11)

~ x
2

(k-i) + ~ u
2

(k-j )
i=i j =0

N
2

y~~(k) = ----—-

~~~~~~~~
—-

~~~~~~~~

—

~~~~~~~~~ ( Il l -202.B)

~ x~~~(k—i )  + )‘ u
2 (k- j )

i=1 j =0

wher - M . are c o n st an t s  sa t isf y ing

0 < 1 1  < 2  and 0 < M  < 2  (111—203. 11)
2 .

The ~ oc ’ f, f ci~~~ t c is selected based on the condi t ion  tha t

11(z) = 
] + c  z 1 

- I (III-204 .B)

1—  ~ a .  a
1

i— i

i c c  s tu d t : lv  p o s i t i v e  r e al .
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22.  Pnn dya  [130 ,131]

This  is a discrete—time SISO method which is spec i f i ca l ly  des i gned

to handle the noisy measurement case. The method is r e fer r e d  to as a

“b o o t s t r a p ” method in tha t  process parame ter es tima tes are employed in

estimating noise parameters and vice versa. It is an equation—error type

fo rmula t ion  wi th  the b o o t s t r a p p ing serving to e l iminate  correlated

residuals  and hence tends to remove parameter bias such as occurs with

the least squares  method . U n f o r t u n a t e l y  thi i .s b o o t s t r a p p i n g  violates

s tab i l i ty  condi t ions  and hence t h e  ‘sys tem ’ is only locally stable.

The p lant  is g iven b y

x (k+i) ~ T 
s (k)  (l131-205.B)

where s (k— l ) is g iven by (111—172.13), ~i by (1 11—99. 13) , and the plant output

by

y (k) x (k) + w(k)  (111-206.13)

where (0(k) is a zero—m ean whi te  noise sequence.  The model is def ined as

x (k+l) = ~
T
(1~ s(k) (111 207.B)

The recursive parameter es t ima tor is given by

AT

A 
P(k)  ~ (k) [y (k+l) — ~ (k)  s ( k )  ]

~ (hc+1) = ~• (k) + _ - T  — (III—208.B)
1 +s (h-c) P(k) x(k±l)

AT A A A

x (k) = [ x (k / k )  x(k—l/k—l) ... x(k—n+1/k—n+l) u(k+1) u(k)...u (k—m+1)1-- ( 111—209.13)

~ (k / L )  x ( k/ h - l)  + 1(k) [y (k )  - ~ (k/k -l)  I (111 210. B)

~ ( l c/k - l)  ~T
( 1 )  x ( k )  (111-211.13)

0 ~T y(I: ) < 1. (~~~
- - 1 5 1 .  c i l y a c o nst a n t )
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P(k+i ) -
~ 1 (k) — 

P ( k )~~
’
~(k÷1) ~

T
( k )

1 + 5 1
(k) P(k)  ~ (k÷l) (111—2 12 13)

2 ~. - - a c t ~~1 n n ~~o5 [13~~, i3.i J

Tic: . ‘~ c - a d i , :, r s te—tic : :c , S1SO , equa t ion  e r ro r  f o r m u l a t i o n  method and

is  ii: -]  c ’ O:d u i L - .r~ f o r  no ler er ice as ci b a se l i ne  for  the MRA S methods .  The

p in u t  is [von h~ ( 1 i--69 .13) , w i t h  the  model r e l a t ed  by

x )  )
~ ~~~(k-i) >: (k-i) + ~ ~~~ . (k-i) u (k-j ) (111 2 13.B)

j =0 ~

- -  
~

1 (k-1) s (k- l )  (111 2 14.B)

AT
where s ( k — l )  icc d ccf  hoo d b y (111—172.13) , and ~ (k— l)  as

= ~~1
(k-l) ~2

(k-l)  ~ ~~~(k-1) h (k-1) b
1

(k-1) ... b
n
(k_l)]

(111—2 15. B)

U sing I I 2 ~ j rind the  I eac:t.—squares data fitting concept , the upda te equa tions

for  Li v p n r ; r n t c r  n s t im a te s  are

A A 
P(k)  s(k)  Ix (k+1 ) — x (k+l) ]

~(k+i) ~ (Ic ) + — 
— 

T 
— 

ill (I I1—2 16 .B)
l + s  (k) P(k)  s (k)  -‘

P k+ 
P(k)  s (k)  T

(k) P(k)( .1) = i (k) - (III-2l7.B)
1+ (Ic ) P(k) s(k)

I
I
I
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I

fo r  O pn nc ~ ion , i n i t i a l  condi t ions  on ±(k) and P(k)  are needed. In

pr clcc t He t l~ y c - s  Id be a r bit r a r i l y  selected values , wi th  3(o) based on

“b e s t — g u e s s  o - .H~ i p l an t  i n f o r m a t i o n , and P(o)  a p .d .  diagonal  matr ix

wit  Ii ( fl -d c - ‘ c : -  o n d r o t i n g  the  correspc cn c l ing var iances  of the inaccuracies

in d ( s ) .  I f  - . f f i c ’ient measuremen t  data  is available before  algor i thm

u tcil lrc p , i n i t i a  e s ti m at e s  may be obtained as

~~(o) (III-2l8.B)

0 ( u)  - r~(~~)
1 

( ‘i’~~
1 

(~~) )
2 

(111-219 . B)

(—n— I n) x (— n — m—i. )  . . x
9

(—2n— m) u(1—n — m) u (—n — m)  . . . u (—n—2 -t ) 
-

c-c ( 1—n—rn)  x (—ri--m) x ( 1—2 n—m) u(2— n —m) u( 1-.n--m) ... u ( l — n — 2 m )

=

(0) x (—1) . x (—n ) u (0)  u (—1) ••  . u(— m )p p p

(III—220.B) 
-

= [x (-n--m--~1) x (-n—i i) . x ( i ) j  (III-221 .B)

The ncc t c l : 1 u i i  is such t lc :ct  k 0  corresponds to the arb itrary star ting t ime ,

b y 5 i i  l i i i  (n -~c : , H) i n p u t — o u t t u t  da ta sequences are available for operation.

24.  Kr ~- i s uc i . m c i er  [134]

T h e  i i i c l o’ , r i i , t ime invar i an t , SI SO plant  is assumed of the n th  order

f o i r n

x — A >: + b u ( 111—222 .13)
~1~ p’ — 1 —

w i t h  cns 1 c r  o u t p u t

£ X (111—223.13)

‘Os.



-a 0 0 • ” O  h 11 i
—a

2 
0 iw O

A = , b b 2 0 ( i I I — 2 2 4 . i H

: : 1
b

— — a 0 0 0
n

An i d e n t i f i e r — o b s e r v e r  is de fined  as

x = F X + ~ Y + 
~! (111-225.13)

where F is a desi gner  control led rna t r ix~

— f 1 0 • . .

F = 
—f

2 
0 1 : (111—226.11)

: :
—f 0 0n

and 
~ 

and h are such ti -tat

= f . — g .  b . = h . i = 1 , 2 , .•. , (111—227 .13)

F has a set of eigenvaiues  such that

Re {X
1

} < —G , a > 0 ( 111—228 .13)

It can be shown tha t

x = ~T 
~ + ~x p ( Ft )  x ( t ) ( 111—229 .11)

T
where 

~ 
= 

~ ‘1 ~2 ~2n ’ are

T
= 

~ -~l 
+ 

~ l 
y 

~ ~~~~~~~~~~ 
0 (111—230 .13)

= ~~ 
~ 2 + 

~ 1 
U , ~~.~~~(o) = 0 (111-23 1.13)

i = 1, 2 , , ii



/

and icc t u e  s H vector  g e • = g
1
. T h e  vector ~ is

T
p I n , 

~~~I (uI—232.B)

rep s  s at i n ,,  t i C  p a r ame ter s  to be i d e n t i f i e d , which  may then he t ransformed

to tins g ! c n s i c:c .1- - r i d a ., b . us ing ( I I I - -227 .B) . The model ou tpu t  is

I p ~ c~ e xp ( Ft )  ~~~(o) (111—233 B)

I 
wit  I

I T T
— c (111 234 .B)

I -
[ s ~ ~2 (III-235.B)

I The r ; t . st e  ; n J  o~ se r v a t i e c i  errors are then , respectively

I 

C = x — x (I I I— 2 36.B)

I = — y ( I I 1—2 37.B )

To d e t c - r c : r ’  the i d e nt i f i c a t i o n  rule , the cost f u n c t i o n a l

= ~~( t )  ~~~~ exp(Fr) x (O) - Y~~(T))

dT 
- 

(III-238.E)

is n c ’L e c t e d  to be i c in i m i z e d , where q > 0 , cons tan t .  Reducing J sa t i s f ies

t h e  du a l  i d e nt i  f ~c ’r goal -; of ( p — ~~) -*0 and r~ -‘-0. Select

.
P (~ ( I I I — 239.B)

= 2 {k ( t )  p 4- r) (III-24 0 .B)

f z ( r )  z ’ ( i)  - s p C - q ( t  - i ) )  dT ( 1II-24 1.B)

-- - -—-~ .-—- -- 
- -



r(t) J tz(T
~~

c
T 

e~ p ( F T )  
~~~~~~ 

- Y~~(T ) )

cxpf-q(t — T) }JdT (111-242.13)

Then

= -C{R (t )  ~ + r ( t ) )  (111-243. 13)

where C is synoet:r i .c  and p .d .

wi th  P ( t )  and r ( t )  d e f i n e d  froo

R = -q R + z ~
T 

R ( o )  = 0 (111-244.13)

r = —q r + 1
T 

ex p (F t)  x (o) — y ]  r ( o)  = 0 (111—245.13)

C. O ther  St a b i i i t \  ~~ coachcss f o r  MRA S T dccn t ’i f i e r s

Num erous  techni ques o the r  than Lyapun ov Theory or Hyperstabi . l  i ty

Theory can be used for  i n s u r i n g  st ab i l i t y  of an MRA S id e n t i f i e r .  One

p a r t i c u l a r l y  p rom is ing  ap p ro cc ch  is that  of conLracHc?I t;  ~~~~ [135),

wherein the i d e n t if i c a t i o n  goi.ns are desi gned t:o “c o n t r a c t ” to tile t rue

parameter  values [13G ,137]. This techni que has been su c c ess f ul l . y employed

Ln adap t ive  control  [138], bu t  has not been en ip loycd in MRA S i den t i f i ca t i on

as of ye t .

Io ~~~
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CHAPTER 4. N ONT , INE A R MRA S IDEN T IF IER S

A. Introduction

The third class of paramc -ter identifiers investigated are the non—

l inear type .  A l thoug h many con cep ts fo r non l inear id en ti f ica t ion have

common bonds to the  i inear approaches , t h e  d i f f e r e nce s  are significant.

Recent general work has centered on the use of such seeming ly eso ter ic

topics as Catas trophe Theory [1.39] and p a t t e r n  recogni t ion  [140] in non-

linear system identification . This is because despite 50 year s of work ,

little in the way of key modeling break thro ughs have occurred. On—going

work in to the theor y of da ta requir ements , etc. then is still important

[141], along with the further development of the identification algorithms

themselves. The motivation for the nonlinear identification work reported

here stcfC; from certain human operator modeling characteristics which can-

not be dirc -ctly accounted for by linear models. Particular items investi—

gated are effects of transportation lag (related to neuromuscular delays),

nonlinearity deadzone effects (due to human percept ion dropout  at low

excitation l evels), and parameter biasing due to noise. Results from the

two previous classes of identifiers suggests that the parallel MRA S s t r u c t u r e

offers the best workable approach to human  operator work. For that reason ,

methods studied were predominately of the  para l le l  type , a l though  the cna7. :~~
; -~~~

W~1 ~r ’ j c 7 s . . .’ ,~icc ’fja. of  series parallel  i de nt i f i e r s  is also studied.

There are two key approaches possible fo r  handling dynamical  systems

with one or more noniineari.ties. These arc’ t h e cases when the a) non-

lineari ty fo r m  is lcno~.’n a ‘i ns ’c~ , and b) n o n l i n e a r i t y  form is unknown c~

Thi .~ f l i c t  appro ach  is  p r e d i c a te d  on when t h e  r/a ’1~ot ‘Or ? ? rOr?1 of the non-

lin ea rit y is known iii advance  (e .~~. q u c i d r a t  ic  curv e, symme trical sat u r at i on

109
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function , etc.) [109 ,11.3 ,].42] , or the no i t i ln e -ur i ty  is ono in which t h e

salient parameters to be id en t i f i e d  en ter  l inear l y ( e .g .  y + a
3
y + cy

2 = u)

[102,25]. The second approach is based on a series expansion concept

(Taylor Series , sine— cosine , etc.) so as to obtain pic-ce -.’ ise continuous

curve f i t t i n g ;  th i s  approach can be applied \~hetl  no a priori know1c-d~ c: of

the n o n l i n e a r i t y  is avai lable [ 14 2 — 1 4 4 ] . The second approach is of grea tes t

in teres t , e spec ia l ly  as r egards  the  ab i l i t y  to admit  m emory  n on l in c ar i t i .c -s ,

since the human o p e rat o r  problem does not necessarily su g gc - st  the nonl inc-a rity

form in advance. It shoul d he noted that case “a” above can be refori:’ulated

as a l inear , t im e—invar : [nn t  sys tem i d e n t i f i c a t i o n  problcm .

The classes of nonl inear  system models r ind  nonl inear al gori thms ~.‘ill

be developed in the fol1o~c i n g  sec t ions  to c lar i ty the s imi la r i t i es  and dif-

fe rences . Analysis of t h e  i d e n t i f i e r s  will then follow , wi.t .h the goal b e l i g

the development of dc-sign guidelinc-s  for simplif ying imp lementation .

B. Classes of Nonl inear  Svstenis

There are many nonlinear i ty  s t r u c t u r a l  forms which are utilized in non-

l inear  sys tem pa rame te r izat i on  and iden t i f i ca Li on .  Since most prac t ica l

problems , inc luding  the human operator  p r o b i cu , do not exhibit simple , well—

def ined  c har a c t e r i s t i c s , a series of general nonlinea r models is needed.

floiiever, vari ations on st anda rd i zed  models can yield as good of resu.1 ts as

a special model. Some of the more widely used ones include 1) 1-hammerstein

[145—148],  2) Volter ra  Series [ 149—154] ,  3) Uryson Model [155—156] , 4) Wiener

Model [ 157—1 60],  5) Nenioryless nonflnearity piecewise series fit [143 ,161,

162] , 6) Memory nonliiiear.i ty piecc.wise series fi . t  [144] , and 7~ known non-

linearity mi d- l . structure [10~),1]3]~ Certain of these have been emp loyed for

modeling purposes  1.n t h e  p r i - s e n t  stud y and wii I be detailed here. They are

t abu l  a led in Tab e IV—] for convcni ence

l it )
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Table IV— 1. Types of Nonlinear Models

Nanher  Name Type * Appl icab le  to Human
____ 

Opera t ing  Mode1~~~~

1 ihammers t ein  D Yes

2 Volterra D Not Easily

3 Uryson C Not Easily

4 Memoryless Piecewise
Series F i t  C Yes

5 Memory Piecewise
Series Fit C Yes

6 Hammerste in—Discre te
Laguerre Func t ion  1) Not Easily

1) = Discrete
C = Contin uous

i i i

— _-__a — -7_  -- - --— p - aw~ - .- - - -— - -



1. i! ’ ::ore rein I /~ ‘i—] 48]

The II ’;e cr - -: i i  ri a i~ • I cons i at s  of a noni i nc-sr 5 La Li c ~m-in e

o p e r at i ng  on a p l a n t  i n p u t  feed ii , a ii h ear d y - e m ,  ic e1en:~ nt . ‘Jhis is

sh ove in  1-i gore  IV—l f o r  ii ec re c I I n’~- sys tea ; . The n oni  in c - a r  ga a ?(u)  is

2.
P = 

~ 
‘ (IV— ] . .

1=]

and the li e; r t r a n s fe r  f l i L t ion  C ( -
~)

—ma + e z  -1- -~~;i Z

C(s) = ~~~~~
——

~~
-

~~~~~
——-— - - —-

~~-— —— (IV—2 , P)
l+b z +~~•~~+1 z1 a

m < n

I)vf :Ln ing

C ( s )  (IV-3.B)
l+D(z )

then the output x (j) COn lie defined as

x (j) = ~
T 

~~~ (IV-4.B)

wi th  (assun ,i  eg a corn s i i  zed to a = 1)
0 0

h1, hl
ri
l~ ~l’

~m ’~~2 ~ 2~~~~~~~ 2.’ ~~ a
1

1g
a~~ —b

1 
—b

2 
... _b

~ ] (Iv—5.B)

T 2 2 2.q ( j )  = [ u ( j )  ... u(j—in), u ( j )  ~~~~~ u ( j — t n ) , °” , u (j)

u
2.

( j -m)  x
m

(
~

_l ) Xm
(j _ 2 )  x ( j ~ m)] (IV-6.B)

For furth -r det ni l , a st o c h ast i c  no lse  mode l  may be added so that the

n o i sy  model o u t p u t  h ( ( 0 . 5

y (I) x ( j )  + (i) (IV—7.B)

h 1 2

________________________ --~~~~~- “ .

.

- -



I 
~~~~~~~~~ ai

Z
i

- S 
~ 

x(j) + + 
-(n-i) w(j)

Figure IV—1(a).

r 1
~~~~

J j . ( - )  L~~~~~~
) ] _~.~~J_

- LI_i Th ~~~~~~~~~ 
I \

~~~~~~~~~~~~~

---- 

fl~1 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Figure IV—] (h) - bee n n - e r  - i i i  of F i g. TV— i (a) to convert th e nonlinear

s i ng l e— - i n p u t  sy s t ent  into a multi—input “linear” systen.
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as shown in Jig. J \ — ~~, vhe ri

o
-

~~~ ~~~ 
( [V-~~.B)

~• ‘in re d ( i )  i’; ’] t~~~u :  - J O i n  1 5 5 d 0 J 1 ( 5 . ‘f l- ic ’ n~~~el is t I e n  n d j f i e d  1

I ~~ l 
(1v-b .B)

= [:~ ~~~~ 
P2 

— g~~j (T \ ’ — lO E)

= [ 1 ( i - i )  e ( ; - 2 )  ~ ( 1-p )J  (]v -i  i . n)

2. Vol  1 orrO b oo  i - ;  [14 9— 1 )!;]

111 \ l  t e r r e  a j ; t o s e i l  a~~;un es t h a t  t i~c ne ; g c n s h ’  of  a n o n l i ne ar  -stem i

x (t) = x ( t )  ( Iv— l2 .~~)
P Pn= 1 ii

r e

x ( t )  = 
J o . .  f h ( , , ~ ) II u ( t  -- T )d i  (iV-~i3.B)

P ‘ n 1 2 ~0 - — p l

winnc t ie system input is u(t) and o u t p u t  x (t )  . The t e n - h  ~-: is of ntii

order  bo-c ;o ’;e

A ~,l~~~~A
n 

s (t )  ( I V — I 4 . 2 )

wh ere A is c o n s t a n t .  Tltc ’ terirt ii (T , ‘r . - , ‘r ) is the  nt: h order i m n u l  se
m l  2 n -

respoiize , cc~n c e p t u r t  i .Iy i LI l i a r  to the impul 0’ response of a L i m e — i n v a r i a n t

I m i  :~r s v s t r m  ( rep r e s e n t  ed by h1 (T
1

)) - Nv d-l :crmie -Lng t he h i , an accurate

l a i r Lr ay a  I of t h e  n y ; cir is posi- Lb —

In p I e - I  lee , th is ; i j n i - n a c b  1:; most i i ; i - f u i  for rs ;illv n o n l i n ear  sy s t i- : - ,

~- t b  r - s p  nin e ( ] V - i  3. B) can be n p p m :: r t~~’ 1 by a flit it e numbc- r of  I i - i c ;

.1 1 4

4- - -— - - .  —- - ------ — — - _ _  - -
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NOISE 
MODELJ

_ _  

f l~~N~~~ P~~~~~~~ - 
+
+ 

C
c

( J )  ouTpuT

STOCHASTIC POI~TION

cc L -2 .  Proposed s truc tu re  for  modeling nonlinear noisy system.

~~~~ 
LINEARIZED SYSTEM

RESPONSE 
___________

- 

+ ACTUAL SYST~~II RESPON SE- ,~~
_ 

H ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-

~~~~~

LJ~~~~i
Figure  1V- 1 . \‘o i tc - l  me Series R e p r e s e n t a t i o n  of a General Nonlinea r System .
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f ... J ~~~~~~~ 
~2 ’ 

• •
~~~ U u (t — T ) d T  (Iv-15.B)

r t I  — 
~ 

p 1

al -cc I sc: 11. ‘ - i i .  c x:iep I c of h .(t) , consider the nonlinear system

15 F l  - \‘ -
~~~ vi nc i t h e I m i-ar portion is of order N. If the

~ 
r~- : 1 ~~~~ 1 Lssr r st - - can be ;s de led  by zero m em o r y  ci cc-eats, then the

I . S t e  c i v - :  
~~ [ i YI

(N

I 1 
t > 0 (IV—16.n)

11 ( t )  = i - - I

L

— ; (_ - r

R -- en md c b J h j  ccli depend s on the ]ineari zed dynamics
I

A - 
— i c : v c c  I n c

1

(a t +a t )
Id a k I k 2

k ~~ k , 1 
Ak !  e 2

h i
2 
(t

1 
t
2
) ~

— ( I V— 17.  B)

a t +,i t

~ ~~1~~2 
e 

k ] 2 k2 1

k
1
=l k 2

=i

U! ci-

(ii = N + 1
= A . 1= ] , 2 ,
-- A

i 
A
1 

0

= ~l 
— ~i i = 2 , 3 , - - , 2N

= A 2 -
~~

2 
A

3 
(TV—18.B)

o =~~~ - - 23 ; — I 2 N
0 5 

- - -  

= A
N A

l
N - -

~~~~~~~~

a = A  . - ?
N 2

’ I ~ N 2

- l  
~~~ N - hN 4 ]

I, I
‘I L-



The h ., I > 3 arc f a r  more  comp l i c a t e d .  It is clear that: for more than

a few terms, t h e parameterization problem can be severe . For h 2 ,  a
k
~ 

2
and N are knos-a f rom hi

t
, which  leaves only A

k 1 
of wh ich  the re  are

1) terms. For the human  op er a t o r  p rob lem , typ ical nuc -b i -r s  would i-c

N = 4, C = 4 , r e s u l t i n g  in  a t r emendous  number of p a r a m e t e r s .

3. Ury son  Model j i ~~5 , l 56 ]

This n o n l in e a r  m acl i-I  l n c ]u d e c - :  t he  l l ac sc re r cc l  cm Sy c i t i - ’tS  n~ a spi n a l

class.  lt reprc- sc ’i it s  ci t h i r d  I ev 1 of menU a c er  r~od c - I  s , 11c c- first being

I inc’ar models , the second h ammerstein , and the th ird LJryson . The Urv sori

model cons ist s  of several }l : i m n e r ’ ;t e ln — t y p e  ~ o d c - i  s in p a ra l le l , eac h  i tit

$ the  same i np c i  t passed t hr u g h Iler:n! to polynoni c i i  s , as shown in Fi gure  I V—4 .

The model  o u t l u t  is giv e by

M
x (t) = 

~ 
f h (T) I! . (u ( t -- l ) ) d T  ( I V -H .h i )

m - 0 1 1i=0

where

N + 1 = numb er  of t e r n - c ;

h 1 l inear  im p u l s e  respon se of the ith p a t h

II - (u)  = l iner ;  t I c  pa1 vnc ;iCia l  of order I
I 

(1v 20 B)

4.  Meniu r v l e u ; c c  N in i i n - a r i ~~v l u i e r c u i : : e  Ser i e s  F i t  [1.43 ,161 ,1621

Consider a n on i  m oor  O l c i  I i  nt N , Ici re5enting a math operator fro::i

C(~r , -) where  C ( — ’-~, -)  di t t i ’s L a o  I in~ z~r spac e of - - n it  i l o l o i t s  r c r i l — v ~t I u i t -d

fttnct l onu; over ( - -  ,-
~~) , co d :-:(t) an i n p u t  with c:~~(— ~- ,” -) . N is a lt 5J J - 7 ;  -

t i n  I i n - a n  t y  I f  ( 631

1 1 7
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~

—- t—- -—
~ _~i:i 

- 

— 
\ ( t )

0

- EiI1~J- ~ ~~~~~~~
)

Fi gure  IV— !I.  li ry son  model
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I
n [ t , x ( L ) ]  (IV—21 .B)

~.-hi- rc n ( t , • )  1:- a cup p i n g  f rom R -~ R. N is niemoryless because the output

sic ; nd ’: the  i n p u t  value x at time t , and not on past or fu tu re

I vol d e n  of ; - t s r  p re se n t  model ing  purposes , a series of elements of the

$ 

type N or - ( - l - d ~ dered .

A ci~~~:: i - - c l s n ’a-~c is descr ib c-d b y

I s C )  
-+ + f . (x~~~~) X~~

’
~~ + + f (x~~~~~) ~~~~~

+ . . .  -F g . ( u th) ) (m) 
~~~•~~ • + g (~~ (~~)

) 
(m) 

(IV—22.B)

vii  ~
- ~~

(0
, r~~~~

1 
are the system inpu t  and output , the functions and

g h i l i -  in g s ;e r ; . i  n o n l in e a r  f u n c t i o n s  of the i n d i cat e d  argument , m < n.

I i i - :  g and i 1151 be s i n g l e — v al u e d , (hence rnemor ’~; 7e s .s) ,  con t inuous , and

a I u ~~~t. i s . u  of c i e  cJrgU! ; !c l lt .  Tn pr a c t i c e ,

- (m.~~
-
~~~) A f . (~~~‘~~) (IV-23.B)

I p i p

g .  (u ~~~~) A g 1 
~U

(1)
) (1v 24.B)

A ty~ i& I sedel w i 1 1 possess few ac tua l  n o n l i n e a r  term s 1., g and
- 

1 S

miii’: w i l l  be constants , -i .e -

I 
f(x ~~~) A a . (1V 25 .B)

~1C i )  A h. (IV-26 .B)

‘ l i i .- p r , o c t  l~ - a i  cede I Lug  p rob lem reduces to dec:i.d iii g wh ich  terms of ( I V — 2 2 . B )

rd a c t u a l 1 v t i on i  i n ea r  and  viii cii are l i n ear .  As en examp le of this ,

7 ( ( 1 1 0  LI C - r a p1 ; l i u

1 ;i 

~ 
+ I ( x )  b~ u + 1)

2
11 ( IV—27 .

1 119

—
~~-



/

A i ; ; c u d e i  - -
_ ~: - :  ~- -~ : - J  (Ri  lerU : r :  the  en t m l  s t r uc t u r e  of ( I V — 2 7 .  B) is

unNuesu I I n  t ,- i - ci e~ d i  c i )

+ f ( ~ ~~: - i - f  (:: )x  b . u+b ii (TV-28 .B)
I I I  p 1. p p 1 2

or

-f~ c C ) + C: : ) - ;  b u + c :  ( u )u  ( I V — 2 9 . B )
p 1 ~ p 1 2

Tii ts c mp p r c : eh eec  - : l v  Pc i- cc] ;  pci f o r  n o n l i uea r i t i e s  without memory.

Tie c i -  c u l  in c -n : ~-s r~~n lie e :-:panded in power series as

1, C-)  I ± a - (y— y ) + a (
~~ —~

- )
~c 

~
i 

-. p k3 pp p

+ • ‘ .  ± 
( r_2)

) +,~~~ (Iv—30.B)

ccc t ic - c ege m: ; i ;  I:: i n  t i l e  p t h  i n t e r v a l , a1 .  are model ing cons t an ts

i i i  Li ’ p1 L iccterc’rH , y in  t h e  f u n et C o n  a r g um e n t , and y is the expansion

po~ mit in Ihe p ii: L c - r y ; J (usna t h y  the  midpo h u t )  . A s imi la r  expansion is

p er f o u ns-d lot g .

g .  (u)  b 
~ 

-F b .2 (u_ u
h)

) + . .•  + b ( u  
(r—2)  

U~~~~~~~)

+ ... ( Iv—3l .B )

In p r a c t i c t - , m i - u n ] . ]  r only the f i r s t  two ternr s  of ( IV—30 ,B ) and ( I V . 3 1 —B )

at - c- en m p io vc- 1 be -: iu ;c a) t h e  a p p r o x i m a t i o n  employ i n g  hi ghe r order terms

is no nu ar - ac .cur al  ci l i i i  u s ing  l inear  terms , b) complexi ty  is minimized ,

and c) less  l 1:ir u ’- c - tcu r c ;  need to he i den t i f i e d .  Ti m e r e su lt ing  i d e n t i f i e r

str ime t 1111 an;! t i m e  t s p  - n c  i o n  i n terva l  concept  ar t ’  demonst ra ted  in Figures

IV—S Cm ) and 5 ( b ) .
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ft- city Pit -er-wise Ser ies  Fit  [144]

Ti m i~ : n r ! c l i ; ’g  p i - r o a c h  p a r a l l e l s  t h a t  of the niemoryless p iecewise

d i r i c --c i t  and i ,  i u ! es  it  as a spec ia l  case. More i m p o r t a n t l y ,  it allows

f o r  t i -  ~ ;i - m l y L 1  . 1 ;~nde11ng  of memory  non ii imear it ie s , not iceable  examples

$ 

of wti i c n n  g d - e r  I - i - U i  ; -P m and r e l a y — w i t  h— h yst c r i s i s .

A -r ry c -  ~ - a . r i m  v is dc: -r ibab i  c i n  i n p u t — o u t p u t  terms only if

i n i t i a l  pa  m ; a 1  ~~~~t -- n i t  p u t  values , plus tim e entire time histories of

t i l e i n ;  t , jr e m;re - 1 l i e d . There fo re , t im e mi-m ary  n o n l in e ac i t y  is a

i , : , Si n c e  it p I ds an ou t  j ) ii t wh ich  depends on the input fuc~co ’ ~e n ,

5 p15 ; ii~ cd  c c c -

‘cC ) ~ { m ( r ) j  ( Iv— 32 .B)

where x (t~ is t im - i i I ) u t  f i r - / On a m i d  y ( t )  i s  the ou tpu t  at t due to t i me

t i m e  hi f e t : n - y  x (L) ed () l n rUIec ~~~~~.

T i m - c e  ore t i c  c i  - ; S i . ’S of m d -nor  elem - n i : ;  , rewoi l ’ - and act-cve [1]

A m e n a c e  C i t - l e n t  lii ‘c - s i  ive i f , over one c y c l e  of a s inusoidal  inpu t  x ( t )

t ime  n e i l  h r  - m r  c l i :  r d l c c t e r i s t i ( -  is  t r c v € - r sod in such a way t h a t  a nonzero area

is  enc i i cled in t i m e  x ( t )  —~~~J x ( t ) }  plane in a c o u n t e r c l o c k w i s e  d i r e c t i o n .

Such an e l i - m i - m i t  c ; I w ; u y s  gives r i s e  to a lagging  phase s h i f t - . A memory

e l e m en t  i s  : n t i : , - ~ 1, over orm - cyc l i c  of a s inuso ida l  inpu t  x ( t ) ,  the non—

l inc ;ìr  e l c ar a c t er i s t  ft Ic ; t r ave r sed  in such a way tha t  a nonzero area is

en c irc le 1 im ~ t ime  x C  ) —~~~ x(t) I p l ane  in a c lockwise  d i r c - c t i o n .  The active

mu c -m ory a I way ; ; y i c -  I d ; ;  cm lead i 
~II phase s h i f t .  These phase s h i f t  phenomena

d I c t :  in~p i I ; ; i m  Ic I m O I P  i_ I  i -m ent s  f ro n t  m~-nmo ryl ess  , because a zero—memory el emn ent

y ields i i i  pha s h i f t .  ‘Ji mi s idea of phase s h i f t  comes from describing func-

t ion L I c t ’i ’r y  , u l m i d i  Is m c - i a t c d  to q u ; m c ; i l i n c - c m r  1)ilot modeling.
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A 
~ 

c;c- csml dymm - :meic system may be made up of a series of non l inea r

tc i e ; : i - ; m l s , I.e.

+ . ..  + f 1 
(x~ )

(k)  
+ ... + F i

(x
~~~~

) ÷ . .

-i f ~~~~~~~~~~ ~~~~~~ -1- ~~~~ + g .( u
01)

) ~~~~~~~~~ +“

f (u~~~ ) 
(m) 

(Iv—33.B)

l’hme f m m r c c t i o n s  f - ,  g ,  are memory]  es;; nonl inea ri t i e s  which are of class C
1 1 - 0

( c - o u t  i n - c e ac func t  i on  c ! m c ) n e  f i r s t  and higher deri~ ativcs may not be con—

t l i i i  Ic r ;) , and

L (u) 0
I 

(IV—34.B)

R 0 ( O )  = 0

i s  a m u l t i v ; - l n : - d  f u n c t i o n a l , of which only one may occur in

( l V — 3~~.1I) d c u - ;  to mu Lj u - n c c , s  c o nd i t i o n s .  Each of the f~~, R . ,  F
k 

e lements

m d i  1)e c-epe ’ ide;I  w i t h  p 1 ~c -r-: ise co ml t : i nuous funr t : i ons  . This  is accomp i i shed

by d i v i d i ’ ;g  i - :m cI i  a r gu r ; e n t  i n to  in te rva l s  boun ding  the range of opera t ion

of the  Im i c t i e n  or f u n c t i o n a l  and a power series expansion effected in each

i u i t e r v : c l .  The s ingle  va lued  t e r n - c  f~ and g have the same expansions as

in ( l V — ~~c c .B) a n d  (I V— U . U ) .  The s i n g l e  a l lowab le  mu i t i va lued  f u n c t i o n a l

is e x p a n d e d  in t u e  p t h  i n t e r v a l  a c c o r d i n g  to

F Ct )  = A - + A , ( . u  — ) + A . ( (1) — (1)
)

i p i i  i 2  p i3 pI) P p

+ “ + A . ( W
(r 2) 

~~~~~~~~~~~~~ 
f... (Iv—35.B)

ubu- re c i  i s  t h e  c c p a n : i nn  p o i nt  i n  the p t h  in Ler ~ al (usual  1 y the m i d p o i n t )  -

‘f l i t -  r e d - - c m  f or  thit - resti le t ion to onl y omme F . memory fun c - t ional is due to

i i :l i q u o - n -  s o  ad p a r : m m e t  m r  i dent if i c m  convergence  prob 1cm ; ;  associat c’d wit ii

lie n - r i m  — pac - c i  c o n s t a nt  A , 1 • lf a :ucm i tipli c I ty of these terms were p r e s e n t
p

12/i



I
it would not be possible to d i s t i n g u i s h  b e t  .e-eu such terms as t hey  all act

as D .C. “ inputs ’t to a model .  Note the si g i mi fi c a nt  d i f f e r e n c e  between

A
11 

in (IV—35.B) and a
kl 

in  (IV — 3 0 . B ) ,  ( l V — 2 7 . B ) .
p p

6. h laminer ste in—Laguer re  D i s c r e t e  Fun c t ion  Model [165]

The fo] lowing model is dcve loped for  d i sc re te—time systems of the form

shown in Fi gure lV— 6 , where a mc-cmoryless nonlinear  polynomial  ga in  is

f ollow ed by a linear discrete impulse response d e f i n e d  via Laguer re  f unc t i ons .

The sante modeling principle will also hold for continuous—time systems .

The model is defined by the non-linear part

f ( u ( k T ) )  = y .  u1(kT) (IV— 36 .B)
1=1

and the 1 inear  p a r t

N
g (kT)  = )~ ~~~~ 

O . (kT) (1V 37.B)
i—i

wi-mere

= V~-e~~ (IV-38.B)

i = 1 , 2 ,

or

0 (z)  = 
~ 

0 ( n T ) z ’ (IV~39.B)
n~ O 1

Q’~ {u ( k— 1) ij  = z~~ u ( z )  ( ] V — 4 0 .B )
C

(o -i~t j

~ °i~
’ ’

~~ 
~ . ( m m T )  = 

~~~~~~~~~~~~ 

i,j <n (IV—/ml.B)_1 
(~l. i i

I 2~)

____ ______



f ( m )  T
1

x + T
2

m
2 

N

+ -r 3x3 + ‘ - •  ~~~~~~~~~~~~~ ~ (rm ’i)~~~~ A
1
0~ (nT) y ’ (nT )

inpu t signal output of output si1~nrm 1• - . + T X  NL part G(Z)

Non--i i mino r par t Line:ci  p ar t
z c r o — 1 u e c . n ry  N o n — l i n ea r  gain Linear system

Figure  1V--6 . fled ci of thc- Nonlinear System U s i n g  I n Im o rr e  F u r a-t i o n s .



I
T = S c ;  , 1 ; c ~ per iod

Tb tc mod- i c - u t  i ;  1; ~, I von by

(n i )  : g (k’j ) f [ (n— k) TJ (IV—42 . B)
k- -Cl

I ; ;  (~ c , )  } = I ( c t )  , or

>: (nT ) 
~ ~~

. 0 ,( i T )  u [( n ~ i ) T] ]  ( IV -43 .B)
i=0

~-~lme r i

[ m m ( ) u
2 ( .) - - .  u~~( )]  (TV -44 .B)

= 

~~~~~ 

• - •  ( IV-45.B)

P i e  p a m c i . - ! n r b z a t  ii-~ ; of ( I V — 4 3 . l ~) is

A ( p T )  R (  ) l  
C(p T)  (Iv-46.B)

wiie ce

-‘T A A
A (pT) = [‘~ (pT) A 2 (pT) A

N
(p ’I’) I ( IV—47 .  B)

b c~~(p’J ’) B 2 (p ’t) • B~~(p f) 
-

‘ (pT) ~2 (p T)  ~3 (pT) • . .  
~N+l 

(p T) (IV- 48 .B)

F~~( p )  B
N H  ~~T) ... B2 N I ( p f )

‘0] ’ A A A

C (p f )  = 1C
1

(pT)  C
7

(pT)  . CN ( P J ) ]  (J \L t19 J3)

A 1R , (p ’I’) = — -

~ 
~ u ( 1 T )  f - (pr )  j =i , 2 , - . , 2N—1 ( IV—5 0 .B)J I -  L ’ O  1

I (pT )  (p T) - O~ (p ’l’) ( IV—51 .  B)

12/



C~~~
’ 

~~ 
Y i ;~~r ’i~ ‘-

1 1
(rT )  (J~~~52~~~)

- - j O  -

( - )  ~ ( m -T) ‘- ( ‘T )  ( J V — 5 3 . B )

m i d  y ( ; I -- L cc ; —cyc n :u~ - c ;  t c i t  t i ; ; ; ;  t rT. 

:~~ t -: ; : t - ~l e~ i ces ~~:( aT) , t i m e  
~k 

tei~~s c-an be d e t c - r r j i n c d  at

1 c ; c l i - f l . L i c ; ;  crLt n in . In 1165], m i n i m i z a t i o n  of the

ccc :; ~~ ‘ - - cm ~ cc Led ,

I ‘f
2 - 

-
- -- -i 

~
- 2

- 
~~~, ~ 

~ g ( i T )  u [(ci--1)’i ] ~ (11~T)ç (IV-54.B)
1=0

- - - - --  c ;  
~ p ,  y ( p l )  C , U ~ be d -  t en:: : !  n e d  as s uu ;c  ng A = A ( p T) =

& Oiic t ci ;1_ [In I ; 5 - i  i n c ~ L ! c t  A and y’ :51 ues .

- tUe I - c- c - ’- I 1 - - n ; j -nt ion - r i t  ins

I i i  Ldfl; cc t icr ; , t cc- i-flU-S iI- :atif i; c t  hod  a l g o r i t h ms i n\- - -u t i gated  w i l l

he I c - c c  ; ; - :b . c ; n L 1 - c u - r i  - --~~ c~~u i l e i  and p a r c i l  i c - I  m : o i m f i gur a t i ons  arc

- ‘ .~~‘~‘I . c ; c  : c -n d l et  - c as , Tabl e I \‘— d is g iven , t ab u l a t i n g  all of the

t m m m i ’ l - i m  Idl e 1; :- i b  t i c - r op er dc t ing cond id o rm s .

I .  L i o n

on c c l - : ;  ; i e n  i t  t i j i -  I inc i n , t i n c e— i n v a r i ccn t r e s u l t s  g iven i n

c 3 , b , i m u ’~~ r i - t i c d  n o ,’ h i c~ pl l i d  to n o n l i n e a r  sycctc n cs where the

p r i ; i c - rud  to ice i l - m i l l  l i e d  ( I i i  ci I m ean ’- - ;; nd t i m e  s t e i n - b  d ; y ~ of t i me  non—

1 i m u - c c c ; v  is 1~ n - c m  ci c - c  1’ ; . I L  is a c o l t  i n m m o u s — t  c c ;  U1Uc ) er- r ; c m i at io a _

‘l iii- geocr al  ( c -  - - - - i - v I e n )  a c e  I I u ss r  plan t i - ; of t he  fo rm

iii
(ri) 

+ ~ ci - • (v ) ~ b . ~
(I) 

(i\-I .C)- P 1 1) ‘ 
~~~~~ j = 0  ~

u ii - - ; -  f ~
‘ n—i , f - ( — ) : c r m -  nommi iiic r fmm nc - t li i i  : c m l  v ,— I



I

-- - - — -  — I I - -  1 I
cJ~ in C/)

I - ’

S-i I

ca t- ; cc ci
- - cc c-i ci is

I—

F’ t- - -= Z t--’ c-’

(5 0 ci C,) 0 ci
H

ic
ii

in
acc —c~; ~ —z’ r—’ -H

-
~~ ‘ ‘n~ -0~ c’J

1-’ ci ,— -i cccii w •—~ ,—i C-
- - I ‘~“ r ’  I-c —j  F’c - I  in— c 5

Cd C) F’ ‘—I cc ii
—c ci - - c c i

0 ci ClC c—I cc I-.
ci c - -c I

c c ‘ n-c ci F
ccc cc cci - - I

c- c c c  ci F - -  ci

0
C

~~ c-i rO -~~ tr ~ 0

3 5 ()



T 
— 

( I c  ( 2 )  (n )  
- ,  - I- 

~~~~~ ; 
- (1 ~~ .

(

J d ; c  I c ; 1 - ’ t  I . mm ; - : : i l  . r c  ;i;i :d~; ; ; , - t  o c : t l . ; j t  v .  A r c a -del Ic ; d e f i n e d  by

- 
c-

+ c 
~~~ , f~ (~ ‘ ) -y ~~~

, ~ (i) (iV-3.C)
I 

-

t i c :  - c c ;  m c  ~ i ~c ; c  F c d  c m
a

(11 i ( - n
-- ~~- 

- - 
OX—/c . C)

cl 
~

i ci

= 
~ - t  )

‘ 
c f , (v  ) + ~ 1~, ( I V—5. c ,m

c’ P 1 1 ~~p j~~O ~

fly ’ ; St - Ii c c  ,‘ ;~n r i  I I  - uSe gel  c c c - d  : t c c

I— -

1= v ( lv—G .  r~ )
I--

mm ~
- 

~~ cm (IV——7. C)

= l i ( s)  (s4-c ) I ~~
- 0,], - ,  - ( I V— 8 . C)

~-de - i c  H ( c ) [ c c  n~ ; m I j - i L m : c c r v  SF ’ Ute f i l ter c - r a i l  c > 0  Ic ; c o n s t c c c -i L .  A d d i t : L : - r i : ; i

(
~~‘ f l l  ion c ;5 5  c ;  d c c t c c c - - d  ~~s

2 m
= y - + ) m c . f ,0- ’ ~ + y B .  u , - ( I V — 9 . C)1 i c ( n m - ; )  1 i - 

1 )

~~ 
1

1- f i r  ~i;

~~ 
P( ±1) 

- 

~~(n+i ) 
( 1v— ] ~t .c)

‘i ’I I I  - ii

W ( t -) c-c ~r v-  I - C)

1 3()



f
2

(
;1

) 

~~~~~~~ 

u
1 

u
2

1 ( v ) 
2
~

- l n 2~ 
- f 9

( v )  U
2 

U
3
... U

m+2 (IV—12.C)

= { (~~,~~~~~ ;i~~~) 

~~
- 2~~~2~ 

(~~~-a~ ) (F -b ) (B
1
-b

3
) . (B m

_b
m

) ]

( IV— 13 .c)

‘I i ce  parc :c -  - t -r a dj  us Lc::eI - ;t  equat ions  are

= -k W
1

( L )  ~ (IV-14.C)

1: > 0  co;cS t : c c t  (c m -f l c ;; ’1 se lec ted  weig h t ing  parameter ) .

As crc e~ cim~c1 of tic Ic - c concept , consider  the plant

(2 )  
+ a 

( 1)  
+ a  y + ; c y

3 
= u (1V 15.C)

z p 1 p ~ P

‘iso C . are

- 

1 - y + y + y + a y 3 — u .  (IV—16.C)
1 T

~( i+2 )  Z 
~ (i-4-i ) 1 P (1) ~ P~~~ 

1

1=1,2 , 3

The p ar ;c ; -u - t  c - -  ad~ u ms tc ;-o ; ;t  equations are

~
.- ~i

= — 1; 1-1(t) E (1V 17 C)
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3
y y y -

p 1 p1 E’~

W (t) (iv-1R .C)
P2 P~ P2

y y
P 3 P 3 P 3

I t  is i m n p o r t : ; m m m t  to note t h c c t  , a l i l n c m m U b m  t h e  p l n c u t  is nc cl l im) ea r , time par a—

r r e t n r  sm c i j u s tc r m en t  equ ;m t i onn  are l in e a r  in Ic

2. Hang [109]

This is a m u l t i — v a - c i c m b l e , con t inuou s— Circe  f o r m u lat i o n  u t i l i z i ng  Uce

r c - c : l c : cnsc -  error ap p r o n r b . Consider  a class of f lnnl lnCc ;r  s”stens  ~‘ii t i m

a / - c i C ” ~ fine -rn n onl  in . c ; cr i  L V  pla~it st r cmc t u cm-

x = A x + B u + A F (x  , u)—p pL --p p — i)N — —p —
— ( Iv— 19 .c)y - C x-p —p

w imc- rc

0 1 U ” ’  0 0 -•- O

0 0 1 .-.
A - B = • ( IV— 20.C)

1 
—a

2 
• • —a h 2

”’ b

C = [1 0 - 0] (]v—21.C)
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I

o 
•
i . . .  0

A : (IV—22.C)

a ] 
a 2

• • -

Ti-me t r a c k i n g  error i n -  d id- f ined as

e x — x ( IV— 23 .C)-- —p —in

Since gc-mcccr al ly only one i m m put and one out put are available , pseudo—statc-—

var iables  are genera ted  f rom u and x
1 p1

x = —~~----- x ( I v— 2 4 .C)
P 1 N 1

(c)  p
11

— i u ( Iv— 25.c)
U —

J_ f

where N
1

(s) i s  s e l ec t ed  to meet  an appro x iuncn t cc t r a n s p o r t  lag c o nd i t ion .

e = x — x ( rv —26.C )11 P l~1 
in 1

wi me r c -  t u e  model  is

-‘ A x + B U -I - A F (x  , ma ) ( I V — 2 7 . C )
~-1d I mL ~~ cm —f ‘

~N 
—Pr ~~

The u c p c c n i m m  1
~ c - , >: , u come f r o c a  ( I V — 2 4 . C )  and ( I V — 2 5 _ C )  - Using Popov ’ s

f . i
I ! v I c c - i c - c L : i I -  ty  t!c~~orv , cc genera l  i ; c - cI r e spo l icuc ’  error is def ined  as

v 1
(s) /~~(;c ) e1

(s) ( IV— 28.C)

2- -
1
] 

(~) )
~ ~ - s

]_ 
( I V — 2 9 . C )

j=0

1 33



such t h a t

Z (s) C(sT — A )1 ( I v — 30 .C)1~

is strictly positive real,(n—l) < 2. < ( n + l ) .  Since d e r i v u t iv c - s  of X

— 
i f

x a r c ’  :m ’ .r c m i l a h l e , no ac tua l  d i f c ’r n n u i a t i o n s  f rom ( I V — 2 8 . C )  ar c i c -lt ;cir ecl .
p-i

l
Bc c - i c ~~n of the  lam c c of ( T V — i  3. C) , F ac ts  as an e - - t  c- r n ; : l  i n p u t  s i” i i  ar

to u , so f i l t e c ; c d  v c i m u - s  of  F cisc ob ta ined  f rom

F - = ---i- -— F (s) (IV-3l .  C)
f
1 

N
f 

=)  1

t i c  F - uv.n Li  ; c U l c  f r om

F = F 1( s )  (lV - 3 2 . C )

U sing th c- c :c e m- - r -rccc s [cism s , t ime pa ramete r  idea t i f i c -cr  exprc - ss toas aSic

a = — a . v x + f ,  (a , v . x ) (I V - 3 3 . C )
ml
~~ L f 1 m~ d t  i 1~~ m~~j

1 = a .  v ma + i~l . 
—-

~~
— (a. v U ) (IV—34.C)

m~ 3 f
1 

1. j  dt  j  f 1 f 1

1
~N . 

= — j~
. v

f
1 

F
f • 

+ P~ 
~~~ 

~~~
1

:j 
v~

1 
F~~•

)~ (Iv-35.c)

If lime o u t p u t  equa t ion  f rom ( I V — I 9 . C )  is  corrupted by a noise fl, i .e .

y C x + fl 
- 

-~IV—36.C)—p —p -

th en  the  c s t i ; c c ; i r e c ;  a will  be a c v ; c ~p t ot i c a l ly  b:i ased . This  can be
- 

- -

mm imim i zed  b y replac i d ’  F ( x  , mm ) i n  ( I V — 2 7  .C) by F(x , u ) , but  the
— 

~
‘
~
)
f ~~ 

— ~1im

t r ; m d e o f f  icc  t i m a t  g loba l  s l a t ’ L l i  t c  is no longer  assured .  T i m i s  general non—

1 i i j i - a r  i ; l . -i ~t i f u r  c;C r cic t m i r e  is  c-chitS/fl Iii b’ j r~i c r- i IV— 7.
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3. Kudva . Narc -ndra [113]

T im i c c  is a m mii  t i variable , d i  cccrcte— t ime idcntific’r employing ti e

e q u c m t  i c - I F  e r r or  f e r c c cj i cc  i o n  - I t  pr esumes t hat  t ime  f’s-F ’- ,  of t h e  nonl  i f l ; - c F  r I t y

— is fiminc- . ; m  . Till ; plant i s  assunmc -ci of the  form

x ( i c - t - l )  = A f ( x  (k) , t m ( k ) ) ( IV — 3 7 .  C)

u s  ICc

X fl dl in c c c n s i o n a l , nmcasur ab le  plant state vector
—-p

A — nxrm co n s t a n t  s t a t e  ma t r ix

f — knou-’n n o n l i n e a r i t y  ef s tates and inpu ts

u — in vector of inputs

A c o r r e c c p c m c d  fag model is describ -d by

x (kf 1)  = A(k+ 1 ) f (x  (k)  , u (k) ) ( Iv—38. ~~)
)c1 — — p  —

‘c-c- i t h  t i c -I; L i re , er ror

e (k)  = x (k ) — c~ (k) (1 — 3 9 _ I ’)
— -lil

Tim e [dc -a  t i l l  cat ion ru le  is

a T
A(k+l ) A(k )  — —----——----— ,, —— Pe(k)  f ( k — 2 )  ( 1 V —4 0 . C )

A f 1
(k-l) f (k— l) 

—

n-max — —

u~’ 1mc- rc- 0 <  a <2 and cons tant , P a p.d. symmetric constan t matrix ,

Ama,~ 
i i i—m x( ~.l — P 0) , f ( k )  = f (x (k) , u (k ) ) I d e n t i f i c a t i o n  c o nv er g en c e

i cc a s sured  t i i r ou g ii the  use of an appropriately selected Lycmpunov f un c t i on .

4. ~ hitoglu [144]

Tb i s  is  a c o n t i n m m o i m r ; — t i m e  SI SO systen i  employ ing L i m e  e q u a t i o m i  ( - i - m r

f c i rm ;m ul a t  io n .  N oni  in c- ar  idemltific ahion is effected utilizing a piece~- iccc ’

m o l m i t  i I I I m ( m m I c ,  pmn . ’cr c ; i -r r i e s  expans ion  of the  supposed system nonl im i -arit i c - S .
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By approx imating ti-me nonlinear terms in this way , i t is possible to develop

an error  express ion which , when driven to zero , a d j u r -its the coefficients

of the piecewise con t inuous  expansion to f i t  the n o n l i n e a r i t y.

Time types of systems which can be addr essed by th i s  method in c lude

those w h i c i m  have nonl inear , t ip -me invar ian t , and lumped pa ramete r  dynamics

where ti -me n o nl i n en r i t f e s  may include up to 1 mult iva] .ued , p iecewise con-

t i n u o us , memory non l inea r i ty and as many sing le—valued , piecewise c o n t i n u o u s

nonlinearities that the user may want.

Suppose tha t  the system or “p l an t ” to be identified may be described

by t i - me im th  order d i f f e r e n t i a l  equat ion :

n 2. n—I h k i
x = —f

1
(x )x — — )x  — — F .(x ) — - - .

(IV— 4 1 .C)
s o o h u g m

—f (x )~: +u + “ + g . ( u  ) j  + . -. . - f g ( u  )u

wher e
n

rm d x ,x 1)
dt

UI =

dt~

u is the plant input ,

x is tic _ _ i plant o u t pu t ,

amid  1 , ]‘ , am i d i~ c r c  fu n c t i ons of the  i n d i c a t e d  a r g u m e n t s .  The t e r ms
c c — I  1

Ii Ic g icr - $ - -f
1 

(x ) x cm mmd g (u ) cc ar c  ‘‘ i. m i - c ~- 1 c -—valu ed ’ func t  10 cs u - I c  1 cii are a sami med to

he s t i r  i c c ; ’.. cm , of ci  a u - c  C° (c -ant  immuo us  b u t  not  n ecc s snr i  I y ccr ;oc t  i i )  , and

lth’n t i - s i i  v equal  t o  zero  a t  t ime  or i g in .  ‘l’i m e f un c t  i c - n  F • (x 1
) , of wh ich

on l y  c c i - - m c c c v  ; m l n - c - c r - 10 ; I f lV S c S I  c ’ c c l c -qu at  i ( $ f l ~ i s  a s s m m i - - -d to  be u i m k m i o w n  and

- c m l  t I V c - m l m i c - c i .  ‘r ime c r - c m i  t c i v a l m i c d  n a t u r e  of 1 1c c f c m r r - t i o n a l  mi ~ cil O u t

p , 1c~~ I I ms i - I g Ic t h e ci-  i g i a am i d  n r c - m y  I nc’ l t i d e  i - - em - i  v n-al i m m c - a r i  t i c ’ s  —
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C c c i . ( ; V — 4 ~~. (~l , it  c~~n h’~ 
- o - c - i i  thatt O = X

m m
+ f  (x

2.)x~~~~ ~~~~
••

n-i

+ f ( - H - - i  • • .~~r :~ (
~~~~~I

)
~~~~ .~~~f (x 5)x ° — u ° — . • —  ~ ( g )

m 
( I V — 4 2 . C )

k m o in

j O C  t I m - c  .i 1 - n  i f  i c - .  “m c ; c l i c ’ I u H  u s e d  by thic- c p n p er , - the foi l  owing r e s t r i c t i o n s

c c - ic ; : ,  I be -c v i 1:

1) a > in o; t i c -  out :~c i  t s - s - c c ;  r i l c ; v e  m ore ava l iable  s tat e s  than the

I i n c - I t

2) l i i - -  p l c - c  n p c c t  , ma° , amid tic s p 1c c ’ C o u t p u t , x0
, must  be measurab le ,

3) ~~~- i r e , - -  , ~r [cc sd i t  - dc l  e b y the user  and mu s t  he su f f i  c c - I C  cctiy

m ’ c c - i l  f l  ‘3 ] .  c - c a d

1~) t i c - -  - s v c - c t 1  - - r e v  ) c - ; 5  c i t  smOSt One n t m l t  ivaluecl nonl inear  furs-ti on.

i l m c  I l i s t  r c c c - - t r i e t  inc m i c  ic ~ ed t i c  a l l o w  for  p hm c c ;ical  real  i z s c hi i it y  u- c- i s c-cc

I c d  - rc f  L I c _  iut - L - - i s  u s c  sc - c  i l c idle  (pure  d i f f e r e n t  in t i  on) . The second

r ccs tr  t i c c ;  r s e e c s l t s  Ir rr:c t h e  i d c - - m i ~ i f ic at i on  process i t sel f  u-c-here the input

and i i - - . - c c t ;;;~ cerec c- c r; l:i v- -ct to be pm c-csen t acid c e nsu rab l e .  ‘lic e f r s c~uc:ce ’y

r ichn  c c - c - :  cc i e r i c c :  lc d- cc - c - ed b y it  r n  (3) above is necessary in order LI)

; c t i , i - j  l e t s -  ;c l l  t I e  ~1 an t  c-c tc i t ccc  and e l i c i t  a response f rom t ici -  m. TIme f i n c -m i

r e -j u l  rc - - c - c t  i S  n ’c - ce ;c- : n u- b e c a imuc-  of un i  quen e- -ec problems if s ore than  nil e

S c S c l i i f l  ;r t - ~ lb c c  c - c i t .

i i i  !~~, m i c l c c l : i f i - : c t  i c s  process and um are passed t lmr eug h  s t a t e

vc m m i c - c t 1 - Lil ter s  w h i c h  develop cipprox imation s t Im the system ’s states ‘,-chic im

a rc- nec c - ic c s c - c - s i  I c -  ~c- to  the ldcm tlflci- . }iobcrock and K cc icr [162]  emp loy -cl a

“ t ia -c - - d c - i .  m y I l i t  c ‘ whi cc-h appr ox  i c - c i t  sly re cc i r m s  t ru c t s  t i me  Sy ste m ’s il iacces—

S I 1 1  S L o t  es , g iven  th:m I the ncys tec’r i c - c  s in~~i c imcpu 1—s imi ~-, l c- o u t p u t  * Koli r

i n [1 ( c l i  t ; i ; ’ c c t h - i c - c ;  ti c - ’ idea of ( i c e  ‘‘state variable ” or ‘‘ti c - ce 1rc l~,’’ f i l te r

c i i  p m s - s t - i m E s  a I c  s I c - c i q u c -  b r  ib t t - m - - c c i i m  i n g  a s i n g l e  n o n l i nea r  c-lem imc’nt icr a

c c i  er r  I ’ :  m ’qur t iw c - rI - to t im e rc-mc m ci i i i  i m i g  k n o w n  I c - m s of L i m e  d i f f e r e n t ia l
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d - - ~~- r d l c  i n~ t I~~ csc’ c ; t c - m n . Sc-hi tog lu and K l e i n  fi !~4 ]  d i c ; c m s c -; t ime  general izc-d

e q u a t i o n  e r r o r  method  by wh ich  n o nl i n e a r i t i e s  in all s t a t e s  of the

dy n a m i c  equa t ion  dc -sc r ib ing  a system m a y  be i d e n t i f ied .  From these

a p p r o x i m a t e  S t ;m t e s  an “e qumat ion  error ” may be formed ”

A All  A 
~ “ m m—i “ Aj  A AS AO

F. = x + 1  (x )x  + .~~. + F .(x  ) + “ + f  (x )xn—i 1 0

A 1) A All A l  A A7 “UI
— u- i — — g . ( u  )u ~ — — g ( u ’)u ( I V — / c 3 . C )

ana logous  Lo (tv- 4 2 . C ) , where  represents  an e s t ima t ion  of the  a p p r o p r i a te

St - m t c -  or f u n c t  i omm ~

By using Taylor series expansions of each f u n c t i o n  f , F , or g over

t ime  c c : j m c - c t e d  o p e r a t i n g  d am — t in , p iecewise app rox ima t ions  to the func t ions

can he ob ta ined .  To e f f e c t  t h i s  ti -me domain is broken  up i n to  i n t e r v a l s

uc’ Icc - r c -  a f i r s t — a i der a p p r c s - c i c c i ;m t i o n  would be va l id.  For a singlcc valued

f u n c t i on , f or g~

A ,A~ A~ Al i ~li ( r—2)
f ~x ) c-c — [a + a  (x — x  ) + • ~~ • + a  (x — x  )k kl p k2 p h p k rp  np

Ai(
+ .)X  (Iv— 44 .c )

where

k d e n c c i c - c c  t ha t  the-  f u n c t i o n  is of the kth  order in the dif—
f c r - c - - t i ; m l  e q u a t i o n

r den o tes  ti m e power of the app rox ima tion  expansion term

p d e m i o t e s  t i m e  i m i t e i c - m i  number t h a t  t ime fun iction is in

It d en o t  c ’s I i c e  f u n c t ion ar g i mm irc r n t  index , and

dean t c -S  time ncLdpo in t vs l i c t -  of  the  pt ii j o t  erv a l

fo r  c x n -e 1 tc ’ , f o r  t i c  - - c l  og le  a] lowabi cc macmi t  ivalued f u n c t i o n

-~ “1 .._ j  ( 
~~ ‘\  / ~~~f r

F . ( x  ) = A . + A . ( .  —x . ) + . . .  + A . (x — x . )~~r I
~
/
~~~I ii i) 1 ? p -i

~i-i irp ~i~p
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wher e~~~ im c m i lar  not - it :  i on  as ( I V — / c4 .C) is ti c - ct-cl . l i-i - - i t cciii be sec im

onl y one  om u i t i v a t e d  f u n c t i on  1;; al l ou-/e li ; rc i c ics  t h e  t r i l l :  ire f u m i m c t I o n  mus t

be expa m i d e d , i i  more t:han one mc ci i. t Lv alucc d fu n c t i o n  caere expan ded in this

manner , t l m c-  c o n c ;t a m i t  terms a t  the  h e g im i m s  [ri g of c ; m e l m  f u n c t i o n  would  not

be d i s t i n g u i s h c - m b i e  by the  i de n t i f i e r .

Us m e, ( I V — /4 4 . C )  and ( ~\‘ - — ! , c . C )  in ( I V — 4 3 .  C) r e s u l t s  in t i m e  e q - c a t - i o n

error , E ,

t ‘~n “ n—iE x + [ ( a  + a  (c-c — x  ) ] x  + . .~( n — i )  i i> ( n — i )  2 1) pp

+ [a + a (~~~1 
— x ) Ix

k + ... + ~ - + A - (~~
‘—x ) ±k ip  k2 p h i) 1l~ I 2j i

a “s ~o o ~h
-I- [x + a (x — x ) 1:-c — a -- ~~~

. — [b - + b .~~ (ti — a ) ]u —Oil)  o2 p SI) Sl ip  ]c --P hp

- [b +1) (~ g 
— ~ ) ]

,~Tn 
( I V — 4 6 . C )mi p flb- J)

To il , -v e iop  t i n -  i d c ’m i t i f i e r  e c - c c - c r u s c e i c c n s  li a r c - c - , A . , b . , e t c .,  it
k I P iii) i - ‘-P

i s  n ecc c c - c- -- ; i s  v to  d cc - f m e  a cost f u n c t i o n  J ,

C
.1 f f ( E ) d t  ( I v — 4 7 . C )

where 1(E) is  an even valued f u n c t i o n  of E. Let

2j  = f 1 / 2  E dt ( I V — 4 8 . C )

I t  i s  desi red  tha t  J be op t im iz e d  for  a “best  f i t ” r e s cm l t  to o c c u r .  For

a typ ic al p a r ; i r c s c t c r , y ,  d e f i n e

= - 

~~ k ~L ( lV - 49 .c )

sc- is- rc~ Fk t S  p o s i t  ivc- so t h a t  ‘y
1 ~~ pr opo c i l i - i c - c l  to l ! i c r  i m u ’ e , n t  ly e ’  ~-r a d i e n t

~cf t i m e  c~~r c t  f u n e t i c i c i  i i  ic - i  th i  r i - c d - S  I to t i m e  p c - m l a i i c - t  r of m t - c - S c s i  . Fi — omn

( I V — 4 9 . C )
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y. = -r ~~~~~~ ~~~
-

~~--- = -r(F) (~ 1~) ( IV— 5 0 .C )
k cci- . dy k

T i m E s  gives the f o l l o w i n g  1) ar amctc cr  a d a p t a t  ion equat ions :

i A51 l
°(im— l)ip 

G
(11 1)1~~L X

a = —c ~~~~~~~~ )
An_ l

(r i — i ) 2p (n-- I ) 2i~

a = —c (I x
klp ki p

• A
A . —G . E

u p  li p

• A A i
A —G F (x — )

i2 p 12p ip (IV—5l.C)

• A l)
—G 1~1

L

a —G E (x  — x
02 p 02 p

• A
b , —G , E u ,

j i p  5j lj ) j
• ‘ - ‘ii Aj
h . = — - ( - ~~ 1’(u — u  )uj 2p np

• A
b = —c r: ~nil p n i l p

• A A~~b —C i - . ( ; m  — )u
m p  m~.p gp

re  11 , C. c - i  ms c o m i s t , i r m t  cm 0.

1 4.1

____ _______________________________________________ —



A i m  I s  I - : c - t  - - ‘ c - I  t i  i~c55c - c - i - c i t  such  n on l i n e a r  i d e n ti f i e r s  i s  t h i t

- - c - c ’ t 5 . c t  l v  o i l ’ :  o t  d c - c c - - cc-n c - cc a re  i c - I c - c - s I  i f i e d  b y such an a p p ro a c h .

‘i l c  i c -  :-  t c ;  i i  hc ’ c - m p r c r c c a - - I c  of i l J 1 ( c \ i c i ~ a -  ser ies  of l i n e a riz ed  models

- ‘lis r- c c l i  p . r c - i c - s t - c - ‘ c-c- Ic i c c -  r c — f c - - - m m t _ i f l c c d cit each d i s c rc r t i z ed  ma t e- r u - c c -m i

U, l y  k~- v c c - k  c c l  i c - c ’  : 1 -  1 - - n~~ed to be r e d e r e m  ‘ i n c - U  this way , al low ing fo r

c I i  c d  c - -~~~~ , f  3 I S :  i i c c  t r - r - ’ i : c , i m m u r e conc - ;isLant  models f rom i n t e r v ; c l

t- o i i i  t~ c : , m c c ci ii - - r ed las I c -  c conve r e , i : n nc r  rate  (sine-cc less i c - a r c - c rc - c -  t s r

i - l e n t  i f  i c - : t e n  t i - n c - - h  c- --- c - - C c - : l

5. ‘1 .- c - c -  I-c- c

T i t l e  i S  cm S i  S c - ’ , c - c - - c - . L i  n c ccI c — t i c s -  t e chn ique  ecc -ni oy mn e ,  the  p a r a l l e l

c’ C c T O C  con 5 ’c - c r a t c -  - • i - - c -  c c e L l c c , i  is s:’cact f o r  a class of nonl inear  ss st e cc c - s

iii i c - li i c - i c  c-c ‘cc n-- c s - e m y  c :nr c l  I n c -  - -c r e ,c - m i n  is f oi l  sw -d by a l inear  dyn c -urmi sc i  1

15 5  v i cn  a is I - c  i mpu t :  a ( t )  , t ime p lan t  is descr ibed by

in -
5 1
,I b s

= -~~~~~~ -~ I (Iv-52 .c)r lm - --i
ml ~ cc

2 a .S
1—0 ~

whc ’ i

= 

~ 

k
1 

n
1

( u ( t ) )  ( IV— 53.C)

k — i c i c :c mcm r ri j i c i t imon i  m d c c l i  ty  co n s tan t s

— LIlOl -/ rd cc i r c - I  - -  — c c - c c  l n _ -d fo ist 1 m m — c  of t m ( t )

cm ,i, — i c - i ! : ; i Q - . ri l i m  I c - ar  p i c - n t  11011 iOfl constu  d~-n ami C p c m r c - m c - c c - e  t e r s

m < m m

(5 — m c - - :5 m em f rmc cni i f lou r ( 5 : i l l - -c

t4 2

I



1-~mr simpi l et ty , the  n on ]  in ec - i r sys tem is par arn et er ized as

2. F (s)
= 

~~~~~~~~~~~~ ~~~~~~~~~ 
(1V 54 .c )

F (s)  = 

i~ O 
~11 

s tm 
(Iv— 55 •c)

f = k h , (Iv— 56 .c)h i
1

m i= l
A(s )  = s~ + ~ a , s3 ( I V— 5 7 , C )

j= 0  ~

W I c - r e  t he  c-c , and f are to be i den t i fi e d . An e s t i m a t i o n  model is1 h ,
cc

d - e f inc - d  as

7 F (s)
= (Iv—58 ,c)A h

h’~l /c(S)

m
F

h
(s) 

~~ ii 
~~~‘ ( Iv— b9 .c)

i~-~() ~
n—i

A(s )  = s~ + ~ a . S
1 

(IV—60 ,c)
Si =0

and a~ c - r e  t ime v ary in g .  The “ i n p u t ” is obtained f rom

n (s)
= —J~-~-_-~. (Iv—6i. c)

where D ( s)  is cm state variable filter ,

n— 2
= 

n—] 
+ ~ d . (IV -62 .C)

~i i .  I)

T h e  f i l  I cr  ~~~~~~~~~~ I s selec t  -d such t i c - i t  t h e  f f 1  t sr  pc -issh ai id  is much e, r e a i  c r

t i m a m i  t h a t  of t i mc ’ i d c - mat  • Omi a s imi I c - m r  in c - i s i s , d e f i n e
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x (s)
2 (s )  ~~~~ (i\’-(~3. C)I l ( s )

l i m e  s c a lar  t r a c k i n g  c-rr or , e , is t i - m e n  g iven  by

= — ( i v — ~ 4 .C )
p iii

A bi r~ c - k  c- n - ;  c c - c ’ r c n c c - i  of t h i s  approach  i s  shown i c c -  Fi gur e i T— h .

To i n r c u r c c -  a s y m p t o t i c  s t c i b i i  - i t y ,  I c V j ) c r c : t : i , i i  i t y  c c oci c l  i L i o n s  r e q u i c — e

Ic -bc -i t a c- o c ; d c - c - c c c c - : t j o n  h I  ask C( s)  proc:c sc- ;  c ( s ) ,

v ( s )  = C( s) c ’( s)  ( 1v— ’ )5 .C)

\~ j t im t i c s  corn ] i l i o n  ~~~~ be s t r i c t l y  p o s i t i v e  r ccal .  T h i s  creates a

ph~- s i c a i  u- c-al I zc -cb ll  it-c - p roblem in  tha t  A ( s)  i c c  s i c - i c - no n - c - c - c  and the  SPIt c - c - c c - —

d i t i o n  y i c - i d s  n o n — u n i q u e  s o l u t i o n s  fo r  C ( s ) .  This  is c i ic ccu s sed  a t  11c c - gt h

in C h a p t e r  (i . l~o te  i c - i i c - c L  cml thocm 1’. li 0 V- 63 . C) stn c-l5 C’ c;tS d i  fee -c c - ti c - m i ion ,

because of ( i  \-- (- h . C) :c im c - i (lV—63. C) ~
- , ~~, etc .  are ph y s i ca l l y  ava i l  c - IS l e

and h em i ce  u- (t) is c - c v c - c  l iable w l h o u t  d i f f e r e n t  i c - l i. ing  e (t )

The ich- n t  - i f i c a t  ion squat ions Lie - m u b c - c  c - c - c - c-

= 

~~ a . ~ 
ve t)  [x ( T ) J d T

(TV-— f . C)

U “— l~ v ( t )  — - [x (t )  ] + cm , ( o )
3 , 1 p 1

1 dt

/‘, t
(0 = c - c~~ I V ( T )  

d
[n

h
(T)  ]d - t

j d i
( iv -  ( 7 .  c :)

+ 

~~f i m  
v ( t )  ~~~~0 )  + 

~~~ 
( c m )

c c 
- 

> 0 , fl
c-~ 

c-’ 0 i = 0 , 1 , ’~ , u m — l
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0, ‘c-
~ 

> m ) , ii  1 ,”,.. • ,9,
Ii .

3 
j  0 , 1,~~ ,m

It. shou ld  be no ted  I c c - c t  ill t u e  f o r u m c  of the  non l irmeu m r pa in s  1~~~( m 1 ( 1  ) )

ar c- not  known ~ c - -c ’S/- /  , t i r o m e t h od o ;m t i i n e d  c r mnm l o t  be s t r i c t  I v  emrp l i sy -cj .

i l c c \ - .’L - V c -  r , an ;cpjc-roc-:inate approach is to  r ep resen t  (I V— 53.  C) b y a p o i y—

mi a -c i c - c - I  or su m s— r o e ;  cUd’ I ( - 1 3  c- lPl ir c) : i c c - c c  t i O f l .  Ac; an exa mp i c - , suppose

m ( t )  = 2112 
+ 3 1 1 1 ( 1 )  j (IV- 6~~.C)

‘1
bu t  t i r c - t the u , u i  n o n l i m i o a -i t y  st r u m c t u r c s  are um ik n own.  I J ij en  an

approx ima lion

p
m ( t c ) = ~ k~ cm~~~~ ( lV—69 .~~)

1=1

can is -  do f i n e)  , c - c - l o r e  p is time number  of ter rc ncc  in the approc.; Lu - c - a t  ion.

6. Di scc -r c t N : iu l~ near  Id c nt  i f )  or

This is a non l inear vccrsi on of L c -mrm d a u ’ s di nc ’ r c - - t e  met h od [116] . Thc-

plan t is  givcmi by

ii m

x (k+ ]) =~~ a , x (k—i) + ~ h , u ( k — i )  + 
~

‘ f , ( x  ( k— i ) x  (i -c—i)
p p cc 1 p p

/

+ 
~ 

g ju ( k — -i ) )  u ( k — i )  + F 7 (x ( k — 2 ) )  (IV- 70.C)

where ~ icc - sc - inc - c i c u r  range  f r o m  1 to (c ) ~ w i t h  i i m t  c~ c ’r vaiucs  of j and t l u c m t  any
J

or a l l  f- ( e i L i , r  a , ,  h , ,  f , ,  or g , ) can be zero . A u examp le of ( TV— 70 .C)  is
j  1 -1 c i

) = mm
1 

x ( k — j )  + f 2
(x ( k — 2 ) )  + a 4 x ( k — 4 )

+ g 2 ( u m ( 1 ~~2fl (IV—7].c)
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Time f , g .  cc r e meru uor y l e so  terms expam -md ed as i _ mi ( I V — 3 0 . I ~ and (IV —3 1 n ) ,

and the F~ a m cc mucory non i  im l ea r i t y  p ar ame te r ized  c-Is in ( I V — 3 5 . B ) . U s i n g

t i m e  notation n~~, to me-an thc  ith  n on l inea r i t y ,  the j t h  te rm of the  series

— ( -xp ~- m n s i o n , in in te rva l  k c-c f t ime x ( I c - — i )  t e r m , a model  can be appr cc ;-c i n c c cmt e ly

P a ra me t e r iz e d  as

A A A A A A

x (k+l) 1 c m  . 
~~a .  n . A A •“ a , a~ I x  (k)

Tn 1 11
7 

129 k Ai
d 1

~
2

d j i~ j 2~ —m

or 

+ 
~~i
”
~~~qi 

b
q2 

h
s

b
ti 

(Iv—72.C)

= ~~~~(k )  cs (k— l)  + ~ (k) (IV-73.C)

j 1(k) = 
~~~~~~~~~ 

-~~~~ 1
(k)  

~~.2  
(k) .

~~
•
~~Al

(k) 
~A2

( k ) • • •
~~. (k)

b (k) ... ~ (k) b (k) J (rv- 74. C)1 qi

T 2
x (k— i )  = [x ( k — 1 ) . . .~ ( k — i )  x ( k — i ) ” 1 x (k- ’-A) x ( k — j )  x ’ ( t c — j )—in P P P p p p -

u(k- l )  ... u (k-q)  u
2

(k-q)  ... ] (IV-75.C)

R(k )  = -[a . (k) ~ (k— i)  x (k-i) + A (k - It ) ~ (k-A)12
7 p 7 p A2 d

+ ~ , (k) ~ (k - I )  x (k-j) +b (k) T~ (k-q) u(k-q)] (IV-76.C)
p p q~

The recurs  Lye ai g o r it h m  is then g iven b y

x
m

( i Z)  = ~~
T

(k)  x (k—l )  + ~ (k)  ( 1V 77 .C)

x ° (k )  ~T (1 1) (k—1) + f l ( 1c - - i )  ( IV-7 8.C)

i° (k) = x (k) — x ° (k)  (1 \‘—79 .C)
p in

e (k)  = x (k) — x (k) (Iv—80.C)
P in

i ’ ( l c - — i )  x ( k — I )

~ (k)  ~ (k - I )  + --- — V° (k )  ( I\ - 81 .C)

1 1 X ( k t  ) I- ’ (k— i ’) c-c (k—I)m
~i~4 7



c°(k) f ~~ c . T c - ( k - i )  (Iv—8?.c)

F( k —l )  x (k-i) x T (k_ i)  F(k -1)
F(k)  = Ic- (k— i )  — 

1 +> -  (1- i. ) i(i’ 1) ~~~~~~~~~~ 
(IV— 83.C)

—iii —ii i

F ( c m ) i c c  an n n b i  t i - c-cry p . d .  s y m m e t r i c -  c - c c - m t  r i x , and 
~imi

(0)  and p ( o)  are des igner—

c-si t vol 1 c -cd i i i  i t  c c l  cond i t )  ‘mu guesses.

1), l d : c c - t  ific - ci c 1 1 i t s  of N c - c - 1  i c c - c - c - mr  Mcic - l cc- l S t r u c t u re

In p c - n o r - c - c - i  t i m e  parancc ’ t c- r i d en t i f i c a t i o n  pr ob lc-m involves the  c a l c m m l s c —

t ion of u m u m k m c - c - c ’ : n  p l a n t  p a r - a ste rs  us ing an i d e n t i f i c a t i o n  al gor i thm

r equ  i s  i n c - p  c-niH inp cm tc / ou t p u t _ tcype d c - c I a .  Although ti -m is idea sounds s in ’p l e

t I c c - c - c is t i m e  pi - cd - i cm a  of imow ac c u r a t e  a nuo c i e l  p ar ame te r i za tion  can be , or

w h a L e r  a g i s -  n model c a in  p or c ses ,s uni que parameters .  This is the prohienu

of “ideu t if t e l  H it y ” [166] .  To r e l a t e  t b fs  problem to nonl inear  i d e n t i—

f i r - c t  i c - m i  and e v e m i t u c a l l y  t i m e  non l inear  ic-oman opera to r  problem c ha r n c t e i  i c - c - - c —

t ion , appropi  I c - t  e de f i r m i I c - I c c - o s  wil l  he s t a t- e d  to c l a r i f y the prob lem and

i t s  p r a c t i c a l  cin ai y c c i c c .

Consider  the  ge-u c -era l  p l an t

x = f ( x , u , t , p) x(t )  = x

= h ( c ~, u , t, p) (IV— l .D)

wime r c c-c I’; an n c — ’~-c -ct :or , (5 is a nonl in ea r  vector function , u is an rn—vector

of i n p u I t c - c , ii is mm m c - c n i  i.e - c r vector f u n c t i o n  (h~~~f )  , p is a q—ve ctor  of

p: ir ’ - . c - - t : c - r s , amid v is an v—vector o - o u t p u t s .  If t he-  so lu t ion  to (IV— 1.1))

- cc - I i~ c - c c - - nc - , then  x cou ld  be w r L t t c m c -  as

x( t ) ~~( t , t )  x ( t ) (Iv—2.D)
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with ~~(s , e) tim e system state—transition matrix. Let ti-me output be

def ined  by

Z( t , p)  = F(x , u ( ) ,  t , p) (IV—3.D)

— 
w i mc c - r-c ’ ( x ,  u(o)) is an experim ent and tic-c problem reduces from distin-

guishing be tween pa rame ter values to dis tinguishing be tween corresponding

~~ . ( o u t p u t )  values.

D~ f i n i . t i o n  1V—l [167—169]

The parameter vecto r ~ p and a are indistin~uis 7iabl~ if

F(x , u (-), t , p) F(x , t u ( . ) ,  t , c~) (IV—4 .1))
~~~~0 

-_ 
~~

-
~~~0 

-- -

and otherwise p and i are

Del i n t  t 1 c m  I V— 2

A parameter  vc-c tor  p Is locally i den t i f i ab l e  if (p ,  a) is d i s t i n —

g u i s l m c m b t c  f o r  a c o nt a i n e d  in an C—nei ghborhood of p ,  a ~ N ( p , s) for  some

E > 0 and ~~~~p .

U s i n g  ( IV~ i .D) , a l inearized set of s t a t e  equations  about  the

e q cm 1 u n- i cnn s t a t e — i n p u t  pair  (x , u )  is -

m5x = A ( 1~, tc) cSx + B(p, t) 6u

(IV—5 . D)
= C (y , t )  ctm Ix + D ( p , t )  iSu

tSx = X — > c  , iSu u — u  ,
~~~~~~ 0 - - 

-

Ii i ~c f
;mn d A = B = (I v — 6 . D)

c-c , u — x , u- _ e  —e —C e
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/

~)ii -
C = —‘~~ D = -

~~~~
-
~ (IV— 7 . D)

— x , u — x , u—e --c —e - - C

— The spc -  Ic -c - c c - (IV— 1.1)) is i d c - n t L f i a h l c , i f  a t  a nomina l  parameter

value p , t i m e  f o l l o w i n g  Mc - m rkov paramet er  ma t r ix  is a one—to—one  m ap p i n g

fro u sm 
~ 

to t i m e  ~‘1arkov pc-mr ac-cieters

C = [U T
, (CB) T

, (CAB) T
, ... (CA

2n_ 1
B

T) ] ( I V — 8 . D )

It A i ca s  const an t  ran ]-z 13 i n  a nei ghborhood of (x , u ) , t i m e - n  the p a r a m e t e r ) —
—C -

~~~

z a t i ou c -  is l o ca l l y  i d e nt i f i ab l e  if

~~~~~~~~~~~~~ 
= 13 ( I V — 9 .D )

f u n  c - mi I p in c - ; c m c - c c - no .1 g l c b n  n c - c -mo d of p.

An [in c - c - u r I c - c a t  result of the  pr -c-ce d ing is t h a t  local. c - i d e n t i f i ab  i i  i i ’ ~

is  i c i d c - -p e n~~~c c t  of the p aramnete r  i den t i f i cat l on  method e n c - p l o y c d , bu t  is

iuis t ez -m d only  an inher erm t sys tem p l a n t  ~ t r u c t cm r c  p rob lem [170]. Fu r th ~-r

work on i den t i fi a b i l i t y  Im a s shown th at tin e o p t i n n c - ul inpu t  se lec t ion

c r i ter i o n  (such c - ms t r ace  of the information matrix) emp loy ed for  p ; c - rc - c i c -~c - - t c_-r

identification can result i.n pa r anm et cr i z e d  mode-is  which  a r c -  un i d e nt i f  ic - c -b i c,

if t ime  input  selec t ion  prob lem is not  c -e l i posed [171]. This p ro h i c - -c is

f u r t i i c . r s tud ied in Chap te r  6.

- -  

i_ ~~0 

_

~~~~~~~~~~~~~~~~ 

- _



CHAPTER 5. MRAS Ii )ENT IFIERS FOR

LINE 1~, TIME—VI P YING SYSTEMS

A. In t roduc t ion

In ti -mi s  chapter  four  key algori thmic techniques are presented for

using ~~~AS m e t h o d s  in r im e—vary ing  on—line  parameter  ident i f ica t ion. To

compare these ~-P~ c-S approaches , other  t r ad i t iona l  modeling and analysis

techniques fo r  handl ing time—vary ing parameters are presented . The

reason “special” algor i thms  are needed fo r  timc- —vary ing parameters , as

opposed to t ime—inva r i an t  iden t i f ie rs, is that  for time—invariant identi’-

f ier s  all observations are treated with equal wei ght regardless of their

occurre lmce in t i c -a c , whereas time—vary ing identification requires recent

data  onl y (as ti-me old data is “ outdated” since sign i f i can t ly d i f f e r e n t

p ararn c-ter valu-:- s cc-crc emp loyed at earlier time instants) .

The f o u r  key techniques arc 1) l imited  memory filtering, 2) “f or—

g e t t i ng  factor , 3) t ime—vary ing up dat ing  of output  error weighting coef-

f i c i en t s, and 4) oscillating memory. All are app lied to discre te identi-

fiers.

Time type  of ide n ti f ic - r  depends on thi e system requi rements .  Some of

the r e su l t s  of a previous stud y [173] c_ f these t i -see  MRA S models fo r  USC

in i d c - m m t i f i c a t J o n  of tine invar ian t  sys tems  are t abu la ted  below :

Parc-~i. iel Mi ’d el

A s ymp t o t i c a l l y u m i lm i . z - c c-ced

M o d e r c t . e  convergence r a t e

A d a p t ab l e  fo r  t i m e -  \ -ary ing

Se r i e s — ) ’ ;nr a  l id  i’Toc hi c - i

Bi cc sc~- I

Poor - Oliver i -cc -n ec ’  m c  - to

A d a p t a b l e  f o r  t i n c - c  v m mry ing
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Boo tst rap Model

S l i g h t l y  biased

Good comi v er pe n ec -’  ra te

A d a p t a l n i e  for  t ime vary im ig

Base-cl upon t i m e aho~ r -su l t s  it c-c-c-cs decidc-d to use t u e  para l le l  model

approach in f or - rc - n inc -g an i d e n t i f ier  su i table  fo r  i d e n t i f i cat i o n  of t i m e

varying r cys t c - nc c s .

B. Prob l em For ic- cu la t ion

The plant  to he i den t i f i ed  is assumed to be of knoun order , l inear ,

d iscre te , and possibly t ime—vary ing of the fo rm

[.~ 
b . (k) z~~~z d

(V— 1.B)
U 

— 

:~~~ 

a . ( k ) z~~
j

c-c-h ere h .(k )  arid a . (k) represent possibly Lime—variable  parameters , n is

tic - c - - p lant  order , and n c < r m , d is the t ime—delay ,  and t = kT. Such a sys tem

is in time A RNA form

x (k) = ~ a .(k) x (k-i) + ~ b . (k) u(k-j-d) (V-2.B)
1=1 p 

j=0 ~

It is assuc - c-eci n, ni , and d are  known and the a , h . are to be de t e -rm inc -d
1 ~i

o m i — l i n o  in real—time .

Us ing c - c - c l  o u t p u t  er ro r  MRA S fo r m u l a t i on , L i c e  es t im :c- t in n  model is

or 

x (k)  ~~~~.( k )  X
m

( k_ l )  + ~~~b . (k )  u ( k-j - d )  (V-3.1l)

x (k)  = (k )  v ( k- l )  - 
(V 4 . B
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= ~~1
(k) ~2

(k) • . .  ~~ (k) i~~(k) C (k) 1 (V—5 .B)

T(k l) = [x (k-i) x (k-2)  • .
~ 

xm
(k_ fl)  u (k -d)  ... u (k -d-m) } (V— 6 .B)

Two o u t p u t  e r ror s  a re  def i rmed  as

c°(k)  = x (k) = x ° (k) (V—7.B)p

c(k) x (k)  — >: (k) (V— 8 .B )
p

x °(k)  = ~
T (k l) y (k -J ) (V 9 .B)

where t ° ( k )  is an a p rwr-m. error and c(k )  is an a p osteriori error. From

Chap ter 3 , one form of MRA S i d e n t i f i cat i o n  is Landau [116],

F(k— 1) y ( k — 1 )
~c(k)  = ~ (k-•l) + l+ ~~~k—l )  F (k—1 ) y ( k— l )  

e(k )  (V— 1O .B )

e(k) = c°(k ) + 

~ 
c . ~ (k-i) (V—1 l .B)

where n
1+ 

~
11(z) --- - - (V-l2 .B)

1 — a . (k )z ’

1=1

is SPE , and

F ( k — l )  y (k-1) (k l) F(k-l)
F (k) = F(k- l)  — —_ —_ _- — (V-13.B)

1 + y (k—I) F(k—i) X (k—1)

This is ti -me s o — c a l l e d  “ i n teg r a l ” idemi t i f i e r  becacis€ - i t  is the d [sc-ret  I zc’d

equ i v m l  ‘ - c - c - I of c - c c e n t  m u o n s — t i c - n c  Idc-n L i Ll ,c-n r havimig ciii  i n t eg ra l  fo rm.  F I

a m o m i c u t  on )  c decre ;ms  I ng nc -i r i  x
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F(k+l)  F(k)  (‘.T — 1 4 . B)

and i s  a , m ; m l o c y c i i c - :  t o  the  P m natc -  r i x  in t i m e  l e a s t — s q u ar e s  method [132 1  , pro —

por t  i a - c - I  to  ~ “ C c iV c- m i i a n C C ” n ic mt r i .x .

Sue -ic a r e - c -  c - c  I t  i c - c -  f ine for t im e t i n c - c - e i nva r iant  case ( a (k )  a ( k + l ) )

b u t  (c - c - m lnSL-c : i inc-or n c - c t  r esul  c - c f o r  the  I ir ic - - — vc - cry i rm g crc - c ;e . This ic - c -  because

the c - s t i c - c - c - c - c - t e  is based upon k sets  of observations , and as t i n e  ( k+l) s t

obs - r va t i o n  is prcuc c-s se d , t i e  i n c r e m e n ta l  a dj u s t m e n t  to ~ goes as 
~~~~~~~~~~~~~~ 

.

As k - - , new Ole r -r v a t i on s  I c - I m e r e f o r e  have  n i m o s t  no e f f e c t  on time para-

mete r  c c - c t  i i : m a t e c

Landau  [1] 6] I c c - i s  s lmo w r m th ;m t t ime prev i Oi i S  t i m e — i n v a r i a n t  i d e n t i f i e r

is ac; . c- : p t n t i c a i i y  u m ih i a s e d , so if the measurab le  o u t p u t  is n o t  x but

y (k)  c-c- (k) + 1i ( 1-c- ) (\c-— 15 . I~)p p

u- inc - cc ’  n ( )  is a zero—nc-can , g-;nnasian \~i m i t c .- noise , tu e-ic- as Ic ~ ~ , ~~(k)

i ri ch - 1 c-m c~c - - ;c - t of r~. if noise i c - c -  c - includ ed , then  evei -ycc -h ere x O )  sec-s in cl n nd - .-c l

t i m e  s e c - m i  c - cr  y (1< ) c~’ouii ci be subic  I it~u t e d

C. ~- 1’ A ’  _ c - c - c -~ s 
~ ‘ c - c - c - c -  1

P c i c c ;  Chapte r  3 i t  c-las dc t errnci  iced I i i : c t t ic - c  L i n K -  i n v a r i a n t  sys tons ide -n—

t i f  [ c m  i s  u n s u i t a b l e  f o r  the i d e nt i  f i . cn t i o n  of t ime—vary ing sys t en c - c - s  b ecause

all c-1 - , c - c c rv.- i t  ions are treated w i t h  o q t m a i . u -ei ght regardless of their occur—

r c - n m - c-  i c - c  t i n c - ce . lc- i c n c  i t  b e e - i c c - c c - - s  d e s i r c - i l - i  ci to se-el-c- a me ans  of l i m i t i n g  the

number ci c c i m O e r V ; m  t iom s usc-cl [mc - dc termimm ing time par c-c ;- e- Icr est ic c - c - i t c-s.  How—

ever it  s imon  Ic-I be min ted  t h a t  i c c - c c - m u s e  of possible n o i n ; c c -  e f f e c t s , the number

of O i c O ( -  r v c - c  t j o u l e  s l i ou j i  ci be c-i c- ; l ar g e  as u icms s i ic - Ic. Tin is , th e -mi , rc’sul. ts iii

t h e  d l  i o r m n m n  assocc i c - c t ccl w i t h  i d e - m i t i i  cat l e d  0 t i m c ’ — v : m r y i n g  p ; c r c - mn i c - c- tc -ers in

a f l o i c c y  o h n c - i v c - c t  i c c - n c - -, i e m m v i r e u n n c i e i c - t of I i m i i t c  d a t a  b u m t  i n c - f i n i t e  d a t a .

154



Four basic  NB!c- S i d e r m t l f i c r  approaches for  l inear tine—vary ing para-

meter  i den t i f i c a t i o n  were c o n s id er e d . T im e f i r s t  two are l imited memory

f i l t e r i n g  [173] and c-c ‘ f o r g e t t i n g  f a c t o r ” mn e -L in od [174 1,  ti -me e f f e c t  in

eithc-r case being to i n t e r f e r e  wi th  the normally decreasing gain ma t r ix

F (as in ( I I I — l l O .B ) ) .  Method 3 involves vary ing weighting coefficients

c . in a t r a cking  error si gnal forc c-d by the i d e n t i f i e r  (Eqs.  ( I i I— l 09 . B )

and ( I I l— 1 12 .B) )  as a f u n c t i o n  of present da ta .  The f o u r t h  method is an

oscilla t ing memory approach , re lated to the f i r s t  two , onl.y tic-is ti c - c c - c data

is l i t e r a l ly sub t rac ted  out c u t  the end of a time per iod  when new p aramete r

h i s to r ies  rep lace old .

1. W 1-lcc -thod

In the l imited memory , or P~” approach , the con t inuous ly  vary ing

plant is  modeled as c - c - c h ronolog ica l ,  sequence of t ime  i n v a r i a n t  models

over At = nT t i n c - c  i n c r e men t s .  Enc ch in terval  of N sanm iples is c a l l e d  a

“cycle” . The f i n a l  p a r a m e t e r  e s t i m a t e  of cyc l e  2. in ; used for  the i m c - i t i a l

pa r ame te r  e s t ima te  of cycle (~~+ l ) .  However , the p a r a m e t e r  a d j u s t m e n t

ga ins  F(]-c -) cc-re r e — i n i t i a l i z e d  according  to a f ixed al gorithuin at the i)~ gin--

f l ing of each cycle.  Dur ing  t Im e cycle , t ime  parameter  a d 1u s t m n e m c - t gains

d e e r e - c - c c - c - c - c -  u - i t l m  each succeeding i t e r a t i on. During  a eve -i c , then , the F ( k )

behaves c - c S i n  t i m e  t i n i e — [n v a r i c - c n n t  i d e n t i f i c a t i o n  case.

To d c - f )  no th I nc method , su~~p c - ee some previous o f f — i  inc simul . c-.mt in n

s tud y has h e r - n dc-ne -  t o  d c - c - t e r n ’  I n c  how 11( 1) p ro pc - iga tc - s  . Us ing  F (o )  = K
1
T ,

K 1 .1 l u n g e  pos i t iv e  c - o n n - c - t a m t p c - ; -~c - r c - g a t e  i c ( j )  u s ing t i m e  I i n nc--— ir m v c - m r ) c - c n t

ic ]c ’ri t  i f  h r  (0 . i i .  B ) —  (\‘ — l3 .  P ) . Froni th i s  d~ t e r nnuin e  t i m e  f d ia p onc -c - 1  e m m t r v
11 -

of [[ .J c - : i m i J m  s t c - c - - - the l c - m r g -c ; t (F in - p . 1 . ) ,  d e n o t c - d  f *• S e i e e t i m i g  a

1(
2 

fo r  s i z i n g  ic-un c - ; n c -s . and ccii i mn v i c - n t. h i p  c’y c i ~ sr -a ll  of N ic - -r i c c - dc - -c -  b c - u s c -I 00

155

- —

p - -



c n n g - ’ -r h o u n m m d  p c n - ’ - - : n - t cr  r ; c t c - -  c e t i .mnct - - , a 1i ~~~~
a

~~
- i- c -n ec -c - l edge of t i c - ’ ’  p l an t , c - I c - . ,

t P - alec r i L Iccc - c ic - c -

l. F ( c c - )  - - P 1 (V—I . . C)
1 cc

2 .  P r o i n : n : - , c - t c r -  F ( j )  , ~-i , 2 , “ , P1 - i  u c - ’i n c-g ( v — l 3 . B )

3. Re cn l  cc - c - n c - c - Ic l c - ( N l1 )  = _T~
i_

~ F~~-± i ) (v— 2 . C)
f (P-fl )

4.  In p c - c - c - ic - a l

C — --—h -
~~~~~ F(~~’~~+l)  f o r  = £‘ N+i.

f (f’ P ii)

(v— 3. c)

L 
{1- :qc- c - c t  i c - n c  (v - -H . P) or ~ i <j < ~~ P + N f i

f ’  = 1 , 2 ,

2. A N , I i ; c c - c I

i c - c - cc- ic - c - c -  (mild :c -~ c - t i m o d , t h e  ‘‘f~- r g e - t t ’  fig - , f~~e-~~e- n -
I~~, or ‘‘A’’ c-c-~c -p r - c - c - c - c - fin, is c-c-

n m c c r - - d r c c t  c - m d n n ’c - t ; m L  Len of t i c - c -  t i c - c - c - - - -  i n c - c - c l  c - c - c - m t  -~P-~ i d c -n t i f  i - c .  The e f l c - c - t

c- s j an ) J c c - r  ( c - ’  c m  c c - f  t i c - c -  we-i p~ c t ed  i c - - c - I s g u c - l r c - s .  Time pc - c - cc - cc - dc - c  I c - -i ’ id en—

t if i c r  1c~m ’I mc -S ;im ’ - c- n c - c t  al. i cc-5c:dI to dr - c-n c - c - c - ac - in tic - c -  s c - m r - a  i c c - d c - c - c ;  c- - as c - c - cc - u i  c i

(ic-c-ic r cc - i t h t Ic - c- t i c- c - --— I n v mx - hau n t  uc r cpro c - c c i m  . T u e  me t h , c c - 1  is  hac -c-ec l on cc- cc - nc - c t

ft i r cc - - t c - i c - c  of r - q ; c - c -’i I c- c-~~ e n - m a i l

l ( k c -  1) = ~ )
1c- 1+~ 

(~~
(i) - v~~( i )  ~~(l l-l) ) (V-4 .C)

w icc rL  ,\ Is a s - ui l . :m r cof lS t  n i t  c -c - ic i ch e : - : i c o c - c - c n i l i ; m l i y  c-c- c- - i : - 1 c - t s t i c - c  dc - it  c - c ,

tl c - .  i c - n ;  L i i ’ . Mat  r ix  lovers  ion  i - - c - c - - c - c- ,

1(k) 
~
- (;) {y ( ic - ) -~~~ (k) ~ ( 1 . ) ]

~ (k) + - ;
~

c- ~~~~~~~ - -

~~~~ (V-5. ( )
A + ‘c- - ( k )  1(k )  y ( l c - )

I iii



i r F ( k )  y ( k )  T
(k) I- (k ) 1

I- (k-fl) = 
~~~ 

1F ( k )  — --— ---;[- - - -—----— -—-—-----—— -— ---- — I (v— 6 .c)
L A + y ( k )  F ( k )~~ (k)  J

O < < A < l

The rr -c i,mr s  ions in (V— 5.  P) ;~ncI (V—6.  C) should  bc-c- commi p ared to (v— i 0 .3) and

( V — 1 3 . i ; ) . Tine se lect ion of A cc - i l l  he g iven  l a t e r , b u t  is c lo s e  to A =

in c - c - i c - i  c - i m  case ( V— 5 . C ) — ( V — 6 . C) b e co nc m e (V— b . B) and (V—l3 .11) . Typ ical

r en ; cu i  t s  show .9 < A < .97 to be best  based on t r a c k i n g  respnm c -scc due to

o u t p u t  eccasur . - - ‘ c - I  noise [1751. Tin -i. e can be sec-n from the  s i m u l a t i o n

rca-- u n ]  to 01- C I c ; c - p I c - c- 7.

3. I’ -ft -c- —-V- - c - r  - i  ng i-Pc-) ght i nc - p Coef i i c ’i e n ts

T i e  t h i rd  cc - c - sd  - c - ic- c -e n-c- t i m - ~ — V  c - r e  ‘ i c c -  c- , v o l  cues cc- f l i ce c . w e )  i c - i c - t i  ng t ic - ic - cc -c -
1

in (V- — i l  . P) amid (V—i 2 . B)  . Th ere  is a dc -s I g n r - r — r e a l i  zat  i cc-ic- p rc c - 1c - I  cnn imc-

se i c c - c -  I i c - u p  L i ne -  c c - c - ic  wc-i ’ , 111 , 1  S c - d c - c e - I l  c- is c - i d - a - c - i c - ce  knoc-c -i edge of t i m e  a are- - 
1

need -d to n c - i - i c - c - I  c , but if c c . we-re ic- n c-c -sn , no i d e -n t  if  ica tion u c c c m l d  be

neede d . Landa u  i nc- ma gg i e t n c -  i c - c - c - in c -p

-e- •1 1

w lcc- r e  
~~~

. ( c - c )  is t i c - c - -  i n i t i al  e s t i mat e  u s i n g  o f f — l i n e  r a l c i m l a t  ion c- s f o r  t i m e

t i e - - - — i i ; v c c - r ! c c - T i t  c-c- . c c - c - n c - c. li p cia log I c -h i s  idea , th ic n  c . are d e f i ned  as

I I

Ti m i s  t e e -h o  i g u -  w ou i  d not  b c-c- c ’x lc c - i - n  c -d to p er fo r n i n  as wel . l c-is t he  ic - [ i c - e r

t i  P - m u - c c -  t h ey  mnic .m n i p u l n t  e t i c - c -  r i - i c c - L i v e  d c - c - t a  I - c - c ’ i l - i c L i o g  as c - c f u n c t i on  i - f

I c - c - c- , b c - c t  n ’ - ~n ; me re ly  c - cd j u c - c t  a mod -e I  occ i lar  c or r e c t i o n  te rm c- in

A i t i c - ’ i c - n ; ’ I c t b - c , ( l-c- ) c - c - I  j u c -- ; t c - - - c - ’ n u t c - ;  a id -  v c - n - y c - d n n - c -y to i l- jc c- ;- n c- c- c’o t , i t is quest i c - c - i —

P -i t ’ u-c - bc - - t i m c n r  i i ’ c c - m c i  ci I c - c c - :c c m’ t Ii t i m e  - i c - l u c - I  e - c i ncp ut  a t - i c - c c - c - cc - i  1 n cj r d ~ - m m

157



- -

4. U s e - i l  i c - c t  i n c - p  ~~ : - d

Ti c - c c -  osc i i  i a t i n c ~ c - i c c - c c - c - c - r e  is a r ee l  c c - n c - c - l i a r  dc - c - i c - c -  c-: .indow n - c - t i c - e d  c f  v an ’ ) ;  L ] c -

l c c - n g t i m .  Time cc c -  . j ; ’ i L r - t i ( c - c - c  ci e f f o r t  c - i u c - - c - - J v c - d  i c - c  p c i - c - ;  en - t i c - c - c - c  - t i c - i t  of t i c

i-c--p c - n c r -  c - d t i a i  c- c - i c - i - c - Ic- c: n c - c - c - L i - c - i  i ’ - : c - - c c - n c o c  d c - n t c - a  o u u t s . n a c -  th e-- c - c - i n f l c - c - c -- b c c - c c - i c - l c - c - r y  i c c -

s ub t r a ct . .;ci o f f .  The coot f c c - c - c - i cr i on  ercp h-y ed in th is case c - u

Ic± I -
J. [y~ (

~~)~~~ l (P .) ( . ) ] 2 
(V-7 .C)

) -  l — ~ (1) +1. d c - —

where  :~(k)  i s  f i r -c - i  (l .L f — i . 0 .1 (-) .3) , and 1(k) in; a var i a bl e  iu c - t c -p c ; r  n - c u r - i c -

that I lc -~ in c - cc - c L -c - .’ cci Sr - c - c - c-~c- Lcr - c- c - i c - c e - i c - c - c - i c - c l  in I Pa c - c - c - - c c - c a y vc - c - r  icc- s c - i  L b  k ic -i c -a. ’ - -

sp c - c ’ i f ) c - d  i c - - c -  ‘c - c - Ps c - c - m d 117 ,  1
2 

> i :
~l 

> 0 ,

1( 1-c-) —‘ ic — ( i u — b ) ( b
2~~~11 + 1.) n~~ 1, 2 , ( V — 8 . C )

‘l’lcr oc cci .! i. at l c i p  c - c - e c :cc -’ry i c - c  c - c - c c - c - o c - p . Ii c- i c - c - c - P ccc - in g  th e -c- f c - c - l. l cc-c- np  a lgor i t l c -ms

1.. 1 c c - c - c - p . c - t o  ~~(k+).), I ( l i i )  f o r  .i 1, 2 , using

(I].I--1 0i.(a).B)—- (J].:f--]1i.B)

2. AL L = ( I c - P
2

)T , u n - c - l i m p  i n i tia l  c r - c c - c - i  it i o - i s  I- ’ - ( j )  = l- ’(k-l -1
2

)

(c - c - -c -I c - UI ~
,

~~~~(j +].)  =~~~~~
(j )  - ~( j )  e ( l ) / d ( j )  (V- 9 .C)

F (  i - - f I) (1 -g~~(j) y (I ; --1’ - ) / ( d ~~~j )  J 1 ( j )  (V- iO.C)

g (j )  F ” ( j )  y ( 1 . --1 : )  (V - lb . C)

d ( j ) 1 -y ’ ç -11)g ’ ( j )  (\T _ l 2 . c )

e~~( j )  Y~c- ’~ 
T (1 11) ( j )

+ 

~ 

c . i . . (b — i  -1-i) (v-Lu . C)

for M c--- N , — -- l. 2 , • . .
, H

r c - .



3. Red ef  inc 1: k+N
2 , 11(k) = I (k~ — N J),  4~(k) ~~(N ~ —N

1
) c- c -nd cr - c - c - n c - p c -. 1 - c -  -

~-(k+i), F(k+i)  for  : i = l , 2 ,

4 .  Co to S tep  1 /2 .

Eq u c -m t i o n s  (111—101 (a) . B) — ( 1. ] I—il l . . B) re~- rc - sent  t i c - c - -  u sual  case of equal

d a t cm c-~’-. -i gim t i n g  (‘‘ c d d i c - i g  c - c - cc r c - c - c - r y’’ ) as inc Lim e t i me— , i c - c - ’-. or  .i c- c- c-nt C c - c - c. . liq u a t i c -n  - —c-

( V — 9 . C ) — ( V — l 3 . C )  r epresen t  L i e - u  r .c-c-r -c-oc:y sic-cd recurs ion so t ha t  in a cyc l e

of pc’r .i c - c - d (N~~— N J ) T , onl y t i c - e -  last  (N
2 

— ll
~~~

) p ieces of da t - c - c -  a r c - -  carr ied

fec - a-c - c - c - rd to  a nec-c - ic -c -t cc -rval, w i  tic - the o t i m e r  terms I c - c u I n g  t he i r  fc c - nc - c - c -  r ( c c - p c - c -  . )

weigh ting ciiminc-ctcc-d (T is the sac-c-plc ~c - c -. c-c- i cc - c l )

5. Other  ‘ 1 1 c c - c — V a r ying Ap l c - r c - c - c - ci -c-es

Ot hcn r possible approaches  include r e c t a n g u l a r  windowing [99 , ch.  7 ] ,

a fo rm of l inc - i t e d  nc-emory f i l t e r i n g  [173],  c- c -c -tended Kal.man 1’ .i l t e r i m ’c-g [1 7 c c - I ,

t ime— in c - c - r ian t—l~c - — c - n I - e r v a i — t i n c - c - - c - - v o r yinp—h c- twe en— . i n n I - c rv c-c- 1s [ 1 7 7] ,  a hun t in c - p

res p c - c -n c r- [178],  and op t ima l  camc -c - :c~ im ing [1.97].  All are e x t e n s i o n s  of

on c - i  rc- .c - i lv t i i c -c - - i c - c -vari c -c -mm t cc-c-sc -s . Time sic-arcity of definitive c- -: c - c r l c - in

t i rc c-~- — v c - n r y iuc- g ldc nmc - t i . f i  ca t ion can he seen f rom t h e  f,ac- t t ic -a t  th e-n De e - cc - c - c -Pe r  197

Specia l. i cc - nc - c - u e of thc c- TEEf.  Traic- sc -m ct i on s  0cc- Aut c - c - n c - c - c -t I c  Co c -c -t ro l  on Sy ste mic -  I clc - fl—

t l f i c c - i t i m u i c  [180] had no p ar -u - i s  on tic-ic--varying work.

0 . tp -~‘I n t l  of T iu ne-Vnr \ ’in ,~J~~ m c - t i  f [e r s

Si r u n l a t i o n  c - c - n - c - u i  Is and ana lyses  of I-he t i m e — v c c - r v i n g  i d e n t i f i e r

c -ml go r i  t ic - c - c - cc- s’ill ic - i ’ p i c - ’ c - mc - in (h r - c r - Li-n 7. In g c r m c - u r c - u l  i t w i l l  i c - c c -  Si- c ’fl t h a t

u uc — ; i ng t i u I : ; - — i m i e . c - c - i r c m n t  i c - l c n t i f .i c - rs fo r  t i u c - c - c - c - — - v a r v i n c - l ’, p 1 c c - i t ’ s t ends  t o  y i e l d

C O I i s t , c - i c t  P , m r a r c - c - t . c r cO-d t l f l I c - l t ( c - i  c- is k ‘ c-~~ c - i c -  i c - i c  c- c rc m e -n i l e - c t .  Tinis  is cc - s c - c - en—

I i c - m i l e  dciii t — c -  t i e  - q i m c - i l  w u i c - c - l c t. ic - mg p iv c - -mm a ll d a t a .  As wi l l  be- n c - l i ar - nc -, i t

c-i s  cc - c c - c r - n t  ic - c l somc - f o r m  of ‘‘ c - i  i c l i.m c - g rc a- c - c - c - d r y’’ be (- Pc -I c - i (c-\ P f o r  e f l u e - t i v e

I i cc -c- ’ — c ’ c - c m - y i u c g  p l c - c - c - c t  p : mn ’ nmeU- r  ‘ j d c ’ n t i l i e - c - c t  i n c - n .
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(~i i I c - t I  i - i l  (c- . 1) 151( 11  P R O C L I )  P l c -  P FOR

P I I A L T I C A L  N c - I c - c - P  1 1 - ! i ’ L i P - I l : ; I n  A l  I

N e - c -- ’ t I m a t  t i m e  var  c-cu e a l por  L t h n c - c c - c -  c - m d  e om c - c c - e pIc -s fo r  e ;mch of t i c - c c - c c - - -

— c-i n y c - c - c- i c - nnL , t I - -  c —v c-iry im p  and cc-on 1. i.mc -ea r c-id e-m it I f i ca t i o n  i c - c - c - c - c -c been (1 -i l  o c c - c - - c c - t e d,

soc- c- c of t i m e  t i c - e - o r e t  I c - c - c -  L p r - c - i c - i c c - c - c - c c -  of pr c - m c r  i c - c - c - i. 1 rm t cnre nc - t f rom tic - c des I p c - c -

amid i - c c - -p c -  c - c - c - - c - i c - I c - I  i on  v i e - c - -p a m i t  w i l l .  I c -c addr c r c - se d  . These top ic- s w i l l  ic c - c l  rude

a) r d c - 1 c - v e n p - n i r c ’  r a t e - , h )  cc - f f e - c t  ( c - f i n c - p u t  f r c - q u c ’n c y  n e - i c - c c - c - - c - c - c - c -  cc-i ConV Cr ;c - n c - cc - o

Ic - m t  c , c) n-c I c - c t  - — v c - m r i r l c -  c-~ f i l t e r  c - c - cc -  i i - c - t i o n , ci) . i c I c - c - u c - t  i f]  or clc ’si gn p a r c - a r - c - t i - i

n c - c c l c c - c t i c - c - , cc - ) e f f c - c - - t s  c d i  n o i r e  ci m:m t r a ck ing  a cc ur a c y ,  f )  ec -c -c -n i ;icta t ic c- c- ial c c - c - c - c - -

S_ i d c - - i c - c t -  i o n i c -  , c-c - i d I’ ,) model o rder  P - I  c r c - c - c - i c - i c - c - t i c - c - i c - .  Each of the fo i  I o n - c - l o g

s c - c - I  inc -c-s I sic-i ij des r c- c - -c - i c i  t i c -  and s i c - P c - c - i l-i c- c -c - o s c-a c - c - - Ic - to da te  in those  c - c rc - c - c -’ .

/c - . C c - c - i c -  c - c -  r ’- Pc -c-

For cc -o l iv e - rpc -ic - ce- n .c -m L i ’  c - c - c - c - c - I  ic - - c I s cc - f I IP c -c I - i—- t vi c - c - c -  idet-iti  fie r s  , a c - c - c - c - c - c - I c - n m —  of

- - I m ac i s i c - c - c - c c -c- - i c - - c - i c  dc-v ol oped . T lc - c.c- pc -  c - P c - i c c - n c - c -  i n - c -  cor cc -pourc dccl c-I_ ic - t i c - c  p c - c c - c - O n --cc of

ni c cc - c - m s ci  r e - nc - c  c-c- a c - c - c - I / o r  -i cc - pc - mt  n o i r e - .  Cle r i c -  in  Table \ c - i— l  i s  a l i s t i n g  c - cf

ava i . l_ c -c -h l.cn NP ‘Ii c - c - i c c - i t  I f  I c r  c c - c - c v c - i I -  ne -cc - r a t e  rc - c- I. l ic -d o i  og les , a f c - -c- - .’ of u- c - I c - ia  I c-

c- - il l  mi o c - -y be d i scussed,  The usc ’ of such concep t s  fo r  a p r i o r i  -c’ - ’ - . . - c--c -ill

be et i c - - S c - d c - i . A i t h c c - u p ii c - c - ci t of P i c - c -- c t  i n t e u - c -  st here , a r c c c - n n c - I . p aper  hr

i j m m c - cg [1.8 -n I pr . c - c r - c c - i. s a convergence r a t e  a r - p r oc - m e - I c -  fo r  a class of d i n - c - r ot e ,

n c - c c - c — P c - l A P  L i n ’n I  if i c - c - r n ;  c-c - li i cc - i c pnov i c - I c - c - c -  c-c d e tcr n i i c c - i s t i c  me -inc - s of c - inc - c -i y c--c- i c - c c- some

St o c - l c,m n ;t i i  ‘ i c i c - c - u , i . l I’i c - ’ r nc- .

I . . Ia i c - c - c -  - n

Thi s , c - i c - 1 c - i- c - c -mc - c im c c - c - l c - J. oy n; t i c - c - -  e e c - c r e p t  of b c c - i m m i d u i i p  t ic - cc-  t ic- c-ll n4i c ’ u c - t  r r ’ c - c l c - c c - c -n c -e

( i f  t . I c - c - -  ic-o m i 1 i c - c c - i l  I,dc’mc - t I ( P c - i  c - q ’ c - c - c -  I ic c - c - ic c - i cy  cm 1 i c - c - c - c c - c  C ’qU i  c - n  l, i ’ m c -  t . One - - ic - n c - - c - i t ic - c - i t ’

- - n c -  c c - c- v c - , I  i v c - - - : c i c - c - c - c i c - ’c- m n ’ i c - c l  r i c - n v c - m ; - c  nc - c’ r a t e  - n v c ’iop e  i c - c  c - s t ab i i s i i cd . Ic - c - c i n c - p

1. (0
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Table VI— l

No. h-icc - t i c - oP Y e - c - mr  A ppr nc - c -  c -cc - I c

1 Kalu c-cau c- [182] 1960 V/ V l) ou cmc -d

2 C racipe [48]  1972 Hypcc - rp l . ; cuc - c Tn t  n c - s e c t i o n

3 Van de Lim -c-ci cc- [105] 1972 M a t r i x  Inversion

4 P e r e j r m i c - c -  [183] 197/ + Fun ct i . ccn cc i R e l a t i o n s h i p

5 M o in a r  [ ‘l . ?3)  1975 Compare V and V m c - c g c - c - i t c i d c - - c c -
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I~y~ punov V and V j une -I  ,~,flfl 5, tim e rae-c-’ -- V/ V  can bc emp loyed n c- c-

{~i(x , t;1
V(x , t )  = 

~y~~
-
~j 

V ( a , t )  (VI—1 . /c-)

1 , in a region abo r mt t ic - c orig in (a 0) i t  can be c - s t c c b l i s i c - c d  t hat

V ( x , t)
— k ( V I — 2 . A i

\T (x , t )  —

I; > 0 C Oc - c - c - 3 t Oc - i t, then

— k ( t — t  )
\ c - ( x , t )  < V ( x ( t ) , t ) e  ° (V i-3. A)

Tic-c ’ d i f f i c u l t y  inc u s ing  thin; approach c-is

a) c ’ n c - t ’ c - c -h l i s h in g  s incp lc 7 C c - c u e - l i o n s  i n s u r i n g  glo lc -al
st c - ab i i i  ty  of t h e -  c - i c I c c - c - t i f i cc -r

b) t ime  I c --icc -i ac-cc ! e r ror  “ p c - c - n - c - c -s ing ” cc-pr -roach n c - p c - c -  I r e -nd
In d e t crc - c - -  i c c - c c -  V amid V t h m c - c -tc- c - c - icc - of such a c ic - a r cc c tc r
t h a t  the-  i- e - c- u i l t uc -g V/ V  r a t  c-i c, .I c-c- s i c - c - c - I c - i  e c c - i c -- c c - p l c  f o r
for  a p - c - ’ c - - : - - ’ d c - c - c - i c - c - c - i c r  in t erprc l c - c - c - t i o r m  to c o n t r o l
tic -c c - c c o n s t c i m m t  ‘‘ Ic - ’’ by se l ect i n g  ci ca-i .i pc c p arau: etors

c) not all i den t i f i e r s  m c -e c€ c - s s a r l ly  cc- m c - bes t  he depic ted
P e x p on e n t i a l  h oc -Inc - c -c l

d)  the  f a c t  ic - ic - c - i t  V and V ic-. q c c i r ( c - i ’ c - c - - n t s  alone do not
insure  p i c - I c - c - c l  s t a b i l i t y  of aI .l i d e n t i f i e r  m e t h ods
dc - c - c - -  to f r e q u e u i c v  n e - I c - c c - u s c - c -  d em c - c - nc - 1c -~ on the Input  [104 1

c) the  l im n i  Ic-c -i ut ] , l  i t - c-’ c - c - b c - a c -- c - c c - to da te  in the cont ro l,  case ,
cc - ic - c - c - -c - - c ’  r-c - c - c - rc c ’ c - - : rc - c’r i c cm cc  is availalc- :te tic -an t ime i d cmc -t i f i c r
( ‘c-c - c--c- c-- .
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2, Graupe

Aithoug ic- th is  app no ac c - ic  is no t  d i r ec t ly  amenable to MRAS , the concepts ,

approach , and methodology are closely related to some of tic-c discrete MRA S

i d e n t i f i e r s, i nc lud ing  [70 , 1. 1.3 , 114 , 116]. Due to t ime l i m i t a t i o n s , a com-

p le te  ana lys i s  could not be e f f e c t e d , but the fol lowing is  presented to

“round out ” tic - cc - conve rgence s tudy  ,‘cnd provide a basic methodology  fo r

MRAS appl icat ions on coc-ivergence r a t e  control  th rough a p ri.cri design.

Consider tic -cc - d i sc re t e  time sys tem

x . 8
T 

u . ( V I — 4 . A)
3 —J

c-c- i c - cr c

T T -g = 
~~~ 

g2 ~N ’ , u , [u . 1  u1_2 
•
~~~~
‘ U

J N
] (VI 5.A)

and u~~, x~ cc - nrc - c - the i n p u t  and ou tpu t , g .  is the impulse nespomise at t ic-c-c-c -n

i. Ti m e t e c - c - ’ c - n - i  g .  are  i d e n t i f i e d  by a model

h~ ~~. (VI-6 .A)
3 —J —3

where
AT ‘-. (- \  A ( ’ \

ii . [h ’3’ h ’3’ ... h ’~~’] (V I—7 .A)
1 2 N

and x . is tic -c mode l  o u t p u t .  Using [48 , p. 136]

A A A
= Ic- . + Lj ic - . ( V I — 8 . A)

—j +i. ~~

A A —

Ah . (x . — x .)  —~~~~~-— j =l,2 ,~ ~ • (VI—9.A)

g .  c- c - c - c - c - Y be d i i  c- - c - n c - c i c - c - cd .

C c - c c - i v c’c - r~- c-. - c c ’ - ’ i c- -c dete r nc -c - i c - c - e d  h o c - cc - c - i I c - c - d c - c - el c-Ic i m c r e r p r c n l c c - I  i c c - n .  Def c - [c c - e the

N — i  c_I i c - ’ c - - n c - c i o m c c - m i i m ’ ’ p e r p ln i c - cn  P~~~1 
‘J~ii i\ c - I i c - c - c - c -- i c - c - c - i c c - cc - u i par c- c - cc-c-ne t d l ’  S ’, i c - I e - e , Su e - i c

ti c - , c - t  P 1 i n ; n c - d i r - n i l  to it
. 1

. F r o mc - c -  ( V 1 — 4 .  -\)
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~j-1 
p = x~~ 1 (VI-10. A)

u s i n g  (~‘l—9 .A)

T A A A

u~ A im . = u . (h . — h . ) (x . — x . ) ( V I— l l . A)—j —l —j — l —j —1 . —J —j—l j — l j — 1,

so

T
ci . Ic- , = x . (V1 12 .A)—j — l  ---j J~~1

A A
and t i m e -  points  g ac -cd ii , are  on P . . Al so g and h . ,  are on P • .— —J j—1 — jil 3

Eqi nc - it be - c - i (VI—9.A) sic-nc-c-s I I A J c-~ and < (
~~~— J i ~~~~~~

)
~~ AIiJ > = 0. D e f i n i ng

e . = g — (Vl-i .3. A)-3 - - 3

and ~~ as t ime ac -c -gle between cc , and cc- , . From ( V l — i 4 . A )
3 ~i —j

e . -- Ai , (Vl - 1~~.A)
—j

I_l~~~ I 
= sin2 

~~~, 
= 1 — cos

2 
~ (Vl 16. A~

I Ie . 1 1
2 3

—J

~~j+l 1 1
2 

= i 1.
~~~~~~~~ l

[ 1
2 

r=~ +l 
(1-cos

2
V )  ( V T- i 7 . -P)

S in c - c - c -  cos~Y < 1 ~ ~~~~ then (VI .—1 7 .A) sic-ows

cc . -
~~ 0 cc-cs j ~~m ( V I — 1 P - .A)

More u n c -p o r t ;m  c - m t  , it C c - c - i c -  bc shown [/ , ic - , p • 1. 381 tic - c - it the s c - c c - c - c- t c - p c -  pr o c- c - f

holds fc c - r an c - c - i r e - i  a d j u s t c - c - b i i- vers .ion of (VT — ~s .A)

A I_ i .

ii , ii , ± ct (x . — 
~~~~. ) —

~~~~
-—-- ( v I — 1 9 . A)

~~i +1 J 1 1- - - —ci . cm ,- _ i

f or 0 < cc < 2.  Tin e q ues t i o n  now c - c - r i  i c - c - _ s  c - i - c -  to i c o n S ’ I c c  p rovi dc - t u e  des I

a ra t  I c - s c - c - c -  I c  fo r  S c -  I c - - c- - t ing  ~ t o opt icc - i t z’ (nc-c-lxirnize’ ) tlic -n i c - i  n- c- c - c - i c - -- Ic - c r  i de-nt  i l i e - i
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cc - in c - c -c - c  rp ’mc - c c r a t e .

Consider  t i n e  mn c o d i f i e d  p roccss

x. = u~ g + n • ( V I — 2 0 . A )
3 T) 3

c - i  t ic  F ic - .)  = U c- nc - c - c l E {n . ) < °, where ~~~ f } represc-nts  cxpcc t cc t i on . Us ing

(VI—1 9.A) , j ec -rc - c - c - .e t e r e s t i m a t e- s  fo r  g icc- ( v I — 2 0 , A )  inc-ny be o b ta i n e d . Th e -ui

e .÷l 
= I ‘~~~j+1~~~~~~ ’ 

2 
(VI-21 .A)

and f r c c- cn ( V I — 19 . A )
T

~~ a u ~~~u~~

) 
H u l l 2 (v i -22 .A)

Ti c- ccc-

E {e~~~~} E~~~
J(T 

~~~~~~~~~~ 
E
~

e

~~})/ 2I

+ ~f—___~ (vI -23 .A)

LII~1 II J

Deli cc i c - c - c - -  the c - c - cc - c - c - n c--c-

T
a u .  U ,

= 1 — (V I— 24 . A)

II u . 1 1 2
—3

not  i c c - c - c -  t ha t  c ii = I In 11 2

_
_1 ‘-3 -‘

~J

t i c - c c -u T

= I -a (2 -a) ~~~~ (VI-?~~.A)
I Iii , If

if in , c - m ’~~- .i~ c - d c - -~ nc - - c - c -  1011 1 and p c - c - d c - c - c -- d c-i t i c - c -- c-c c-i nc - n e s t o c ha st i c  d i s t c r i h u t i o m c - , tic -cc-c-
c-i ,

[u 

~~ 

i N 1 
(VI-2(c. A)

1 c-c - c-

_____ ______ _____ ———_ —— ——~~~~~~ — ——  ~~~~~~~~~ -- -  —~~~~~~
. -—~~~~~~

——
~~~ 

-



[i 
( c - (~~

_
~~~

)
1 E {e i ± 2 

i-: f nc ~:
2
} (VT-27. ,- )

mi ~ = —---i— (\ ‘I— 2 8 .  A)
t I ~~f I

lirn E~ c-~~ } 
2 - c c > 0 ( VI -2 P . -’,)

i c - c - r low t n c c - c l c - i m c -g e r ror ,

0 < cc - < 1. (VI ’ 3 0 .c -’c)

D c-c-c f i n n - -

= = (1. 
. .TP~~~

)+ 

2~~~nc- *~~
) 

(\-‘ i -3l . /c-) -

1 ic - c . - ‘ c - c- ‘ t ~ cc~ tc -’c- c- i c c -  i c - c - c - i z e  y n ;rIis fi c ’s
J

(I ( V T — 3 2 . A )
c-ic -c- ic

y t e l  c - c - i c c - ’- ,

= ~~~~~~~~~~~~~~~~~~~~~~~~~ (V l — 3 3 . A )
2E {e , } + N E (n ” I

Since ~ r - 1 . c - c - c -~ - c - c d i r e ct l y  to c c c - c - m v e n g e n c c c -  r c - c t e , t i c -c ’ I c - c c - s I  a* is frouc -i (\ c - i 33~~~)

c- ic i c - l i  c - c - t o  t i n -  a < I ic - n i t  no c - c - o c- c , since  i c -~~) is ~ i c - c -c - e - n - c -.c-- c - c - a p r io r i  . The-

d~~c i c c - c -  I re - - I - — c c -  - 1 i n-c :

i) a < 1 h u t  d c - c -c - c - c  to I f c c - i  r ap id c o m e - c- - c - -  c - c - I c - c - C c’

ii ) 0 < a < < 1 s a c - i l l  i c c - c l - i n c - c - c -  c e - n c r

‘1 . V c m n c - ic -- 1 , 1 c - c - c - i c - -  [105]

‘J i m  i c - c -  ‘ c - c - -  t hod c - n  c - c - c - S c- - - I r c - i n c - c -  cc- is c - i cc ]  1.s t a c - - i c i c - i  c - c c-c c~ t of c-c - i c - -c - l c -c - c - c -  I c

e q u m c l t c - i c - u c s  c - c - l u b e - I n  c - c - c - i c -  Pc - -  s c - c - i - c -c- - c - f , c- c - - i  sic- nc - c-c - mi i c - c -  Eq s .  ( l l 1 ’ — - ) i l . B ) — ( I I 1 — 2 5 . B ) ,

1.66



for  i i .  T u e  c - c - c - n r c - P e r  of ic-ul is needed  i n ;  (n+l) i f  a ci ic-plc c - m r npmmt is em-

p loyed .  A f t e r  in v e r s i o n , t ine  V — L y c - m p u m i o v  f u n c t i o n  cc-mp loycc i is rc ’dt c -c cnd

to  10 or s c - c c - c c - i  icr , e f f e c t i v e l y  tic -c u c r i g in .  Observa t ion  t i c - c -os  vary

f r ec- 5— lU cc-- c - s t  c-c-’c t ime  c c - i c - c - s c- - c - c - n i t  s , - c - c - c - c - c c - i dc - c - m u l . y I c - i - c -  tc- r t i c - c - c c - c  o t l c - c -2 r s  [1 l~

4. P e r c - - i r c -’is

lbs ing t i m e -  Kc. c -dva and Nc - i rendra [108] n c-et l’mod s  as an exn r .c -plu , COflVC:i

genre r a t e  can be a f f e c t e d  (see Cimc - c -p te r  3 ) .  Given the SISO p lacc - tc-

( T l I — 4 8 . B ) — ( i i I — 4 9 . B )  , t i c - c - ’  a dap t ive  observer  ( I 1 1 I — 5 1. B ) — ( I l  r — 5 6 . B )  cc - c - n c -

be s c - c - c -c - c -’ cc - c - c - ni. zccI lie-re

e = Ke + d(c c
T

v + ~T ) (VI- 34. A)

ui’cc n r c - -  (K , d) n - ;c c - t i s f i c s  tic - cc - ~9(Y Lenum a (see Chap te r  2) and are desi gner

sc_c - i c _ n e - I c - n d, c-inc h c-ct , ~ arc -n t he  p a ra m ne tc - ’ r  e r ro r  vcc-ctors ( 111—54.8) , and

a = —F cc- 1 
v

- 

(VI-3 5 .A )
- -A q

D c f i m c - i n g

V( s)  = g ( s)  Y ( s)  Q(s )  = g ( s )  U(s )  (VI — 3 c c -.A)

w i m r ’re

liii p ( s) / s  = 0 ( V I — 3 7 . A )
S d - -c

To c-ncc-a1y-~’n tic -c n - c y s t  c - -c - c - cormver c-’ c - c c - n c c - -c- - pr op ec--V ‘ics  , consic l c- - r I c - c - C  3n c - c - rn- cc - c -

vcn c tc - c-i-

a ~~) ( V 1 — 3 N .A)

i n ~c - c - i c - c -  c - i c -  b e - I c  - I t  I c c - I I cods I 1 c c - c t

A 1 c-’ ( y ] —  i c - c - c-\ )
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- 

T T
~~d v  d q

K
A
1 

— — (V I— 4 0 . A )
-F v ‘ 0

0
— h O  

—

if u is p e r i o d i c  in T , then

C [ ( k +i ) T ]  C ~~(kT) ( v I — 4 1 . A)

c-c-icc-re C i c - c - tic -c transc-i tc-ion cciatri.x found by i c - i Ic - c - c - c r~c t ing

C (t )  = A 1( t )  C ( t ) ,  C(o)  I (VI—42 .A)

over the  i c - c - t e r v c - c -I 0 < t < T.

Dcf in ’c ’i nc c - - a cost f u n c t i o n a l

t

3 f (1 + t) 
~ 

~
c . . (0 ~cit (v1-43.A)

0 i= .i j = l  ~

c-c- i c c - - i c - c -  ra n -I’ ~~, a o r c - ! - c  of obsc-rc-’er Tic- = n c ’ c - c - c - i c - c -’r of unl-c -no c-ic -c- p n r c - r  , c t e r s , c-~c-~c- i

c . , is t i c - n -  re - c - p o c - c - sc -  c - c -  I C ( r )  due In (o) [0 ... 0 1 0 • • ~~ 0]
13 -

~ j t l c -  row

Au op t  inc - c - z c - - t  i c - c - i c - of A , F fi-onm J tic -c-n  y ields t i n e  “best ” anc-swer . Ac-c- ec -c-~ cc - p lo

is g ivcn c - i c - c - [183] . Tic-c p r a c t i c a l  v c -n iu e  of c-c - c -ne -hi an approach is t c - i c - a t . c-c-cnsc - i—

t i c - - i ty  Ic-n b i t  i n c - i  con -cd i t i c - c - n c - - c -  is c - c - i n- c- i c - c - i  -zeci . In i c -r c - c ctc - i c - c-, b i cwc c-c-v cc-c- - , minin c-c i za—

iou of 3 cc - i th rcc- n - c ; c - c c- - i  to  A . F i n -  u n c - c - i e l c iy .

5. N c - l o a m

Fi- cc- - the c - m d: i p t i c ’ c -  observ er 
~

. , v e in  in ( i  -i 1—150. B ) —  ( 111—156. B ) ,  Noln c-c-r

[.123] sucp c-c-c sts co l ic - I d er c - i cc-p the  Lc ’ i : c - - - ;  in t i c - c - -  Lyc cpuno v V f un c t i o n .  A V

I c - i c - c - c - c -  inc-c i c- d e f i n e d  as

V r ’  1 
e 2

~~ 
n (cc - ) ’  

~~~
( l c

c-~~~~~)
2 

I

’

2 ,n - 2 
- 

c - c - , (vI-44 .A )



where the  y , ,  ó . a re  d e - sc - i . gum c - r— sc lec t e d  p ar am e ter s .  for the nonstationary

case ( , c - , # O , b .~~~O ) ,  V is

n (a 
~~~~~~~~~~~~~~~ 

(b —b .)h .
V = X e~ + 

~~~~~~~~~~~~~~~ 
+ c-i

+ e [_ 3 T 
cc- ccp(ü)c’c-v (O) +b

T e x p ( L t) A w ( O ) ]  (Vl — 45 .A )

cc -h ere f v (0 )  c -c - (O) - ~ (O) and Av (O)  v ( O )  - v ( O ) .  E q u a t i o n  (V I— 45. A) indicates

t ic -a t  cc - cc- n- i in cun c- (X , A ,y)  cc -re  n c_ c ed e -cl fo r  f a s t  p arameter  covergence r a t e , based

on the en - c - c - c c - -pt of the more nega t ive  V tic -c be t t e r . But since t ine  f requency

n e- ic -n e ss  requ ic-c-en c - c c c - it c-is not consc-Lder cd in tic-is case , thin ; does not neces-

sari ly so lve  the  c - c - c -’ o ’ ’ I  c-c - c - c - , s ic-ice the  (~k , h , -y ) can onl y a f f e c t  response r a te- s

up to th e-n l i m i t  of cc-x e- it c- at ion of the various  p lant modes by t u e  input .

6. LECE Appro -c-clc -

The l T n c - c - a r i z c d  error c har a c t e r ist i c  e q u a t i o n  (LE CE ) approach ic-as its

c - c - cot  c-c- in ti c -c a d a p t i v e  ( - o c - c -~c-r cc- l problem.  Esse ic-t i a l ly ,  it is a t e c h n i que  for

obta , cc -~ i c c - c - c  an cpp i s-c - x i c - c - c -a t -c c h a r a c t e r i s t i c  eqnma t ion  of t i m e  error dynamics .

U n f o r t c m n r n t c i y , tic - cc -  LECE approach  has be-c - c - c - c - sic-own to Ic-ave great  u t i l i t y  fo r

c c - J ’)’cc-J c i c - c -’ c - v c - - Y - c - e c -c -ce i d le  de t c c -r n c - i c - c - a t ion, hu t  o n l y  l imi ted  va lue  fo r  1n -c-ra”c -cte -c- ’c-

c o n v e r i - c c - c - c -- c - -  r a t e  p r e d i c t i o n .  Both  d i s c r et e  [185] amid coc - c - t in c n c’ c cn s— t in c - e

ident if ic r c c - n - c -  c - - c - cc - c -  [186] ic-ave been anal yze d  cc - i  t h  u s e f u l  desi gn mcml es

avcm i i  c - c - c -  c f i c - c - c c c- ne - I c - .

A- ’ ac- n c -c - c - ac - n p] cc- c - - i ’ ti c - c ’ T,EC1- nncc - t ic - oc l  c-m icpi ic-cl to an -i a d c - c - p t i v e  i d e m it i f i e r ,

c c - c -n c--c- I c - i c --c - t i c - c - c -  c-’ c - c - S i c -  g ivc- ic -by Co Ib u r i c -  in I i c - c - 6 ]  • Tic-is i s  f o r  an ec - ct c -’ ic - d c- d idcrc l:i—

I’ c- m’ 1 c - i c - c - c i c - c -  - ‘ c-c3 c c - c - c  t i c - u -  1~~c1er s c - c - nc - J Nc-nrc -c-cc -c-dna cc - c - c t l i c - ’n cl [107]

11 c c - ’ i ,, i - C i - l  i c - c I I c~c n I ’ c i c - v c - -  l u - p c - - c - i  f o r  a c- s -r i  c c - c - i  c c -rder  c c - c - n c  and th e-  g c - c - ic - c m a l

c - c -  c- c- c-ce-d c - c- c - u n i t  c c - i l  Ic orcc -’ i n c - n c - c - p  ~c - t  ‘ m t -c - h . E c - - c c u l t s  arc t i c - c c - -u - i  c c p p l  I c - c l  t ic -  a m on—

t r v i  c - i l  tc- m i  i’d nick- r c- -ccclii i) ! c- I c - c - u - nc - i c r  to i i i  us I n c - c -  t c - ’  t he  c - i - — ic - ic - i  p c - c - -. - of pc -c - s c - c -  i i n Ic -

H-— - 

G9



ics 1c - c- c - n c - c -c- P r c - t c - -  o i c -  converg e-n c - -c- - - cc - f t i c - c - -  i c - c - c - c - c - c t’ i ,I Lc c - cc l c - c - .c - i c - c c-c - . N c - I c c - i c - c -c- and

cq m nc - c t i c - c - c s for I n c - cc c c - c - c - -ic -1 c- ocl c - c - u s  give-n i c - c -  ( I i i — / c l . c - i ) - ’ ( i  L L — 4 6 . l c - )  , c - c - c - -c -c c-c- p t  tic-cc-

idc c - c c - t if ,i , c r gains i c - c - vc - p r o  c - c - - i - i icc - cc - al p 1cc - s  d c - c - r ival  i c - c -c -  I c - - c - c - c -c- n- c c - d c - P - c - I  (see [ 1 I c - J ) .

P c - - i n c - p  cc — x acid cc- tic - c crc-cm fc c - n - i cc - L I~07] , c - In c  scaic-cr e r ror  s t a t e  c- p c - i c - c - t i n - n

fo r  c- i c - c - c - c -- c- -n - c ’s

-l= 
~~i°i + x 1~ 1 

-f 
c-~~~ ~(n - c - i - ! c) - ;-c - .

1

+ u ~j +}I~~~ ~c- ( s ! — A ) ~~~ u ( 5~~ V

+ U ex p [ A f ]  o (t) ( V i— f c - f~. A)

e1 ~i c - c - c - c -n - c - dc - c - U~ (c-f a i c c -  r n -c - c - n ic - cc - c - - c - P er of c - c - i  c - c ’- c - - — ’c-- c - c r y i ng ccl  c c - c - c - c d — l o o p  f c e c i b c - c - c - - i - c  i c - c c-c-c-c-s

wh i , c hc - c - c - c - c - c  c-ceci l i c - c - c -c- c c - c -- funct i c - c - c - - c -  c - c - i, ic-he p I c - c - c - c t  s t a t e  and input u , as c-c-cc -i 1

a n; a n c - c c - c c - i c - c - cr of a c - c - c - c - c - n - c - t a b l e  d i - .’ . i grc pc -c - i -cc - c - cc - c t, er~~. Ic - c - c -  wi tic prc c - v. ic c -u s ad cc ic - c., c-c- c -ic -, c - i

c- 1 ] c - c - c - c C c - c - c - c - li c -’ -S , it  i c -  d c c -  i rec -.I i n  use t ic c -  1, I c - c c -  ‘ c n n- cc - i cc-- c-cc -n- eq ua t i n - u  t e c h n i c - c - c - c - c - -

to  clc vc - c - - i c c -p a c-i c c-c- c - I c - c - m i  a i c -p roc -c - c - i’u f u c -r  d e b - c - - c - - c - i i c -  i c - np  the n - c - c- c - C t i O n  of t ic -c cc . ,  d .

A . cc- cc - c - - I f  i e -c - ie - - rc t s  c - c - c - c - c - i  hoc--c- t i c - c - c - i c - -  c-c -elect  I c - c - i c -  a f f e c t s  [l i e  c - d c - c - p  t ive  Crc-or

t r c - c - c c -  - - I c - - c c  t r c c-~p oc -  c - c - c - c -.

Ic c -j  Ic - c - c - c c -  [ c c - c - c -  c - i c - c c - i c -  f o r  M c - c - c -c- N c - c - c - i c - c - c - c - n i. c c - c - . [18/ c- ,191], the 1 i c c - c - , c - c j z~~t i c c - n c -

a p p c - ’ o - c - c - i c -  f o r  a seco icd— or der  cc-i c c-c-- will he i c - r e c e n t d f i r c sc tc- cc - ic - c - i r e s u l t s  t li cc - mc-

e x t s c i d c - -d to t i c - c  p c - c - c - c - crc - c l  c a n - c - c .  F i r s t , dc -n f c- [ne t in e  s econd—orde r  p l c - c -n t  as

X
li ~~c - c~ i i  [X~~ i-i ll

- 
= I + c-c - (vl ’ — 4 7  . A)
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-
~J L~~~ 

h 2

c - c - m i d n c - c - nc - c - i c -ms

~ I c - i 

-

-I- + ( v r — 4 8 .A )

“
2 

c - c -  A 5 [~2 
0c 2 
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I
Tic -cc- LECE for 1 , !— l c - c s t  nc- c - t i n c d  p r e s en t e d  in  [ 2 4 1 ]  w i l l  be dr - c - - c - -  i c c - nc-ed , as

bt  wi l l  i c - c - -  shown t i c - c - c t  t i c - c c -  f i r s t  e n - c c - c  of i , t c - , plus tic-c L~ ch c-rs arc-ni ~:c - r c - -c - --c- c1rc-i

i07 1 i ch c - c - i t i f i e r s  c - c - c- c c - c -p c - ce - i  c-il c c - c - s e n  of t i c - c -  nc et l c -o d to bc -- p r e s e c - c - t c -  J . Tine

— a d a p t i v e -  idc -n t i f i e r  pc - m in i s  c - c - re -  cc - i  tic - c - c - f o ru c - c- c -in (111— 46 . 1;)

Thin error c- inc - c -h idcc-m’c- tc -ifi cc -c-t i.omc cc-p c - n a t i ons c c - c - c - c  therm ic - cc - c - wr i t tc c - c - i  f c n i m c t c - i o n -c - 1 l y

c-is

L
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f
1

(e
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l’ ~~ ~
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(vI—49.A)

f
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1
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~~~ ~~~ 

e~~, ~~~~) (VI-50 ./ c -)
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, “c-~ ~~~ 

v
2

) (V1-5 1.A)

= f 4 (e 1 , u , e
1
, e , 

~
,
c-
, ~~) (v 1-52 .A)

= f
5

(e
1 , s

2 , c
1 , s2 ,  

~~~
, s2

) (vI-5c-l ,A)

where f~ — [
5 

c-’ eprc -- cc - c c - c - n time nomil ‘icc - c - n - cr f u ne t  c - s c - c c f o r  c-
~

c-
~ 

, e t c .  N - p c - c - c - c - c - c l  i c - c - p

— f
5 

ic c- T - c - ’,’ i c c - n - ~ c - c - j c - c - c - ;~ a c -hoc - ct  c - c o  c - i n c - a l  c c - i c - c -~ c~~c- i i ng  point (Ic - c - be th-Ic -i c - c - c -,- c - i

c - c - l c n r t iy )  c - c - mid t c - runc r m t c - c - i i c -’ c - c - f t e - r  l, i i c - c -  -~c u I c - c rc - c - c - c - c  c-- i c- i c _ Is
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1)1 o .o . 0
—d s o 

;c-~~_ o c -~ 
5 _d

2
e
1
_ g

2
c
1 
-($~ c--~

dc 1 2 2 2 c - c -s
2

Bf . Bc
- - 2o

2
A~ = -g

2
c - -~ 

- 2o~~~ (VI ,-~ 3 .A)

- o 
= - --

“ 2 1

Tic - c-c- c - c - c c-c - i c - c - c l  ( c q u l ’i i,bc -- i , c - c - i )  c-c- c-- - ( - c -~c-’c - t - i~~~ ~- c - c - c - i~ , d e n o t e d  b y 0 is c - ic -  f i n e d  to

0 0 0 0 0 c- cc c- - c - Cc- - -x
1
=x

1, 
V

2
c-

2 
ui c-n , S2 c- 2 , c-

~1 ~c-
1 

0 , ~~~~~ -c 2 
— 0 , n

1
’c-
1

c- c - n c -c- c-I t- c-is a s c - c - n c - c - c - c - c - c - 3  t h c - c - t  t ic - c  r n - c - c - s t -c - n t  inc - I c - c i t u ic-ac ; l i - -cc - r c - i c - n I, ic-n d fo r  c-c- cc -
ICc - c- c- c-c- u

t i n . , c - c - (so t i c - c - c -  t i c c - c - -  ( c - c r c - v a t’ yes c--c - 1, 1 1 Ic -c zer o ) . It sic - cc - c -mid l c - c- cc -o c-’ n-P ti c - n t tin i c - c -

a c - c - cc -’! y s . i s cacc-uc-oIc- b c - c  c - c t r ict l,y c - c - c - -p c - l i e d  to  tic -c ideci t I f i c a t i o n  prob lem at ic c - c - s i

b c e - a c - c - n c -  ic - c -  ( T I — i c - P .  c- -c - ) —  (V l — 6 3  .,-\) i t  i~s c-c - sn ci c-c- ’ c- -d u is c c c - n s t c c - c - c t  bc-c- i a n c - c e - c c - c - s c - c e - c ---

co ni c - l i t I c -- c - ; for  c-i cl c - c - - c - c - t i, f i cr i t cion un - c - c - s t h a t  u Ic- c - c - c - n s r s s  at  i c c - c - c - s t  mc- c - l i s t  c - n C t  [ c - c -  —

qc-m cc-nnci c - -c - c -  . Ui tic - c c - c - I rcc - c~i -:i n c - c - c -  l ic-e an - sun -n c - p t  ic-nc of cons t a in t  in p u t s , n- - c - c -- -c - c - c-c- ‘Lm c - g f u c - !

rc c -  u l t c - ;  c - r e  c - c - nc - P i c - c -c - S c ; c - h i C .  As long a--n th in  ic- ic-c-ce d c - c -, i v c - c - t i v c  I c c - c -c s  (f
1~ 1,

P] 1  1’~ 
c - ’

~~ ~ 
, c - c - i c . )  a re  inc - m e - i c less ~l c - c - cn the “ c c - t e ac l y — n - t c a t  c c-’ t n - c - c - n  (r

1
x
1

,

c
2
v 2 ,  cl~ c-c , [2 n- n-~ et c . )  tI’c- ecc - t i m e  an a l c - ’c - c -  i s  c--c-ill be n e c - c - c c -  ic - c - c-~f ui .  One c-c-’c - c - n -- t i c -  [ c - c

cc - c - ic - he  c - c - c e - C c - c - c - c - i c - I  c - i c - l i -c-i i c - n  i f  11c c - c - r e c-is a l a c g e  bc - i c - c -s t’ cc - ’ c - cc - on u so t i c - c - i t  ti c - c - c - b i n s

tec ids to sc - c -- c - ic - n p  t ic -c  c-c • c .  van c - c c - i o n  c-m d t ic - c-  a. c. si gnal s are cc-f in - c -- c - eno u c- - I c-

f r c - c - c - c n e o c -- .ics s c - c -  t i c - a t  the t i c - c - c - c -’- d c - - n ’ ’I - c- c - c - c - t iv c ’ s c - c - c - s  sc-c-c-all.

‘[c-c- I c - i  c - c - p  t I c - c - -  I c - c - p l c - c - c c  t r a i i s f o r c - - i s  of  (v — 5 4 . A ) - -  (\- i — 6 3 .A )  ac -c-cl subs t i t c - i t i n c - c -

the - c - - -p rc - -ss i on c - ;  f c c - i - “ (s) , c- c- (s)  , AT
1 

( c - ; )  , Ac-I’2 ( c -~c - )  i c c - to  CuE1 (s) r e s u l t s  i cc -

11cc’ ], fT CF f o r  CuE
1 (c - - c - ) :

17-c -



S AE 1(s) = -A~ AE (:) ÷
~~[ ~~

“
~~ :~~~~~

n- - p
1>~~~ ]

—d c-c — g  u s — G  u s
+ °L’  

1 
—

+ V
2[ 

~~~~~~~~~~~

+ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
AE

1
(s~~ ( VI - ( c - 4 .A)

whose charci c ic-en ist ic  equc-i I c - io c - c -  f o r  fnE
1

(s)  can be pc -c t in tic-c f c c - c - r n

2
(111 

-F K
2
s+E c-1 s )

1 + --- - -—--—----------—-— ------------ = 0 (\ c - T —6 5 A)
s(s + A

1
)

c - i c - c - 2
2 2 2

K
1 

= c
1

c- - c - 1
° + c2

v
2
° + d 1 u° ~

2 2 2 2
K 2 f~ x~

° + f 2
v

2
0 

+ p
1 

U
0 

+ g
2
s
2
° (\/I-66, A)

2 2 2 2
0 0 0 0K3 

= ic c-c- ± p
2
V
2 + Oj U + G

2
S

2

The pic n c ’ral r c - s u i t  f o r  an n t h  order  sv st cnm w it h  0cc -cc - i nput  i c - c -  of tic-c sac - cue

fo rm as ( V I — 6 5 .A ) , except  K
1, K

2 , K
3 

are d e f i n e d  as

2 2 2 2o o 0 0K = c c - c -  ± c v  + c v  + “  + e v1. 1 ]  2 2  3 3  n r c

2 2 2 2
+ d u ° + d s ° + d s ° I - ” + d s °

1 2 2  3 3  n c - i

2 2 2 2
K = I c-c- + f,v, ° + ~~~ + + f V2 1 1  2 2  i 3

+ 81
u° + p

2
5

2 
+ ~c - 3  + “ + g (Vi—67.A)

2 2 2 2
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c-
1n-c-~ ° + p 2

v ,,° + p
3
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° + • ± [ c - V
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N c - c - i c -- t~c- , ,c - t  ( : 1 — ( c - P . c - \) j c - : i c - c -  t i c - c  ge-nc- c -nc -I. Ic - c r c - c -c - 1 +1: T’(n-) 0 I c - c - c -  rcc - o tc -  c - n - c -  c-, s

ana l y:c- i c -c - . i t  c-c- cn n hi se-en t i c - a t  tic -c d c - s i c - c - i c -  pc-in c- c -Tcne t C-r ~c- m n - c - i c - c - i  r d  to inc - p1e—

cc-cc’fl t t c - -  - c - c - P c - c -  CV n T  n c ; c - c - c - ct - i ons  c - c - c t’ S c-c s a 1c-OT .c - - in tic -c. e r ro r  c-c- c c - - c - p c - c - c - n - s .  From

i c- . c - ’ n c c c - i c - c -; c - c - i c - c - b u l ly  ( c rc - i c -- dc - -rc c t i c - c - c - c -; , > 0 c- c-nd t i c - i s  c - c - c - c - c - 7 1 c -’S w i t i c- ( c -  L — 6 . c - c - )  t o

i n c - - - i r c -  t i c -  c - c -  t h e  c c - p e a — i - c - o p  er ro r  p c -c - b —A
1 

i s  ic - c - the c c - i c  in l e f t  c - c -  c - - P s — p l a ne

(0’ c - T i ’ ). c - i c- c- c- pure  i c - i c - - c - -  c- - c - i t  I c -  c- I c - - c - r n  ic -c- ( V T _ 6 r ,A )  cc - cc - cc- c - c - c - c - t r ac c - - ’i  in c - ce - k  to t l c - c-

i n c - N - c - c - c - i  i c - c - n  t e e - c - c -  i c - c -  t i c - c - n  ,i d e r c t i l i c n c - :  i c - c -n I c - c - c a - c -, The i c - - c - c - ’  n - c c - o r  Ic-s-ic -- c -c - }- c-
1
, c - c - 2~

i c - I c -  ‘i c - c - I c -  c - c - c - c -- a [ c - c - c - c - c -  t , I cc-cc  of t i c - s  act c - c - c ’ s c - c - i  e c-c-c - a l  u i cc - s  c - c - m i d  P cc - c - c - I ’ if i c - c - c t  c - c c - i c -  p c - c -  c - c - c - s

c - c - c - i  t c - n - . - n L i c - c ’ r  I n  r C . l - c - r ( - c - ; Cn f l t  c-’c- c - - c - ’~~ 
- c c - I  I c - c - c - -  n - c - c -  - - - loop  e r - - c - c- .

c - c - - - c - c -~ c - - c - i c c -  c - c c - n c - c -  c-- c - c - i iz , ’ -d c - 1 c - ’ c - n c -  i f  i -i — p c - c - i c - c -  f o r c - c -, IL cc-c- c-c - i c - c -c- s ec -ic - t i c - c -’ p c- c - i c - c - ’ -

c - c - r e  i i ! , - - a p c - c c - p c - c - c - i  i c - T - J n ’m I c - p c c - ’ l ’ - c - l c - r i, \ c - a L N s  ( P — I — i c -)  c - c c - c - c - t n - c - l i c e - ,  i f  p .  = o = 0 ,

( c - s c -J , 7 , . . . , u )  1 1 , c - i I c - c- c- c - c - c - c - c - t c  c- c is  a P— I 1) - I c - C c-, ’ c - c - c - i i ’ c - s c - l ’! n ’ l ’ s ic - c -co II =0 . If ,

i c c  c - n c ’c - c - c- i t ’ i c - c - c -’ i inn c - c -  “ ‘~~ n I l  ( ‘i c-c-- l , P , ’ ’ , r n) , f . ‘c-
~ c - c - .  0 ( i - c - 1~~2 . ’’ ,n ) ,  1 1 c c - c - i

l
~2 

I T 0 c - c - c - - I  ( h  n c - c - n t  c- - c - ’  i h e r  - - c- c - c - c 1 ( ‘ ‘c - c - c - c - -  c c - c - c - c - i ’  c - - i  i c - - n , ‘c c - c - c - c -  1 n - c - c - c - n - c - c -- tc - n t i c - c c -  I i n c - I  - c - -

c - c - c - n - c c -  ( I c - c - c - c - i c - n c -! ~c- c - c - I (‘Ic - , 3 , Sc - c - c (. i c - n m i  I c - ) .

7 .  P c-n r c _ c - i l

T i -  c - c - c -- n - P l c - - c - c -’. of l c - ; c - i- cc - c - c - - ’t c r  n c - c - c - c - c -c- c - - i - c - c - c c - c - c c - c -  e - c - c - i  e has i c -c r c - c - c - c - ttac i-c - c - ni by (c - c - c - re - c - c - il

fcc - s c - c - i  t l c - - c - c - i c-c- c - p c - c - i c - c -I cc-f c c - c - c - c -fl- ic - i c - ’ ric c - p ; a c- -c - - l i ne - i n c - c - surface c - c - c - t i n e  i n c - c - r a c - c c - c -’ t er  cc -p - n - c - c .

N c -c -n c c - c - c - c - :  c-i  e- , I c c - c -  t ’ ’p  i c c - c l equ ’ c- i -i cc - ic - c - - n  ron b c - R A N  f c c - r i s c - c - i c - c - t I c -c - c - c- , tic -c C c - c - c - c - c - c -  i c - i  cc - c - i

c- n c - c - c -c - -  ic - c -  f I  20

= ~ v . ( t )  c- c-c- p (vL-68. - c- c - )
i=c- l

c--c - ic c- c- c - u  V . c- c r c-c- I c -  f l c - -  c c - c - c - i  c c - I - a l  c- c - - c-- cr i c - c - c - c -  i c - n - , \ c- c - is t i c - c  n c - c c - c - c- -c - cc -  of c c - c - c - i c - c - c - c -c- c - - n -  p . c - c - c -c - c - c - c -- ‘c-s

i n  ( l I T — 1 2 / - c . -’c c-i , c - ic c -P t i c - c  =~~‘c - — p ” c-- c- i t i n p t i c -c  i d e - c - c - l i t  i c - c -- c c - st  i c - c - c - c - tic- c - c - c - c - cl p ” ic - i c - c -c-

c- n c - I c - c - n c - c l  ( u s c - c - - c c - c -c - c- -rn ) 1 c - c - c - r c - c - c -  -i cr c - c -c-c - c- c - c - c .  T ine -  i i  - I c - I  c - c - i d e- ci (1 11—68. ‘, )  Pc 1 1cc-cs

a ~‘- ,l d i c - c c - - c - c - - i c - i c - c a l, i c - v p - c c - c - I c - i n c  i c c  V - c - i  c - s e i n c - c - i c - c -c - n c - i  ‘c - c - c -  c~~c -c - c - - c _ ’c- p c- sn - s i n g  t ic - c-- nc -u r, lc-

p* V t > 1  mnc i r o t c - c c- icc - I c -  c - c - ic - out  i i  cl ime to t ic - c -- t i mcc- — c-’c-i m ’ c - i n ’c- ,rc- ‘‘e - o c ’ l  I c - c c - i c - - c - t i - c -’c -
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v. (t) , Tic - c - - l c - c cr a~~c - t c ’c -r  c - - c - - I  i : c c - c - c - t e  ~ p c - n e c - a l l y c- c - c - c - c - c - c -c - c - c - c - I c c - c c -  t c -~~~c- i iy pc rp ] c - : c - - c - c t  a

r a t e  p r o p o r t i o n a l  to c - ; c - c - j a t  a f i x e d  a c - c - c - c - i c -  c o m c - t ro l l c ’d  by t ic - c  dc-signer

parameter  su ch  as C ic-i ( 111—134. 13) . Typ ical  ru ins c o n f i r m  ~ qu i ck ly  n c - c -~
L preaches tic - c - c - V c -c - -  c - c -~~!,j of tic -c hyp cc -r p la ne , b u t  because  of t i ny  values ,

f u r t h e r  cc-a t c - i c -c-n to Cup = 0 is small

To sun - i c -c -c- tic -c cot c -v cc -r c -’c- . c-’nce ~c- c - c - cc - ciec - c - :, Carrol l  uses a closed c r i t e rio n  in

v—di m ens iona l  pa ramne te r  space. To accomplisic t ic -is , V ic-c-dependent  Imy pe r—

plc - c - -cc - c c -s arc -c - d c u i u c - e d  using V ind cpcc - c- dcc -c -t  equa t c - ic - - c - c -  e r ro r s  cc- . as in (I I I—123 .D) ,

c-c- - ’ t i c - - r c c -  less  e- . are u sc -d  if V < 2 c - c - .  Dc - c -f i n ing

F (c) = Ec-TE (V I— 69 .A)

then  u s i n c - c - c -  t i c - c  s teepest  c-len -cent c - c - c - c - c - c - c e p t

~
(s1v)

p = — cc - (V1 70. A)

c- c - - i c - c  Lyc-’-c -p u n o v  Tic-cc-ory c - c - c - c - c l  a t l c - eo rc ;c - - c - of Lasalle , a s y m p t o t i c  s t a b i l ity  has

b c - c - c -c- - c - c  -as ic- c-c -c -c-c c - i . Using such c-a p e or c -c -’- t r i c a l  i n t e r p r et a t i o n , K i c - c - i ’s [189] opti c-nc - i—

za t i on  r e p r e s en t s  s e - i c e - t i c - c - c - c -  an opt i ic -cum d i r ec t i on  of hypcr p lam ie  approach for

a g i ven input  fr e q u e n c y . Extended F—I and Ic- —I—I ) versions of observcc-r rules

[186 , 192] cic-ange tic -c rat -c of approach to t u e  p lane , b u t  not  i ts d i rec t ion .

8. Anderson [188]

A s e r i c - - s  of n eccc- ssary and s u f f i c i e n t  ccc - c n c - l i t ions  are developed re c - c r c -c- i c - c - c - c -

( - c - - c - c - c c - c - r n - - n c - t i c - n i  ac-i d a s y m p t o t i c  c-t al c-c - i i - it ’c- ’ fo r  a c - I c - c - c - c - s  of g enc - rc -c - l .  t ime—vary in g

di  f I c - c - - c ’u i l c-i c-c l eq uc - c - i- c- ioc c - s cc-r ’ic - c i ic -g i n  a c-c- c - c - r i d  y n - I  model refere n c-e -cc -ad cc- ic -t ive

id cnc - t :i I ic c - cc - c -t i c - c - n c  s c i cc - c -t c c - c - - r -. D c -n c - c - 1o I c - m e - h of 1c-r oi cc- c- I 11c c-ic c-ic-ic-i uuOne V , tic - c - c -  p r c - cct i ca l

c1 c- ,,c- c-~~~ c: c-i c - c - c - p h c - c - c t  i c - n c - c - c -  of tic -cc c-c-ark will cc -ct he prese -mc -Ic -ed he re , hu t  arc- p r e se n t l c-’

tcu - cle c c - c - c _ - i’ iV c’- ’j , i c - vc - - c -- n tc - i c-- n c - i :  i - c - .

1, 77
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9.  Ic-I c - c - , L i n c - P o n f ’ f [1  P9)

The p c - - c - p c -- c - c - c,’P convc c- c -c - - c-c - I cc - c - opt’ i c - c c -  - c - c - c - l i o n  c c - c c - I c - ic - cc - I  of ic - ic - c- and L i n d e - n - I f  c - c - c - k cs

u - c - c -c-n of tic -c c c - c - c - c - c c - c - i c - c  b y P erc h -as [1S~~] in th is  sc- c - c - i  ion of t i c - cc -  r epo r t .  Us ing

— t ic - c-c- i d ea  of c-c-n c c - c c - f r c - r r e c - t  -r r o r  r i - i - c - c - cc - c - c - c - c c - n -  v e c t o r

= (e ~) T 
( v i — 7 i . A )

C = c-\
1

( t )  ~ (vI 72 . A)

t I c - c  lc -r ans .i I i c - c - c - c -  c - - c -  l i ly  C , cc -s in (VI— !c - 2 . A) , is i i c - -c-c - c c-c- c-tigat cd  [15]. S i c - c - c e  a

per iod ic  for c . i c c - c - c -  fu c - c - c - c - L i  Dc -i l i - c- cc- mp i c - p - - cl  , C is p c - r i n d  c-ic c-c- ic- I ic -  c- c- ic - a c - c - I  T , cc - n c - .T

i c - c c - c - c - c -  c-c c-i c1~ sc-- 1 c c - t i  c - - c d c — c - 1. of c c - c c - n c - n  t b , ( c - n-, c- - i c - c c -  ing Fl i c - c -c- c - n c - -  I Theory r e s ul ,ts . 1 Icc

c- n c - c - c -~c- ’ -r ge n c - cc c -  c - c c t: cc- c r i tc- r , i c - nc - c -  ccc - c - p i cc -c- - c - - c -i ], 5

p c- c-cc -c -c- -c- 
~ 

i 1, 2, ‘ c- c-

and A . are t i n e  ( t i m c -.c — i c - c - v a n I a n c -c-~ cc - i  c - c - c-c -c -c -c -c - c - c - I c e - s  cc - f  C. By d e c - c -  i c- cc- (as~rn p t n - i, I

c - t c c l ’c - i i i t y ) ,  j A . < 1 -\c-- i = 1 , 2 , ” ,n .  Ic - sing I c-c- ’p - crsta b il iL \c- [193], tic

vc - c - rv  c - i c - c- P- c- F i c - c -  (‘c-
c- 

~~~~~~~ ‘c- ) n a n  1 - c c- d c - I c c - c -m ined ,  c - f c c _ c -  i c - c - c - c - Ic - i c  - c c - , t i c - c - c c - c - , is cc - c - c -c- of

n- ’j Ln ic -c - c - i z i c - c - r tic-c c- - c - c - c - c - - c -i c - n c - c - c - s c-L c- c - c c - c c - vc c - i u -c - . of C by d c - cc - c - c -c - c - I c - p  c-A , F. in pr a ctc - ic- c - -c -c - , t ime.

optc- c-i cc- ic - c - c - ct iorc is very si cc -c - , - and v i r t ua l l l , y unwicldc-c-c- fc- ’c- r n > 2.  Furt.1c -c c-c -r,

Cc - c rc - c - c -  l , h , [120] Ic - c - is  sluoc--c -c c- t i c - c - s  approc -a ch is hi ghl y sensi t- ivcc- to i n p u t  f n s - - c - c - c -- c - c - c i c - c - s

10. Kr c c - 5 c - s c c -1 c - i c c c - c - c r  [13cc-c - ]

In [134 ] 1(r - isse l r .s- i c c - - c -  d e v c c - c - i c - c - pc a sc -c -n c - c - s of I - i c - l A S— t y p e  c - c - d c - c - p t i v e  d c - s c - c r c - c -c-c e-s

c-c-.- i Ic - i c - g u c -m ran t  c- c- -cl ex p o n e n t i a l  houn d . Ah cn ng c--c- -i t ’h tc- h cc-se , t i n n c c - c - ’c- - c - c - c c ;  ins u i r i - ’ c - c - c -  t ic -c

S i z c - c -  of t ime -  bo u c - -c - Js  are c - ic - - c - - c- c - i c c - i c - e d, t i c - c -- rn- - c - - c - c - c - I  Is  i c -c - -  i c - I N  u s e f u l  ic-c- a c - c - u i f i c c - c- cc -n e -v

c c -c c -n c-c- c f o r  t i c - c - ’  d c - c - -s i gmc-er I c - n c  a 1 c - c - c - - c -c- c-c-e-’-c-i n c - e l e c t  dc- cc-c- c-i grc cc - occ - stac c - ts  to cocc - t c-: c,c - l the

n cI c-c-pt ive I c c - c - r c - c - c - c - n - I  c-cr rocc -~ c- c- c - c  I c - c- c - c - c - c c, c-- c - c - i c -, .

(i c - c i n i g  1 1 c c - c -  p c - c - r I l e - i d  c - n c - n d c n p t c - c - t i o n  nn -c c - - l c - c c - c - c - i , s c - c -  m c -  Cic ap tcc - r ~~ equ at i c - sc c -s

( [ I i - - c - c - c - i . 1~~— ( i l i - - 2 7 2 .h )  c - I c -c  ~~i b e -  t ’ c- i c -  c - c - ycc -~ c- c - ic - nc - c -c - c - c - a c - c - c -  i c - c - l u r e ,  Tic - c c - f c c -i 1 cc-c--: ’ F c -~~;

17$



I
t ic - c c - c - c - n - - c - -c r e su l t  c - c - :

i c - c -c- a c - c - u s c -:

The c-c- c-c c -- c -p ti ’c- c-e i c l c - c n t i fj c r  (1 11—2 12 . B) amid ( 111—222 .i~) has
t i c - c - c -  pc - - o~c - c - -  i t i c - c - it , if Z ( t - ) is b o ic - c - cd-,c-ci and if tic -ore ex is ts
con:-; t an ts  k c-mu d T sue - i c -  tha t

f Z ( r )  Z T (T) dT > Id 0 c-~ t > 0  (VT-fl. - c - )

t

t I c - c c - c -  the i c - i c c - c - c - .  i f  ier is g lobal ly  ex~c-oncntia 11y convergent  c--c-ith
CX I c - Cc -nicr c t i c - c - i  r a t e  >

y = m i n f c -~c -q ,  K } (VI—71c- .A )

K k A
c - • c -~~ ex p( — c :T)  (vI— 75 . ;c - )

A
min 

= n f l  A . j A l— c = 0 (VI-76. A)

Fron an ac- c- c- iJ y z c-L s of the  syste mc -c - c - c c -na t ions , p lc - m s the previous  T ic - c - c c -- c c -c -c - c-

a, q, K are d c - c - s i gne r  con t roll ab le , a f ro m F , q f rom tic-c cost funct ic ic-

r e la t i v e  term c-.’ei p Ic -t i ng  ( 111—2 17 . B ) ,  ac-ad K f rom the jud ic io c -us  se lec t ion

and l c - oc - c - c - c - ding of C , k , q ,  and T. The convergence r a t e  bound e~~ 
~ can be

a c - c - i c - i c - c - n c - c -d iv luc r e - c - c -n - ed  up to a b y selec tc-iic-g q > a  and G > ~~cl/k cx p ( q T ) ) I  c- c - c -c- i-vc -n

t ic -at  u is su I f  i c - c - c- :c-t ly cxcii i n c - p .  T i c - i cc - also demonst ra tes  t ic -a t  a l thoug h

tic -c c - c - d n p c - i v c - c -  gain I c - a r ame te r  c-- e i gh t ing ma t r ix  in f l c - c - c - ’ : c - c cs  the i den t i f i e r  coc a—

v e r g c - - c c - , c c- r a t e  as c-Ic-own fo r  ot l c - c c -r i d e n t i f i e r s  [108 , 185 ,186] ,  tic - c ra te  is not

ucc-b c- c - c c - c - c c - ! c -- c-I , i . e .  t ic - c law of d i c -c -mi n i s h ic -c -g r e tu rns  cou c-n es into p lay here .

Sic - c - i c- L c - r  r e su l t s  f o r  an “ opc c -u—l o op ” adap ta t ion  s y n - t c - - c - c -  for  cc -c -c cc c c - c - l icc - c - t ioc - c -  n y c - c - - -

lenin- have al so 1 c c - c c - - n c -  develcc -p c  c-I [19/c -

It s ic - ou l d  I c - c no c- - c - -d t I c - a c - c -  r c - d d l t m u c - c - c - c - l  design ic - d es are avai lable  m c -  [134]

fo r  ot i m c c -r id e n t i f ic a t i o n  i c - c c - - s .  For i c - c - u \ c - j t \ c -, tic -cc-c-n c c - c - c - c -c on c - it t c - c- d s ine-c tic-c

go i d c - - l  i c - c c - - c- ar c -c of c - c -  s i m i l c - c - t  c - c - - c - L u r e .
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p. f c - c - - - c - ’ c--~~~c’f c- - - 
~~~ ccc- Track ic-s c-c- /c- c - c - i c - i c - cc-c -v

The e f f e c t  of noise , bo r i c -  i n p u t  c - c c - - c - c - c -e l i  c-c - s o u t p u t  cc - c - C c - c - i - c - c - c -  r e -nc - c -n t  c - - c - c - c - c - c -

~~c- c c - c - c - - c - c - c l  ly  cau sc - - s  I c - c - r a c - c - c - c c - t c r  cr ack ing  ic -c -c -c -ccuraci e s . The q ue st i o n  arises as In-

c - - 1 c - c -c- L l c - c -,c - r c -mny c - - c - c -pc-c - c - c - c - c - c e - t i c - c c - c - is c - - c - -c- i c - c t  to e i in c - c -- i c -c - c it e  t ime  noise b y s t r u c t u r a l  c - Ic -- c c - i  c - c - c -c- c-

rc - c - -c c - c - c --tic - er dc -cc - i c - c - c -’ccr—cocitrolled parc -nc-c-Cc-let c--election can c-ic- c-i c-c- i c c - c - i z e .  noise effects.

Tic-c f o ] , lo c - c - , L c - c - g  dc - c - si c -c -c-c- ~c - c - m c - c - c - ]  c - n c - c c -  c-c r c-c giv e-cc - to t h i s  end . Al t i coug ic-

not a fc-m lI set of ;c-nc -c-i.yticcul guides to the  desi , gm c-e-r , r e s u l t s  d i r ec t  tic -c

n c - -c - c -c - i  i n  a d i rec t i o n  c- . -~c -j e-~c- op t i c - n m . i ze s  ac-c- i d e n t i f i c a t i o n  sccn ar ic -c -.

( c - c -  c - c - c -  c - -~ c - c - ic - c - -

Eii .rn c-i cc - -n i c- or c - c - c - - I c- c - c- c- c - - c - i c - c - c - c -, any uc-c-c-c-c-c- :cc -iiu rc -ibl e cc-o c-i c - c -cs  such
c-- c - c c -  i c - c -p ut  c - c - c - c - ci~’cc -r out c- cc - cc-c- ic- n c - i c-c- cc- . ii c - c - t - n i n c - g  t Ic- , i cc- , f c c - r e - c  t i - c
c-c - c - i c -c - c - c - c c - m c i  en -rots  to be c-c -- c-c - c - c - c - i c - c - cc - c - n  ( c-c-c-nd Ic - ac - c - ic - s i am c - )  , if possible.

( c - - c -  i c f c -  c-i ‘ i c - c - c - -  2.

GIve -c -i ti c-c -i c-c- c - c - o h — c - c - c -c -  i,s pc -c -c c - sec -c -I: , m i nc - ’ i nc - c - i ze ‘i c-c- f c c - r  ic-i c - c - n c - i  if i cr
d a t c - s  macc-Ic - c - u i c - L icc - c-a by d e t c - c -- r c c - c i n ’inp  t i m e  fr c -’c- qc - ie mc -c-v chcm n c - c - c - c t e a-c - i s t i c s
of t i c - c - c -  n - n - c- i-i c-a c - c - c - c - c - c - i  p c - c - — t i  l c - -er in g  to c - c c - c c - c c - n e  h i  c - - 1 c — f r c c c - c -- c r i c c -’ c -y e f f e c t s .
Su c l c -  an c - c - i - c - - r o a c h  i c - c - i — c -  p ro ve - c - c -  sc - c - c c - c - c - c c-c tu l  in pc -c-cc-m r t i c - s e ddSl dc - c -’c-c-

cc- c - i c - c - c - c - i c  f l m c - -c -L --- o r d c -c r  f i l t e r s  [195].

(c - c- c - d c - c - l i n a c  3,

Avoi,d t i c - c -  use of t i c - c  e q c i c - c - t  i on  e r ror  f e c - c c - c - al c -c - l ion ,
c i t l c c - - -r  r e - p c - n i  c-ar e q u a t i c - c - m c -  crc -cc-or or (c -EL if p 0 5 c c - c -  i, l c - i  r .  Thc-i,s is due to
tic - c not -c - c- - b i c - c - c -c ’c i ng  c - c - f f c - ’ c t  of h a v i ng  t i c - c  ic-o c- i.c - c -~’ nc n t pu t  a c - c - I c - cc - c - c r
P r e - c t  i.y ic - c - 11 c c - c - obs c c- r c -c-- cc - ’rc- c c - n - c - I c - i, i .e.

= ~~( 1c-+l) x (k )  + ~ (k-4-] ) u (k) (VI-1 ..B)

Note  Ic-ow 
~ m 

depends  on t ime precinct  A x , bu t

A(k+1) f ( x )  (Vl 2 .11)

So I .s in . error due t c - c -  noise and ftc -c-cc- is c c - c - c - m l t ,i pi ,i.ed by the
cc - c - c - c - c - cc -  f cc - i c -c  o f  c- c- c _ n i  c- c - c - i c - i c c - I n  i cids a h i c - s  i c - c - c c -  c-c- , f I c - - c - I .  0c -ut pc -c -t
e - c - ’c- c - n j  (“ i c - c - c -’ ‘ ‘ t i c - I  Nc - c - AN n -)  f c _ c - c - c - mc - c -c-j lc - i t ioc - c - cc  gc -’ c - i c c- c - r c - c -  l i v  c -s i, ]  e v iat  e
s c - m e - i c -  p c - c - c - i L l  c - - c- - c - c c - .

Cu ic-d c- - I  c- Ic -c_ c - 4

For r l c c - c c - - - I - - i o o p  : i c - l c - c- n c - t ’ i f l c c - i I c - i o c - c -  L c - N 1  , n c- sing  c - n n c n - r  cc-ta d
cm-i c - c - i t , [In - - c - c - i c -c - n c - n j - c -  I n c - c - -c-i t o  Ic - c-  ,i m c - c _ lc - , n l nc - c -rmcierc - t , n c c - c - i c - c - Ily
ic-c- c - c - c - c - i c -  i c- c- c- i n c - s i c c - c - c - i c -c ri t’ —\ - c - u c - - [ c - c - I c - i c - c -  or ‘ h c -c ’ t s t rip ” t e c h n i ques .
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Cuide i inc -c -  5.

There  is u s n m c - c - l ly c-i t r a d e - -c  IT between I racking accuracy
due t o  noise c -c -n d p a r c - n r c - c - I c r  c- . o n c - V c - - c -~ - c - - c - c -c - -c r a t e .  To counte ract  thi sproblem , p~c - c -.’a c - c - u t e r s  cc-. , p ,  A~ in [ 1 3 3 ]  nc- c-c- cl to he se l c - c - ’c t c -d
as a conc - p n c c - c .c- i c - c - c - c -. I c - c -  Sc-c -c t :Lo0  A , c- :ub sc c t io u n  2 cc-f this c i c -ap te r ,a pa r a net er  c- c- ;-c-n gc 0cc- c-c- is de f imc - c - cc i  sue - ic- t lc - c - c -t comaver gen ce  r a t emust  be sc - c - c - c ic - ir  i . e-ed f o r  c-c-c cur ac -c-c- ,

Gui i n c - c - ]  j mc - c  b .

The response cc-c- cc-or N RJ\ S tcch c-c-ique y ie ld s
ac-c- c-’c-c:!:’

~
o f c - c - c - a T 7 ; c -- unb i c c -n - c - c - c l  c - t ic - c - c - a c - c - s c - c -  if the o u t p u t  measure—

nc-cc -nt noise i c--c- zero  n e-cc-n [1, 9 6] .

Cnc - i d ci ,i c - c - cc - 7.

If ac - c - e q m m a t i o c - c -  cr rcc -r  f o rc -n c c - c - i at c - io n  is u sc-cd , inst runc -ent
\c- c-c-c- -iai c - lc -,- c - c -c - c - c - t i c - c c - c - I S  [ 3 ] cam a be c - c - i c - c - c - c - ] c - c - c - c c - i  to c-edu ce or
c : l j c c - c - i n c - m t c -  no :ise b i a s i n g  of p a r c -c -c - c - c -i ers , bu t  c -mt the expense
o assur e-c-i c- i c - i -cal sta Ic-ility [109].

Guidel ine  8.

Use D.C. blocking filters (i.e. ~~~~~~) to remove D . C .
b ’ i~~s levc -c-is. Sc -m e - I c - c - c - c c - a c - c - p roc - c - c - ch  s ic-cc-pi i f ies’ c - c - ] gor i t ic -m ca l—
cui m c - t  i on , c - c - c - c - c - i  c - c - c - c - c - r e ly  c - c c t s  as an c - c - - i c - l i t  in c - c -a ]  part  of tic-c st a t c - c -—
vzc r i , c- c - l c le f f 1  I c -ar s  c - n c - S c -  c-i in  n ’ c - c c - i c -y ic-i c - c - c - c - t i f c - i e r  c o n c e p t s  [5].

B a — c - c- -i on ti -c - c - p resent  n - i  c - d y ,  p lus c-c cnmpar i cn cc - c - c - of tic -e works of o thers ,

th e- i c - c - I  I c c - c -c - i nc -p c- - c- c - i t s  can ice s t a t e d  as re ga rds tracking accuracy due to

i c - nr c - c c - c - m s u ’r c - c - i n i e  nd Sc:

( c - c - c - c -  c- c- c- I i c - c - c - :

F r , c-~c- Sc- c - - I i o n  A , su c - c - c - c -- c - c - c  t i o n  2 of ti c - c - ic ; c i m a p t e m c - , a de n - I sc - n c - e r —
c omc - t r o ij , c c -d p c - n e - c i r c l e r  cc-c- n be selected to m i n i m i z e -  b ias .

( c - c - c -- c- c - I c -  ‘ i i i - ~’ ‘ J O .

The 0 c c - c -. c - c - c - c l  c c - c r c -  - r NL ’c- S me thods  s c - ce - i c -  c- c- s L an d a u  [116]
I’hir c-c-c h [11 I , ) , ami d I-lang [i O c - c - ]  are c- ’ !c - c -Y nc - c - I c - t cc-) t f e - a l l y c c - cc - Ic - ic - c - sec - I
for open —ic - c- c c- c -c - [ i c c - n  l i t  h e - a c - ’  i on , c-I t i c - c - c - c - c - pc -c- no c c - c - I  i c - c - c - c - I  c-c- t ow ard
ti c - i c - u n b i c -- c - c - a c- ,-c - 1 co cc - c l i t io c - c -  c - c n n  i n c -  mc - idc c - m t  p c - - c c - c - - c - n t .

(c - u n  i c - c - c - ]. In c  . 1 1.

i c - c -j r  cisc- c - - c- - c - I I cop I c - I c - c - c t i i i  c - c c - c - t i c - c - i c -  c - u : ;  fri  1-~ i c c - c - n c - - c c -  VI  —1, c - c - i  Ic-h
c- - c - c -  I y c - n c ;  c n c - c - - c - c c - c - d c - r c - c - h I . c - - c - -  , c - c - - ’ - t i c -  t i c - c -  n - q c - mc - c -  t i om c -  c n - c - - c - c -c - — c - c -m a d out  p u t

ic - c-c— c - c - i -  c n n i c - c’ l u c - c - . I c - - c - c l  c - c - ic - c -c c - - i  c c - c - t i c - c - c - - c - t in- I I  tic - cc - v cc -  l lc - c -c- c - ;  cc -f cc a l - in
n - o n ’ c - c- i c - c - t i - c - i .  1 c - c -

c- . c - c-- cc- c - c - f l  ic- c - c- rou nc ’c- i c l . y c c -c - c - c c -  n c - c - c -c - I c -i c c -I u c - c - c - i.~c -g b cmc a t c - ; I  r ap
c - c - n c - c - c / cc - i  l u — t m  d c - c - c - c - - m i t  v c - c - r i c - m b i  c c - m c - ; c - - t I coc l s at  t i c - c - -  p c c - c c - n - i l c - i e  c c - c - > c - p c - c - i n c - c - c - c-
c c - I  sL c - c - ’ l c i I i t - v.

t~3i
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I c- i c - c - c - c r c  V T — i .  c c - c - - c -  cr c - i  i c - Ic -  c - c - c - c -i l ie - a t ,i c c - c c -  P r o b l e m  i- c - c - t c - c -  i c - c l  c - c - c t  c -< o i c-c in
A Ci, c- c c - c - e d — I  c - c - c - c - c - c  ( . c - a c - c - f  c-i c - c - n c - it ion C c - c - c - i  SI i c - c - c - ( c - j c - c - r c -l c- .c- ted R c -:c - - c - :id u c -c -’t s.

i c - c - c-

I



I

C. Fff cct el T c - c~~ c - t  “ l’ n ’ c- ’c- c - c - e -c - n e - y  P c - i  c- ’l. u c - c c - c - ” On C c - c - c - c c -  c- c c - c -  c-c-

I t  ic- c-c- s hoc -c- a c l e . c -mr ly c - l c - c - c - i o n s t r a t ec - 1  [5 , 22 , 99 , 102 , 107 , 113 , 197 a c - c - c c - c - m g  others ]

t i c-at  f o r  g c - m c - c - r c --c c c c - c  P i c - a rc - c - c - ,~ ic-er O n - c - m a  c- c-gene -c, c-c -cost i d e n t i f ier  al go r ithm s

requi re  t I c - c - c -  i c - g ut  Ic - c  ic-c c- c - c -m fI”i c i. c - c - n t l y rich m c -  lrec luenciccs .  In pr c - c - c t -  i c - c e

c-- i c - c c -c - c - p o s s i b l e - , ti c - ic -c -  c c - c - r i c e - p t  l e c m d . c -  to use of w h i t e  noise icc-puts , roi c - p lc - l’c -

rcc -presc - c c- ’c-c ic - c c-c- c-c-n f c - c - f i m c -  I t •-c-’ of frc c -q c - c - c -’-ncics . It  c-c-cakes h e u ri s t i c  sense , and

ic - c - c - c c -  bc- c-cc- c-c- sup i c - c -c -c - rt ed by si m u l a t i o n  c - c c - c - c - c - e r i e - n c - c, tha t  the f reqicenc ies  j c - r c - - c -- cent

e f f c - - c c - t . t I c - c -  p c - n r c- m e t e r  ( - u c ’ c - , c - L r - c - e n c e  r a t e , i .e .  h , . g i c - c - r  f r c -n q u c c -n c i e s  speed up

tic - cc - co c -c -’c- c -c - n r c - -c- cc - c - c - c - - c - -  r a t  cc- , c - ic - c -bough t i c - c - r e  are 11cc-its to th is  c o r re l a t i c -c - c c - .

1. I-l .t c - c - [c - c - c - c - c - i, Frequency Rich c -c -ec - s  R e qu i r e - c - c - cen t s

To sec-c-c the n eed f c c - c f r c qu c c - c - cy — r i c -h n e s s, cons ider  t I c - c -  equa t ion  err cc - r

MRA S m e -t ic - ed of i ,~~dcnrs  and N cmr cc c -dr ; c -  [1071 ( se - c -c C c - i c - c c -c- i c - i c - c r  3) . Given t i c - c - c t  c--c--p

is tic-c p l c - c c - c L  state vectc cr ac-id x th e inc-c-del st :c - tc - c -  vector , the s t a t e  error

f rom c c - c c - c c - c - c t  ic c- cc -s cc-re e x — c-c , or

(~~ 
~~1 ~ 1 1

cc- ., = O c -

H A

0~ CL c -~ - 
n

- - 0
c-
~ 

cjn

+ 
‘
~

c-
~ + 1 1 +  

c-c
3 ( v I — l . c )

c~c c - _ c -
— 

m c - 
— 

n mc-

i c- c -



c- c - c - I c - c - - c- - ; - , a - c - c - i c - c -  t i c - c -c- c - c - c - i m -c - c - c - ; c - - L - r  c rc - c - c - c rc - c -, ii i,s tic - c -n input . 1 - l i t i c -  c - a.  d c - f i rm e d  I c y
c 

~~~~~~~ sI !.)~~~ c-c- 1
(s~~ ~ -I - ~P [ c -

i 
u~ (\ ‘i--2 .C)

] 
= ( c ~

- c- c- 
~~~ 

~~~~~~ = ~~
+c- V

3 
i c - )  (v-3.C)

c-it can b c - c - si c - c c - c - n c -  [107] tic -- cc - c - (VT— i ,  .C) :~lc - c - c - vc can bc -c - r c -dc - c -- ’ - c-’d to

= — X
1

e
1 

+ c--:
1~ c- 1 

‘P 
~~~ ~~~ 

( ( c - c - i~
- f - c - )~~~~~~

’ x ( s )~~ ~~ + c- c-V
1

+ ic - f  c-~~ {c-c- c- -~c-~~~~u c - c -~~ ~ + lc-~ exp[c -- c- c - t . ] ~~~( t )  (\ c- I - - . c- c - . C)

c-c- c- s i c - c- c- I c - c c - c -c - n r c - c-c- c- c- c- c- i m n - c c - r i  ~ t C c-fl be p mn - n ; c - c - c- 1 1 c c - c - I  c-c- 1
--c-- 0 c - c - S  ~ 4~~ a. i t h  the

‘ i c - l e n t ]  tier i’ c - n~ cc - cc - i - c- c- c - i c -  in 5cc, t- i on B cc-c -m b c -un c L ion  5 üí (c- jc -~~t c c-c-’ 3. iloc --c -c-.- v c - c- i

f or  i c - c - c -  c c - c - t s r  - :cc -c - c -’c- ’ c ’c- ge mc - c c - c c -  c - i t  c - c - c - u n - c -  bc- cc - Ic - n c - - cc - c -  Ic- Ic-at c - -
i 

-
~~ Qc - c -~ ic- -.c-. c - j c - = n .

To n-i cc - ’. t i c -  [ c -c- c-c- c- c - ti ff i c - ic - cit concl c-i t i c - c - c - c -  is t b c c t  c - ’ 1 
+ 0 c - c c - c - - c - c - c - c c - c - c -  t ic -at

0. c - - c ’ - c - c -  ( V i i — !~.fl- ) I f  c - c - i l, t c-c- c - c - c - c -c-; on t I c - c r i s c - I  I c - c - c - c - c d  n- c- c- i cc - ( 1 - c - c - I S)  c c - i d

to c - - c c -- c -  c- c- , tic - c -
_

cc - pc - cc - ’  c c - c - c - c - c -I c-c r c c c cc- c- c- c - c r c - c - e c - a c c  i s c-c-n - c- c- c - c - c - ed S’imc- cc- c-c- c-c c - c - icc - i u c-cr c -c - tIc-c-c-

p l c - n c - c -i o c - n t i c - c m t c - cc --c- cc- i c - n p u t , t i c - c  c - c - in  s t c  c - c - n i y - - c c -i c - c - t e  c-: c - c - c - c - I ri are r c lc - c - t--d fc-c- c ’c - c cc-
p i-

( I T [ — -’7 .B )  b y

~~~~~~~ 
. . .  f

c-~~~
c - J  

U

(~ r 5 c )1 ~
— a
I 2 c-c-

— a
1 c - c -~~ c-

2 mc -

S c - t i c - cc - I  i c - c c - i  l og  ( - I — S . c - c - )  i c - c - i c - c -  ( V J - — -’c - . C )  i c - - c c - c - i t s  in c-.c- i c - c - i c - n c - c - c - c - c - c - - n c - c - n c - n c - c - c -  n - c c - c - c - c -  i on  fo r  u ,

r ~ c- 1
~ + 1 L~ 

+ -- + + c-I”

1 ‘

~~
1 c -

~~~ 
~

n- - c- c m ( s )  0 ( \ ‘ i -c - .( :)

I c - c - c -



A su f f ’ i r, lent c c - c c - c h ’i t ’ i c c - c - c -  f c - c -r  ~~~~~~~~~ t c c -  i n - - c - c - l, , c- ‘Y 0 as e 0 is tha t

ri c o c - c - t c - c -  i, n cat  i c - -c - c - c - c t  c-c- c - i i f f r c - c -’ - mc - t f c - c - c - q c - c e n e  i c - - c - c.

T h is  c-i cc-es i c c - c - I c - c - i d  in “ c --c cl cc t’ ’ i n g ” t i c - n -  best f r e q u e n c i e s , i c - n c - I  i t  do e- -s

star - c - inc - it for t i c - c - c  -nt ic- c c - r d - - i - sc - c -’ s t c - - c c c -  j nc -’c - ’c- c - c - c c - c - t c c r i z c d  c-n c-c- ifl (V1 ,5.C) t ic -at  ii

d i s t c - i  n c - c t  f r e q u e c - c i. [ c - c - c - ;  rc-c-uc - ;t occur to c- c- c - - c- c- - c - c - cc - i c - c rate r tr c-cki cc-cc-. It does

not sc - c - c -t ic - m i t ic c - c - c - ;  t ic -c -n n f c - c - c - q c - c - c n e - i c s  c o u l d  c- :o ’( y icc- l . d ‘c- c-cc-c- ’c - c -c - c - c - t o t i c  c - c - I c - c - I c --i l ]  Ic-c--

also. i c - i c - I c  t h a t  tIc - . i n c- c-c-dc-l i t c - ] m c - n a l. conciit  i on  is r c qu ir c - c - d  b e - cause  the

Lyap u mc - c c -v V f c c - n e - i c -  i c - c - c - c -  c- -cc-c-pl oyec i fcc- c- I ic - c  i c - c - n r c - c - c - m e t e r  ic - c - a :  c-’- c-c- c -n t I c - cc - s i  s only ac- i c- I P d

a n.s.cI . V functioc -m and  bc - c - c -  c-c- ‘ 1. 1 was n c - c - - c - c’ c--c- cc -c - ary to icc-sure \ 7 ( )  ~ 0 i c -ar

1.’ 1’ T T
r I O , ic-l i n e I = I a  h , c- c-

A s i c - c - c [ I c - a r  n - i  L c n c - c t i o n  occurs in d i n-c ret e  t ic - c - c - c -  n - c -  c - c - I c - c - c - c - - s i c -- c- . Us ing  f i , 13 }

( s c - c - c c -  CI’n; c-pter 3) a ic-Ic-nt is t- c- - a c i ’ c - c - i  un -~~ic-g (111—85 .13 ) c-c-c-ad t h e -  p c - c - r c - c - n c n t c - c - r

ad j ; c - c -c- [ c - c c - c - nc - c -  r u l e  ( ‘ I . 11— 86.  B) . i i c - c - ”c- -c- c- ’ -- c - c-c-c- r , s t a b i l i t y  ic - c uncc - c-’ c- agc-c-cic-c - d e t c - c - r c c -c [ c - c - c - c - cd

Ic -c-c rc- c yc - c - p- c m r m c - c - v  T i c - c - c c - c - i  y c - c - i c - c - c - re  c - c - p . c - i . V ( k )  yc-i  d c-i s onl y c-c-c n c - s . d .  /c -V (k) , so

to i n c - c - c - c r c - n  I c - c - c r c - c - c -c - ce-I c- ’; convc -’- c - c - c - - - i ; c -c - in  , an a dc - i i t c - i. c - c - uc - --;I comc -c - i c-i t ion is r e - c c - cc - c-sc-cd

n aruc -ei . y t i c - a t  t c V(k)  0 ccc - c-c- (k) = 0 , witlc-

cc (k)  c-c- c- c - -c - (k)  + c-4 c- c- c - ( c - c - )  (VI-. 7 C)4- “ i c- —

or

0 = c-c- + c-I (V1—8 .c -
- - —p —

it nc - n c - nc - ct he c - c - cc - c - c - c - cm
_

c- c - i t J c - c c - L  ( V T - - S .  C) is tr c - c - cc -  c - c - s l y i,f = N c - 0 c - c - c - m i  c - n - c -  -

u ic -c - c - c - c - c - c - n l i c - l’ i c - c - c - c -  to  i t .  It  c - - c - c - n  be show’m c- t i c - i s  is t m - c - c - c - i f  t i c - n r c -  -

fc - imc -i c-c- c-c -Ic c-- (c- c--I-I,) c c - c - i c c - I c  1 c c - c - I

ii = [ c - -c - c - I , Ic-f . . I c - c -  I1 2 , 1 .  c - c -c-

ic-c- of c - c - c - c - c - I c -  m u , c-.’ l c - c -’ - rc c -

~~c-~~~~ c- f’ . c- c-c-,c-~~~~ - ‘
‘ ‘ 

.
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u .(0) 0 0 0

u .(1) u .(0) 0 • 0

u
3
.(2) u~.(1) U (1) (‘1I—100C)

3 j  3 j

u~ (k) u . (k—1) u .(k—2) u .(k—n)
3 3 3 3 —

2. Opti~a1 Input Design

PrevIous work has been on optiani input design for identification

tu ch n i que~ such a~; r~~x ~~~ likol tliood and ~~t ochas t ic  appro~~imatieri  u~~in~;

op timiza ti e a  of the F isi er In f o ra at i o n  M a t r i x  [171 , 198—200 ] as a design

c r i ter ion .  L c t h  t i i~ ~do:ir i in [198 , 200 ,201] and f requency—domain  [199 ,202 ,203 1

techniques are t i p ]  oy d .  All work of th is  type , of cour se , assumes that

t h e  in p u t  is d r s i g n c r — u c n t r o l ]  id , ‘.~‘1iich is not  always the case for  the

human ope ra to r  pr o~~l~ i~.

Consider a model  of the fo rm

y( z ) G
1

(z) u ( z )  + c’.2 (z)  c ( z )  (Vi— 1l.C)

where ~u(k)} and fy(k)} are the input and o u t p u t  sequences and {t (k) } is

a Sequence of indendep ent Gauss ian  random var iables  with identical dis—

t r ib u t i on s  ~~~~ covari r inc e E. T u e  C
1 

and G2 are U.ncar system t r a n s f e r

func t ions  ~.‘ i . th =

b ~~
1 + b + +1)

C 1
( z )  = ____ = ( V I— 12 . C )

l+a z +~~“+ a z
1 n

1+d z 1 + ” + d  2 q
= 
~~~~~~~~~~ ~~~

—
.
-- (VI— 13.C)

] + C Z • + . . .+ C
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I
Hence (Vi—l1.C) is a form of an i\RNA procc~:s. It can be shown [99, ch. 6]

that the average Fisher Information ~fatrix M for such a case is

M = M
1

+ M  (VI— 14.C)

Jr
M = ~ f F1(w) d~ (w) (VI—15.C)1 11~~

[4dF w)
d~~(w) = 1Ld~

is the spectral distribution of the input

~ (w) Re~~~~
[
~~~~~

1j 
C~~ (e~~)

G~~~(e
_ 3W

) 

• T 

(VI-17 .C)

= 

~~~~~~~~~ 

C~~(e~~)

dw 
~~~~~~~ [

~~fl T~~~

] 
(VI—18.C))

= [b
1

, b 2,  • , b ,  a
1
, a2 , • . . , a , d

1, 
d
2
, • • • ~~ d q~

~~~ 
~2

’ ‘
~~ C , E l (vI—19.C)

An input constraint is normally specified to limit the energy demand ,

TI
p = 

* 
f d~ ( c )  . (VI — 2 0 .C )

U

Various o pt : im f z a t i on  procedures for  M exist , some of which can yield

~~1ut ions for unidentifiable systems [171,198]. Defining the D~cpc .i ’s~ on

I’i(~ ’ ~!x [199]
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D

various input design criteria can then be used. Input design F
1

(o~) is

preferred to F
2(w) will be denoted as F1

> F
2. Criteria include

D(F
1

) < D (F
2) (VI—22.C)

ID(F1)! < !D(F2)I

Tr D(F
1
)< T

r 
D(F

2
) (VI— 24.C)

Tr M(1’
1
)< T

r 
N(F

2
) (VI—25.c)

X D(F ) < X D(F ) (VI —26.C )
max 1 max 2

A is the maximum cigenvalue of D. For systems of n > 2, search routincsmax —

such as in [199] are required.

This is a fertile area for NRAS input design , however , most human

operator problems do not allow inp u t  control explicitly. Some results

for liuncn operator cases include [204], where a forcing function is needed

for hur.~ n respiratory response work , and pilot aircraft plant identification

1205 1. Some of th e work in th f s  report pertains to nonlinear system

identification , aod optimal input selection in these cases is needed. Such

a genera]. approach is developed in [206], wherein the solution of 4n two—

point boundary value problems is required , alt houg h t he method a p pl i e s  to

any nonlinear dynamic system.

3. MRAS Observer Frequency Selection

From Section A of this chapter  a frequency op t imiza t ion  tecirnique

for  ce r t a in  MRAS equat ion error observers was developed by Kini [189].

This app roach ~upp l ics op t imum frequencies of the input  based on a ma t r ix

elge nvalu e requirement , simi lar to some of the desi gn app roaches in Sec-

tion 2 . U n f o r t u n a t e l y ,  the opt imal  desig n which m ax i m i z e s  the convergence

ra te  is very sen~ i t1v( to f requency dev ia t  ions about the optima ] , an d hence
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I
fu r the r  work is needed.

D. State Variable Filter SelectIon

Most practical physical systems have only a limited number of state

varinbie neasure~nent s  avai lable , and some of these even possess noise.

Some of these problems may be al leviated by use of a sta te—variable f i l t e r

(SVF) , a dynamic element which provides t he dual goals of a) app rox imating

transport lag, and b) providing estimates of derivatives of the measurable

output  signals for use as replacements for those unmeasurable derivatives.

Such an approach is of most value when SISO type systems are to be

identified , wherein the need for derivatives of th e sy stem input and ou tput

arc needed , as well as potential noise filtering. The SVF is used both for

approximate as well as exact identification methods using both the equat ion

error and the output  error approaches.  Since the purpose of the SVF differs

siighti .y for the no nlinear case from th e linear case, the SVF use for that

case wil l be addressed separately from that of both the equat ion error

and ou tpu t  error methods.

1. Equation Error SVF Use for Linear Identifiers

Various forms of SVF are used for equation—error appronches. All are

used to, in some way , generate “p seudo—states ” either involving the input

or the outp u t , to be used with some identifier algorithm.

The f i r s t  SVF form is

M
k(s) H(s) (s+c

k
)
k 

(V1l.D)

where Ti(s) is an arbitrary stabl.e filter and C
k 

is a constant > 0 , and

k=1 ,2,..~ ,n where n is the order of the unknown plant to he identified .

Such au approarl ~.‘as used by Lion [1.02] and Ruckc’r [1221, with the simplest
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and most canvenien t form be ing

M.~(s) k 
( VI — 2 . D )

since identifier parameterization is one to one between model and unknown

plant 1eir:ineters.

The next is the simple form

Nk
(s) 

~ ~~k 
k = 2 , 3, ~~~~~ n (V1 3.D)

where X k > 0. These are used with the measured input and output  signals

to gene rate the addi t ional  2(n— 1) s tate and input terms needed for a

general formulation. Approaches ut i l izing this include Lt der s  [107] and

Kraft [124].

A third gene ral SVF form is

d
M (s ) = 

~~~l 
(VI— 4 .D)

n 
~ d . s’
i=0

where the d . terms are selected such that the filter passband is larger

than the frequencies of interest in the identification process. Although

written in various state—variable forms, Carroll [106], Carroll [120],

and Ha ng [1091 all, employ this standard linear SVF formulation .

A fou r th  general svr fo~~ ~~

x FT 
~ ± r z (VI— 5.D)

where (r T , F) is art observable pair , z J.s either the input or output  from

which ps eudo—st at ea  a re to b~ generated , and x is the gene rated ps uedo—

state  v i e  tc’r f ro m z . In prac t ice , the dimension of F is ( n — l ) x ( n — l )  and r

is a vector of size (n— l)x l .. T h e  theoret ical  requirements  for parameter

se lect ion are only  H a t  (r t’ , F) is obse rvable , a nebu lous desi gn condit ion
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at best. This generalized SVF forr~ is used by L~li1cr [112], Kudva [114],

and I<reisselmcicr [134).

A fifth SVF form is generated by Molnar [123] as

1 O . . ~~ 0

O 2 
1 . . .  0

= . x (VI—6.D)

O 0 . . .  —A 1n—i

O O~~~ • •  0 0

T A A

x = [w ~ xi (V I—7.D)
— 1 2 n—l

where z is ei ther  the input or output , and A . > 0. He uses it to develop

pseudo states fo r an equation error type SISO observer.

In general SVF are required for  continuous time systems only because

of the need to generate derivat ive or f i l tered pseudo—states from a single

measur encut .  Lu SISO discrete time work , the additional “states” are

di rectly available as delayed versions of the input or output , i.e. if

y(k)  is the output , y (k— 1) , y (k— 2) “‘ is a set of s tate variables direct ly

ava:i l~ h 1e with no fo rmal f i l t e r i n g  ( jus t  delay ing~ or”wait in~
’) .  This set of

delayed states in discrete t ime is directly analogous to differentiation

in continuous tine , as can be seen from

s -1 j~
---- [207] (VI—8.D)

s y( s)  “
~ 

(i%~-_ ) y(z) = ( V I — 9 . D )

where

~~~~~
1

f z
1

y (z ) )  = y[ ( k - 1.)T ]  (VI-lO.D)

or 

(VI-l1.D)

1.91



It is clear then that  differentiation relates to discrete time—delay .

An exception to the guideline that discrete—time systems do not use

SVF is the approach of [114]. In this case additional “statcs”are generated

using the SVF form of (VI—5.D). This approach in using a SVF, is then not

a minimal realization form , and was designed to follow the cont inuous

identifier approach in [112]. Another discrete approach using SVF is [208].

Not only direct MRAS approaches use SVF s t ructures , but  a l so  others.

Examples include [5 ,1.22,208—212] among others.

2. Output Error SVF for Linear Identifiers

The output error formula t ion  has been shown to he asymptotically sta] 1e

under  a variety of p ractical  con dit ions~. Along with the SVF , however , is

generall y the need for an addi t ional  “comp ensator ” to insure positive real.—

ness of a f i l ter , as in 1109 ,121 ,193,213—215]. Unfortunately this PRF

requi.ria cnt uti l izes informat ion about the (unknown) plant and hence is dif-

f i cu l t  to en force exactly , a l though various guidelines have been developed

[116,128,129]. This approach will be illustrated to clarify the d i f f i c u l t y .

Consider the sys tem in Figure VI—2 [121]. The plant can he expressed I
as

1)
1). 

Si

J-O ____ — (VI—12.D) I
S +  a

j =0
y x +

Using i~~L ’nt  ica.l SV T , u and y are f I lt :e r cd  to yiel.d the  plant

y. A x + B u (VI—l4.D)
V f P P f 

p H

y = C
1 xP f 

- P c

I
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[x ~ 
~ (n—])1 

(VI—16.D)

Pf Pf Pf Pf Pf

4 = [u 1 u1 u~~
_1
~~]

where x x ~nd u u. An identifier mode], structure is defined
Pf P f

s imi l at to (VI— ) i~ .D) , (VI—15.D) as

x = A x + B u (VI- l8.D)
—in m —in in —f

y C x (VI—1 9.I ) )
Th

f 
l l f l

f

with tracking error

e = x — x (VI—20.D)
~f p~ TR~

Def in ing

C
f 

C
1 ~~ 

(VI—21..n)

it is necessary t e process C~ with a compe nsa tor Z 1(s) for hypers tabil ity

[2.16] to be assured , where

2.
Z
1
(s) = 

~ 
Z~ S (VI—22.D)

1=1

(n—l)<~ < (n+l) (vI—23.D)

and a i.s the (expected) plant system order. Then for G
T
= [0 0, ... 0, 1]

Z1 (s) (~1(sI-A~~~
1G (VI—24 .D)

must he a s t r i c t l y PRF , whic h requires  knowledge of A~ (the unknown p l a n t ) .

Landau [116] h is  suggested using estimat ed parameters  ~ (t v, ) for  terms in
P
3

A , and Johnson [128,129] provides approximate procedures for bounding the

Z ~~c i c c t i o n .  Si i - i ] .ar  r esu l ts  accrue for discrete—Lime system formulations.
1

What  ~s unusual  here is t h a t  i io thm , i ui:~ has been said about  the SVF. It is

r equ I red t i n  t. i t  be asymp ta t I call v S I au i ~
- , ht~t n o t h i n g  el so • In p r ac  t_ ice ,
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I
the pn sshnn d of the svr should he- wide enoug h to let through the main

u and x signals , but  reject  I~ , as discussed in [209].

3. Nonlinear Sy stem SVF Requi r emen ts

With oon/.inuoua nonlinear system ident i f ica t ion, the SVF supp lies not

only approximate deriva t ives , but also a t t empts  to approximate t ransport

lag [142—144,161,217,218]. This transport lag phenomena has to do with

general operato r theory on nonlinear func t ions , namel y t hat  passing a

signa l through a nonlinear opera tor  followed b y a t ran spo r t lag f i l t er is

the same as passing the sa me signal th roug h a t ransport  lag un i t  f i r s t

followed by the same nonlinear operator [161]. This operator can be memory

or memoryless in n a tu r e  [l44 1.

To see this , consider a general nonlinear dynamic system

[n + 
i~ O 

a . s~~ x( s) + f k (x
~~~

) = u(s) (VI-25.D)

where. a
k
+0 , O<k< n and integer , u is the input and x the output. If x and

all its derivatives are measurable , then the nonlineari ty can be comput ed

from

u — ~~~ + a~~1 +~~~~ + a1+1 ~
(k+l )

+ ak_I x + “ + a x) (VI-26.D)

In gener al , howeve r , on ly x an d U are available with ~~~~~ j > 0  unavailab le .

Usi rig thc linear opera ~or L çs)

x (s) = L(s) x(s) (VI—27 .D)

If h(s) hn ’~. available from it derivatives of x, i.e. ~ , ~ , etc., then
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s x ( s )  s i (s) x = L ( r )  ( a x)

(VI—28.D)

n
s x( s)  s L ( s )  x L ( s)  (S x)

a n
and L(s) (s x) s L ( s )x

Usi ng L(s) on u to yi eld 
~~~~~ 

t in a an appro:~imation 10 
~~~~~~~ 

in  (V[—26.D)

is

“ ‘-~(k) ~~(n) “ ( n — i)  “(k+l)) U — (x + x

+ a + •~~• + a x) ( VI - 2 9 . D )k—i

uin~re the [WS of ( V J — 2 9  .D) is obtained b y opera t ing  on the  PJIS of ( V I— 2 6 . D)

i. [th L(s) . T~ Ls yi.el do

~k 
(

A (k )  
= L ( s )  

~k (x~~~~ ) VI-30, D ) .

For id ent i f i cr ~ .Lnn to be ireanin~~fui , then also

(
A (~~ ) (VI-3 1. .D)

-‘

Su b st i tu t ~~ n~ the necessa ry  c o n s tr a i n t  (VI— 31.D) f o r  r into (vI—3 o .n )  y ields

= L(s)  
~k 

(x~~~~) (Vi-32 .D)

U si n g  ( v T— 2 8 . D ) ,

f k
(L(s )  x~~~ ) = h(s) 

~k 
(V1 33.D)

Since is a nonlinear operator just as L(s) is a linear one , then

(V1— 33 .D)  r e q u i r e s  L( s)  must  commute with t h e  general  (and as of yet  Un—

Spec N i ed )  nonl InearIty. The onl y known L(s) satisfying this requirement

is time tran spcrL lag f ii ter ,

L ( s)  = e~~~ (V 1—34. D)
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Since e~~~ I s  not rea l izabl e  in a f i n i t e  f i l ter  form , a phase— v a r i a b l e

canonical form filter (which yields ~~, ~~, etc directly) is employed in

such a way that the amp litude and phase of L(s) are “close” to that of

e.
Ts 

(which has un ut:y gain and a phase s h i f t  which var ies  l inearly

wi th frequency,

= ) e ’
~~I = 1

S

/ (VI—35.D)
—Ts

~ =L ~ 
—wT

S = jUl

Typ ical p.eidelines for filter coefficients include ITAE zero—disp lacenent

error coefficients [21,9] as given by Kohr [161], Ricker [217], and Kohir

[ 2 1 8 ] .  Any f requency  domain f i t  such that fo r  a g iven c u t — o f f  f r e q u e n c y

u LL(jm) uw for w<< w will do. Examples include Fade , Bessell ,

Butterwortli , etc. [220]. Shown in Table VI-2 are t ime 1TAE (J =f  t je fdt )

co ef fi cic~i t s  for  the normal ized  transpor t lag approx ima t ion

—Ts 1 
___________e ~

- 
- 

—- — ( V I — 3 6 . D )
+ 

~~~_ ]  S + • •~~ + q1 
S+l

wher e S = s, r is the desi.red filter order , T is the delay time (want

it s m a l l ) ,  and w i.s the desi .red upper  c u t — o f f  f r e q u e n c y .

Another SVF approach was proposed by Payn ter [221] using the hm yp e r —

bolic r e l a t i o n s

cosh Ts + s inh is (V I —3 7 . D )

and replacing slob anJ c~ shi with thair infjoite product expansions .

Krouse has sh’ en its a p p l i c ab i l I t y  t.o n o n l i n ear  i d e n t i fi c a t i o n  and i t s

supe rior i.ty t o  the 1 ’i’,~E coeff ic coin.;. There co e f f ic i  cots are g iv en in

Table Vi —
~~ for time inS n i  ized filt er (VI—36 .1)) . h ence for  r = 2, the second

order  f i t  is
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TABLE V I—2 . ITAE FILTER COEFFICIENTS

r q
3 

- 

q
4 

q
5 

q
6

2 1.4

3 2 .15 1 . 7 5

4 2.7 3.4 2.1

5 3.4 5.5 5.0 2 .8

6 3.95 7.45 8.60 6.60 3.25

7 4.56 10.64 15.54 15.08 10.42 4.47

8 5.15 13.30 22 .20  25.75 21.60 12.80 5.20
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e
_TS ~~~~~~~ ~

— (VI— 38.D)

(T~~~
2

(T) 
+1

A third and final transport lag approx imation is the well—known

Pads approximation [222]. It is given by

— ~ +e (—sT) +02(—sT)
2
+ ... +~~ (—sT)~

e ST 
. (VI—39.D)

a +cx
1

( sT ) + a 2
(s -t) + • • •  +

wh ere the all—pass form is shown. Coeff ic ients  
~~~

. for d i f f e r en t  n are

given in Table V I— 4.

4. SVF Design Guidelines

Based on the preceding development of L ( s ) ,  a summary of design

procedures for  s e l e c tin g  L(s) is in order. These include

I
1) L(s) must be asymptotically stable.

2) If no noise Is present , select the SVF to be of
the  same order and s t ruc ture  for both the input
and outpu t .

3) For L(s) use ti > 1 0  w , whe re Ui is the highest

expected system f requency .

4) For L( s)  use either ITAE ~cro disp l acemen t error
coef f ic ien t s  in Tab le V I—2 or the Paynter  coe f—
ficierits in Table VI—3 .

5) Noise bias effects can be managed by selec ting
w and T as regards noise bandwidth according
t8 [209].

6) For n o n l i n e -n i r  i d e n t i f i c a t i o n, use the coef f ic ien ts
in Table Vi— ~, with r > n f o r  noise im m u n i t y .
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I

L.
TABLE VI-4 . ALL-PASS PADE COEFF iCIENT S

I) a a1 
a2 a3 a4 a5 a6

1 2 1

2 12 6 1

3 120 60 12 1

4 1680 840 180 20 1

5 30240 15120 3360 420 30

6 665280 332640 75600 10080 840 42

20 1



E. lde ,m t if  icr G a l  11 Des 1 ~‘n !‘ac;uneter Sc] cc t ion

The identi fier gain c oe f f i c i e n t s  a r e  the acceleration (or weighting)

c o e f f i c i e n t s  used in  the id i i t i f i e r  al g r i t h m s , i .e .

= ó ex~ (VI—1.E)

p(k+ 1) = p(k)  — a (VI -2 .E)

a are the coefficients. Little in the way of exac t results are available ,

so findings to date will be tabulated .

1. For Kudva [1.13], an approxima te analysis approach
is given by Colburn [185].

2. For the method i n  [114], para ncter coefficient
selec tion is rclaced to transient response in [26].

3. For Carroi.l [1201 , it is sh io -~m t ha t  the hi gher the -

gain  th e f a s t e r  the par am eter convergen ce ra te,
al though the valm~e of the convergence r ate canno t
be p r e d i c t e d .

4. Kreisse lneier  [1341 provider a bound on exponential
par ar cr er  convergence  ra te  f rom a selc-c: ti cirj  of the
gain a d j u s tm e n t  p :nI amoters .

5. Sprng ~ue [143] suggests  a si gnal averag ing process.
Consider the plant

+ a x u  (VI—3.E)

and identifier

o C ( V (l)
)~~~ - ~ 

(1) (VI-4 .E)

= G (x~~~)
2
~ - C X~’~ X ~ (VI- 5.E)0 o o o

6. = ct . — a ., a. = parameter estimate (VI—6.E)1 1 1 1

it is s ug g e st e d  to e.qua1i~ e the average cigenvalu e
uf (Vl—5 l .) and hcn ce p 1 c-k C , so th at

~~ 
x
2 

= C constant ( V I — 7 . L )
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I
If excessive noise is present , reduce C somewhat.
For the nonlinear terms with par t i t ioned  variable

(k)
y

C .. 
______ 

- — C

~ ~~(k)
)
2 ~~(k)

)
2 (2p-l)

where

2 T 2(k) 
= 

~~ ~ 
dt (VI—9.E )

0

is ~hc interval average and p is the interval
numb ’.ar. For l inear parameter  terms , l < C < 5 0
has proven use fu l .  For nonlinear parameters,
C floods to be much bi gger , typ i.cally 10 to 100
times tha t  fo r linear terms [162].

For s inusoidal i .nput s , C (w 1 ) rad/ sec .  is

a dcsi pn guideline wher e UI is the lowestlow
expected input f requency.

6. A number of i den t i f i e r  gain selections are given
in [184].

7. A procedure for  minimizing noise and accuracy
in t h e  select ion of the desi gn pa ramete r  is given
in this chapter , section A , subsection 2.

F. Cor :putat iona l ._ C o n s i d e rat i on s

In order to determine the computat ional  burden requirements , a

slmp. 1 i f i ed  anal ysis of a number of the algorithms was performed as regards

ha rdware /sof twi i r e  needs.  Cont inuous—time systems were evaluated as to

the nur iber  of integrators and multipilors , and discrete systems in terms

of m u l t i ply and acid ope rat ions . The calculat ions for  these methods arc

giv en in A ppend ix I and [1091. The r e su l t s  are approximate due to some

sinipli rying assumptions and to the l imi t ed  degree of computat iona l  o p t i m i —

zati on eeployvd . -
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In Tables VI - 5 through V I— 8 arc the results for some of the methods,

Table VI—5 restricted to continuous linear time—invariant , Table VI—6 to

discrete tiine—inv ariant , and Table \~l—7 to nonlinear tine—invariant methods.

Table VI—5 assumes a p l an t  of the form

1
)
~ 

b .

C(s) = 0 
(VI-l.F)

n i-i
S + ~ a. S

11=1

is to be iden t i f i ed , Table Vli—6 a p l an t

ni-i

~ b . z~~
G (z)  = 

l~•••O —— (VI—2.F)

1 + ~ a . z
1

1=1

and LJi )ic - V~ —7 a plant

f. F~ (s)
y(L) = 

~~~ 
A( s) nh(u(t)) ( V I — 3 . F )

wh ie r e

n-i
A(s) s

tm 
÷ ~ a. s

1 
(vI—4.F)

i=0

F
h
(s) = 

~iim 
5m + 

~h m-l 
5
m
~~ ÷... + fh

1
s+ 

~h 
(VI-5.F)

a nonlinear static function of the scalar input u(t). In each

case, the it typ cu of iden tif ier , either response error (RE) representing

“para l lelt ’  MRAS , or genera l ized  equa t ion  error (GEE) r ep resen t ing  “ series—

parallel” MRA S , is indicated.

Shown in Tabi e VI— 8 are the computation requirements for the A and

1-1 memory shaping methods for  t ime varying sys t em identification using the
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Landau ~~AS identifier [116]. The calculat i on details are given in Appen-

dix I. With the W method an averaging requirement occurs because every

N samp les a special set of update  equa t ions  must he employed , so the mult i -

plication entry is an average cost/cycle , the actual burden bc-i.ng non—

symme t:rically distributed w i t h  time.

l-’rcm a study of the tables, based on the l imited number of methods

reviewed , a number of findings can be stated . As regards Table VI—5 :

The hardware requir ements of the RE and basic GEE
methods are about equal .

Lion ’s extended—GEE method , although providing fas t
convergence rate  [1021, requires  prohibit ive hardware .

From Table VI—5 , it can be seen tha t :

Finding 3.

The Narendra and Landau methods , although exac t and
in sur ing st ab i l i t y ,  are f a r  more comp licated than the
s~ r~plified method of Johnson. ThIs points up the
tremendous hardware savings possible by s imp l i fy ing
the i d e n ti f i e r  algo ri thms .

The GEE method has ] ower hardwar e requi rements  than the
RI~ m e t h o d .  However , th e GEE does not  gua ran tee  s t a b i l i t y ,
the RE does .

Fii i din ~ 5.

T h e  a d d i t ion a l  c o m p u t a t i o n a l  b u r d e n  fo r  t he  t ime—
vary ing i d c -r i t i f i .c r s  is nom ina l  , so dec is ions  as to their
use depend. ;  on t i m e — i  nvar  hint bii rd en. The A method ,
however , requires lecs add it lonal computat ic~iis than the
H m e t h o d s .

i h at  comparison of c o m p u t a tio na l  r e q u i r e m e n t s  is not trivial , see

[ 224] . ~k r e  r e c c i i t- l “, [1 31., 2251 develop and calcul ate c o m p u t a t i o n a l  dch 1n c 1 5

of va r ious  identi fi or structur -s . Such work i_ s of kc’ importance in
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TABLE VI— 5. HARDWARE REQUIRE MENTS OF CONT INUOUS
LINI:AR IDENTIFIER METHODS

MET IJOI) TYPE I N

h!an~ [109] RE 5n—2 4n

Tora izuka [l. ui 2 J  RE 5n 4n
(no nonlincarities)

Young [223] GEE 4n 4n

Young [5] CEE—IV 6n 6n

Lion [102 ] G E E — E x t e n d e d  8n—2 8n 2

A s

10 = 1)

A d d i t io n , Sub t rac t ion  can be a d d i t i o n a l l y  per formed wi th
i.ntegc-rs

I i n t e gr a t o r

M = multiplier

I
I
I
I
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TABLE VI—6. HARI )WAR E REOUiRLN ~E~ l S  O~ DISCRETE
LINEAR iDENTI FiER MET1I OI) S

Method Type A M

N ar endra  [u3] GEE (9n
2+3 n) (7n2+ 2n+l)

Landau [116] RE (4n 2 + 2 3 n - f8)  3(2n+l) 2
+ l5n+ll

Johnson [128] RE 6ii+5 lOn+7

Assu m es

Add (A) = Subtract  (5)

Mul tiply (I-~) = Divide (D)

m
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TABLE VI- 7. HARDWA PE REQUIREMENTS FOR CONTINUOUS
NO: L1 NE d. I DENT IFI l:RS

Method Type I

Sehi tog lu [1641 GEE 4 n ±  P. 4n+  2f

Tomizuka [.142 ]  RE n ( 3 + 2 P . )  n ( 2 +2 f)

I
Simp le nonl inear it ies  only considered I

l~~~~~ ued nonli.nearities

Add , Subtract can be additionai ].y performed with int.egr~ttors I
U .

I
I
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TABLE VI— 8. Ti ME—VARYING b EN-n h ER CALCULATIONS

Metho d 
~ yp~ 

A M

A Method RE (4n2 + 23n + 8) 3(2n + 1)
2 

+ 15n + 12

W Method~ RE (4n2+ 23n +8) (3+1)(2n+3)
2
+l5n+ll+

~

*Average Calculations/cycle

N = ~J samples in update cycle period At ;

At = NT.
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di g i ta l  imp ieme i iu it i on  on a m i c r o p r o c e s s o r , where the real—ti:~e dii~:wL;

arc most severe. Not developed , bu t  of great  impor t ance  a l so , are t h e

s t o ra ge  rc-quirc ;.ents of the various identifier algorithms .

C. N~ d~ l Order Dct ~~r n i i n a t i o n

A l t h o u g h  m a n y  d i f f e ren t  i den t i f i c a t i o n  a l g o r i t h m s  have been deve i opc -d ,

of w h i c h  p a ra l le l  and seri~ n—para l l e l .  MfA S m e t h o d s  fo r  l inear , nonli  n~ ;t r ,

and t i~ :e— ~’ar y i n g  p lan t  have  been developed , compared  and d i scussed  in th i s

r e p o r t .  All , h e sev er , assume the s t r u c t u r e  and order of the dynamics

are knm~i a ~ ~~~~~ . In plactical application , this is never true , and

h en c e  so::.c sort  of “s y s t e ma t i c ” guesswork is required .  To aid in the

s t r u c t u r e  and o rder  d et e r r i n a t i o n , a n u mb e r  of t echni ques w i l l  be g iven .

In order  to develop an ~d e nt i f i c a t~ on package which is iap le.mentable

in real t inie i i i  bou t  need of r e s t r i c tiv e  a ~ 2 7. . : z i  hum an  o p e r a t o r  knowled ge ,

se e  form of in :1—time parameter—space model—order search is needed. To

t h e k r i  edge cf the writer , no prev ious work along these lines has been

done prL . :i ou s i .y . Traditional ly, off—l ine determination is employed by

select  lug  a model s t r uc tu r e  and o b t a i n i n g  a “best—fit ” paranntcrizatic’n .

These o f f — l i n e  m e t h o d s  i.ncl~ do Woodai. de [ 2 2 6 ] ,  Unbeh auen and C~ h i r i n g  [ 2 2 7 ] ,

Van Den Boom and Van Den Enden [228], S~ dcrstr~ in [229], Wel.lstead [230],

and WelI tcad [231].

‘Ihe prob l em can he s t a t ed  as f o l l o w s :

G i v e n  a plant with unl :nown coefficients , unkn own

numb er  of poies , zeros , and ( a n y )  t r an s por t  l a g ,  ii ing

only I n p u t / o u t p u t  i i e an ur v :ment  s determine the ‘‘ hi~~t ”

modc.l st r u c t u r e  e t i d  cei p i ~~~ ty , g iven t h a t  the sinai i c r

the  r an l e tor i ; ’ . t  on [l i e  h t ’t t  er .
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It is des i rab le  t ha t  some s t r a i gh t f o r w a r d  dec i s ion  c r i t e r i o n  be ava i l ab le

for r a n k in g  the r~ thod,; as to t h e i r  s t r u c t u r a l  a c c u ra cy .

1. Off—Line Neth I Order Dot crciina t.ion

First , typ ically off—li ne approaches sill 1)0 surveyed , with comment

as to their app licabi Ii ty to the presen t MRA S study . The disadvantages

of there approaches are that they generally require stat st :ical inf ormation

concerni ng the quality of parameter esti .inates , a paramete r not available

from many th-~.tS appen :ehies because the.  MRA S method ii ; desi gned to be

s t a ti s t i c - a l l y  t r a nsp a r e n t  to noise asymptotically. ihence the NRA S algorithms

process n o i sy  data  to e l iminate  no i se  e f f e c t s  w i t h o u t  exp l ici t l y i n d i c a t i n g

suc h in for e it ion .

la) Determinant  Ra t io  Test: [ 2 2 6 ]

This method  :is on].)- used to l imit  t h e  poss ib le  model orders. Suppose

the unkno’,n plant is d i s c r e t e — t i m e  of order  n with input  u (k )  and n o i sy

output y(l:). Based on any a priori infor ; :net:ion , a test  order  n i.e

selected and used to define

h~~(n )  [u (h - l ) , y(k- l ) , u(k -2), y(I--2)

u ( k — n ) , y ( k — n ) ]  (vI—1 .G)

Wi th  N an in t e g er  >> n and r ep re sen t ing  am analys t  ‘ e cho ice  of a data

S~ iOO t h i n g  ~~ ~

n I-N
11 (n) 

N U ~~~ 
(n)  ( I i )  (VI—2 .G)

P ing t In decisi n fu o c  t ion

J ~!i (n )  (V 1-3.C)

2 1.1



where T I  represent:F: determ inant of the .  m a t r i x  L , i t  can be decided

wh e t he r 1) n f rom
0

hi (ii) > 0  for n < n
r — o

(VI— 4 .G)
11 (n)  ~~O for n > n
r o

In practice , the equality is hard to meet precisely , and hence the

selection of an optimum n is not so simp le. The de te rminan t  r a t io

11 (n)
= - -—~~~ (VI—5.G)

I II (n+l )

can be emp loyed to de te rmine,  if i nc rea s ing  n improves the “ f i t ” . If

V(n)  n i a r i n d l y  increases as compared to V ( n — i ) , then n~ n , where n =  l , 2 ,~~” ,

n wi th  n some a priori selected maximum value of model order to be
max max

cons idered.

1.b) Con di t  i n  Number Test [232]

Using a direc t l e a s t — s q u a r e s  fo rmula t ion  [233] fo r  a model.

~ b .

— ~~~ — - -—  (VI-6.G)

1 + a
i=l 1

with ue ;~ :: ’i in d o u t p u t  y = y + C , C a noise , this can be paraniet erized as

y~(N) fl(N) p ( N )  + c ( N )  (VI — 7 .G)

Iy(n+l) y(n+2) ... y(n+N)] (VI-8.G)

T (N) [a 1 a 2 a b 1 
1) 2 ‘

~~ 
b ] (V I— 9 .C)

T
(~1) I e ( n 4 - ] ) t (n + 2 )  c (j r i  N ) )  (V.l — . T O P)
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—y(n) —y(n—l.) ... —y(l) u(n) u(n—l) •.. u(l)

M (N) = —y(n+l )  —y(n) •. • —y(2) u(n+l) u(n) . . .  u ( 2 )  ( V I — l l . G )

L -y(n±N-1) -y(n+N ) ... -y(N-l)  u(n+N-l)

Tes t ing  is based on the cost cr i terion

= 11 A M I IA ’iI (VI-12.G)

where

HA lt  = max~~ ~ 
a .~~ (VI - 13.C)

~ - Li=~ ~‘I

A ~l
T
(N) M (N)  (vI—l4.G)

if a > n , then A 1 can become singular (or very large) , which can be used

as a select ion guideline . A suggested threshold for  n >  n decision is

[234]

J > 10~ . (Vl-15.G)

l.c) Polynomial Test

Given a noisy plant SISO formula t ion

A (z) y(z) — B(z) u(z) = C(z) C(z)

wi th A , B, C f i l t e r  polynomia ls  of degree n, tes ting can be performed to

determine if any of A , B, or C have common factors . S~ dcrs tr~ m [229)

presents a search t echn ique for  accomp lishing this . In gener al , i l l—

coudit’ .i oru i ng [23 5 , 236] makes th approach d 1ff ~cult.

l.d) Test For independence

TIi is t e st  de t~~ I:i i nun whet he r  the model errors C are uncorrelated .

Define
n+N

P (T
N

) 
~

, ~ c (k )  c ( k + T )  (V 1- 17 .G)
km+l
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where T
N 

O , l , 2 , ... , lO . if  t ; (T N~~
O) ~ O , t h e n t h e  t (k )  are u n c or r c l at c d

and an accep tab le  mode ) ,  f i t  ( f r c n which i ’ were ob tained) results. This

is also r ef e r re d  to as a test j ea  eorreie iai [236 , 2 3 7 ] .

1. c) Test  for ~ er : :a l ity

This check in used to d o t t e r :  tue  if the statistical distribu : ion of C is

normally  d i st r i b ut e o .  given a nor ; .i i l  r and om e xc i t i n g  i n p u t  was app] led .  ‘ I b i s

o f f — h ue m et  hod r ecj u i.res hun: s i n t e r p r e ta t i o n  da ta  a n : i i y n i  a b y 1 2 2 7 ]  t c c } :m

1. f )  St n t i st 1 c~il 1’— Tes t

Astr~ :n [238]  p r o v i d e s  a test  fo r  s t a t  J St h e a l  i n ( i~~~arl dcney  of 1
~ 

and

l 2~
= .~~ ~~~~~ E(N) (VJ—l 8. ()

wi i l i  C ( N )  f r om  (V l— l .O .G)  and is d e t e rm  ne d f r o m  a m o d e l  w i t h  o rd :r n 1.

and s i mil a r l y t o r  i 2~ 
If n

2 ~ n
1 

>~~0 , t h c i i

I — I N — (2ii +1)
= ~J_ __2 . _ _____._

~~
_ _ _-  (VI— 19--G)

12 2(n 2
— n

1
)

has degrees of f r e e d o m

11 
= N — (2n

2
+ l )  (V I —20 .C)

= 2(n
2 — n ~ )

and  F d i s t r i b u t i o n  F ( f 2 , f
1

) .  For a risk leve l of 5% and N > 100 , the

c i uhf hinhlcC t e st  i s  t < 3~ Th is mesas  that  if t < 3 , t~hen n ii is the
0 1

4 ol r e i :  t i t  i r i t e d  model order [228,239]

A var  i~ t . ’ of o the r  approaches  have been developed bu t  are not I
a p i ieah l  ci h :r e  . Thins include W i l i t c i l i e S i  01 r e s idual s , determinant

v or , pi~.I e zero cii i 1.1 :tt I en , and i ikel ihooc l  ratio [226] . An cxcel l en t

i s  i i  ii ol  nose of these and o t h e r  approar i ns  is [228] . I
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2. Pseudo O n — L i ne Node]. Order Determinat ion

The key to any u se fu l  order de t e rm i n a t i o n  t e c h n i q u e  which has the

po sa ib i  lity of operating “on—line ” (or prac tically so) is t ha t  it

a) i : i , n t  u t i l i z e  d i r e c t l y  identified parameters , and b) work in parallel

with the  identification a lgor i thm.  One such candidate fo r this  is an

auxil.iary system approach by Wcllstead 1230] for SI SO discre te—time sys—

tenis . The p r inc iple of opera tion  is t h e  f a c t  t ha t  an a u x i l i a r y  system ,

made u p  of unknown p lant parameter e s t ima tes  plus other parameter  e st i m~~ics ,

mus t equal  an au x i l i a r y  model if the guessed order of the p l an t  is correct: .

Sii.:i].s h y ,  the auxiliary system parameter estimates are biased for  incor-

rect model orders .  The beau ty  of this approach is that  any simple

auxi l iary  “model ” is created and an i den t i f i e r, which uses s imul taneous

p :tr am :-te r es t : imst es , used to check i t .  The problem of model ord r de te r—

ininat ion is thus simul taneous ly  imbed dod in the form of an i d e n ti f i c a t i o n

prohlc

Th e general algorithm is app lied to a p lant of the form

y(z) = —A ( z )  y ( z )  + B (z) u(z) + f( z )  ( V I — 2 2 . C )

where z is the traditional z—transforni , u the input and y the  ou tpu t ,

/ an unobservable white noise sequence of random variables (it can also
he appi it ’d to colored noise), and

n

A (z) 
a 

a. z~~ (V1 23.C)
i~-l

nb
B ( z)  )~ ii . z~~ (V I —2 4 .C)

j~ k ~

ehe in  k i  is the transport lag , n the numb i:r  of 1)01 en , and 
~ b 

the  number

of z t  i o ; . A s t - r I & ; — i ~:ir a1  l i i  i:c:l ( l of ( V i— 2 2 . G )  i s
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y (z) = —A (z)  y ( z )  + B (z) u(z) + e(z) (VI—25.C)

where e(z) is a model fitting error, and

n

A (z)  = (VI—26 .G)

-
.

B
m
(Z) = 

j K  ~ 
z (vI—27.c)

The plant s t ruc ture  is then characterized by the triple 
~~a’ 

nb , k) and

the. model by (n , n~ , K)

An augmented System plan t is d e f i n e d  as

= y ( z )  + r(z) (VI—28—G)

r(z) = T (z) 1(5 )  (vI—29—C)

nt
T (z ) = 

~ ~~ Z 
1 (VI—30.G)

1=0

m(z) = u ( z )  + ~ (z)

wheie ~(z) is a ul i lt e  no i se  sequence wi th zero mean and known variance ,

and t . arc k n s , n  desi gner se lec ted  o n st an t s . S imi l a r l y  an augmented

model is defined by

y = —A (z) y(z) + B (z) u ( z )

+ T ( 7)  m ( z )  + e(z )

n
T

T (z)  = ~ T . z
1

i=0

a couf i g’ ilSlt i on  is shown in  L i  gary \~I—3 . S i n c e  the  ~in p i r . : n t e d  p lant  is

known , T( z ) can always be correct ly par ameter xed by s e l e c t i ng  fl
I

> O
T •

The order  t c .t i n g  al  pa r i  t u r n  is
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1) select  (n , n~~, K)

2) i d e n t i f y  n , 13, T

3) det i rci inc if {T
0 T

1
are equal  to ~ t t t }

0 1

4) ad jus t  augmented model order (select
new (n , n~ , K)

For d~ Loi-rdnntion of “fit ”, f t c-rn 3 above can be analyzed by a

decision ord ering

if {d < < d ) , D . 1£ t . U 1
1 11r1. , 2 , ”w . = min tn ,

3 t T

If NOT , I) . = 0 (vI— 34 .C)

d = upper bound on ratio (i.e. 1.1)

= lower  bound on ra t io  (i .e. .91)

In theory d , d~ could bc d i f f e ren t  fo r  each T . . if 
~~ 

D . = 1, then

the f i t  is good , if not  then it is no t .

The order de termination systei: shown is for a series—parallel  con-

f i gurat ion .  It has not  been imp lemented due to t ime l imita t ions . h ow—

ever , it is clear t ha t  th is approach could be extended to the ~~J\S parallel

concept’ , wi th parameter vectors ci , 1~, T determined using an l’ll~kS con-

f i gu rat ion . The “o n — l i n e ” possibi .] i ties of this concept come about because

the decision of T . “close, to ” t . can be made at any time dur ing  sys tem

opera t .ion and a decision to ad jus t  n e, , n 13, n made d u r in g  a run by simpl y

r emoving or  a d d in g  term :;  in  a, ~~. The f u r t her  ref inement  of th i s  concept

could then lead to a p seudo on—line model order  and t ranspor ta t ion  lag

riossur e  (it t ( C I ,  l’i i ’it iofl a l g or i t h m  f a r  l inear di screte.— r i m (  models , w i th

( ‘ l ) v l e u I : ;  e X L e , i : ; i o n  to t i l e  e i i l i .n ’: r c a n .
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3. Other  A pproaches

In addition to th ie model order de te rmiuat i .on techniques discussed

before , a few o t h e r  promising concepts will  be ment ioned  for  comple teness .

Structural distance is ii method for  determining model parameter  matching

to an unknown plant , bu t  requires non—measurable information (the p lant

pa ram ete r s ) ,  to decide wh ether  a model is of t h e  proper s t ruc tu re. A

performance index (IP) of this type is

IP H~ — .~I I  ( V I— 3 5 . G)

wh er e  p is the plant parameter vector and ~ the estimate [70] .

Another , b u t  this time rea l izable , IP is

1P 
~ 

(X m
(k) - y (k) 2 (VI-36.G)

i=l p

The problem here is if y is noise cor rup ted  (1 .e .  y = x + q, r~ a noise) ,

then in must  be iarg~ to “average  out ” the no i se :. Such an approach could ,

however , be u n a d  in p r inc i ple to decide if IP < ‘Jr so tha t  the modelmax

repreacnted by x cou l d  be a “reasonable fit”.

Mehra [4 , 236 1 uses a whiteness tes t on the innovations sequence of

Kalman F i l t e r ing  i den t i f i c a t i on  approach to provide a g o o d n e s s — o f — f i t  test

for  the e s t im at e d  pa ramete r s .  Such an approach allows use of the standard

K a im an  F i l t e r  i t r u c t u ro  to obtain an optimal , efficient identifier as we].1

as the  cor rec t  ode] . on—l imo and s imultaneous ly .
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CHAPTFP~ 7. SIMULATION RESULTS

In order to indicate t h e  overall operation of the iden t i f i e r s  for

realistic systems , a series of simulation tests were run with the vati.ous

forms of NEAS i den t i f i e r s .  Following the main report sequence , l inear

t i m e— i n v a r i a n t , non l inear  t :ime— invar iant , and l inear  t ime—vary ing  ident i-

fiers  will be addressed in tha t  order . These results are not meant to

be exhaus t ive  le t to demonst ra te  the opera t ion  of the var ious  MRA S identi-

f ie r  al gor i thm s.

A. L i ne a r __T i : ! . . c - - ] i i lva r i aj l t  Ca~ c

Consider the f i r s t — o r d e r  process

x (L+l) a
1
x (k) + b u(k+1.) + b

1 
u(k) (VII-l.A)

or

x (k+1 ) ,1
T 
s(k+i) (VII—2.A)

[a1 b h
1] (constant) (V11 3.A)

s(k±l) = [x (k) u(k+l)  u(k) ] ( V I I — 4 . A )

The output is corrupted by an addi t ive  noise , r~,

y~(k) = x (k) + ii(k) (VI I—5.A)

where  fl is a i c ’n ;t a L . onary zero—mean Cuassian noise sequence whnse standard

deviation ~(k) is va riable according to

o(k) = p x (k) (VII-6.A)

p v ;trics between 0 < p < 1 , and the “ p e r ce n t  noise ” is p x 100%. This n o n —

st atic s-rn noise which depends on t)c output is a f i r s t  step towards t 1~

h~tnisn ~ c1’~~t or  pr ~~~lern wh re a r em n an t  depends  on an input sign~i1 n a n

h u t .  i i i  1 : ir a ln : ! ~~1 ( : l t j l ; l ; i t  cm ~~ ee found us inn; Eq os . (iIT—2 l ~ .1h)— (l .Il— .~~1 L~)

and no isy  men c ii cc . i ra n t y
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T (-2)

A(O) - 
!.

T (_ i) (VII—7.A)

(°)

T
(h) [y(k--1) u(k) u(k—l)] (VII—8.A)

= [y (—2) y (—l) y (O)] (VII.-9.A)

yield ing

q (O) A ( O )~~ q(O) (VII—lO.A)

The I’U?~LiS al g o r i t i n used is given i i i  Eqns.  ( I I I —2 1 8 . B ) — ( I I I — 2 2 l . B ) , wi th

F(O) = (A(O) 1’) (A ( O )~~~))T. (vII-11.A)

Since three parame ter s are presen t, the frequency richness criterion

was satisfied by using

x(k) = 

~ 

sin(-~ -) (VII-l2.A)

Usin g (VII— 12) as input to (Vu —i )  wi th available measurements u and

simulat ions w i r e  run  to dem o n s t rat e  ry s t ern  operation , with a1 . 8016 ,

b .0274 , b = . f l28 6 .
0 1

Shown in Figure VII—l . is the effect of different c • values (see

Eqns. (III—109.B) and (111-112.13) on tracking accuracy, with p .4. Case

1 is for  c1 = ~ .( k )  which al lows for  regular up d a t i n g  of c
1 

for the SI’R

cond i t i o i u , bu t  t h i s  case i i r n c - ~~ not insure asymptot ic  s t ab il i t y .  The other

four (~~l5e5 ;~ J’ e for constant c
1
, Case 2 being for c

1 
equal. to the exact

p l a n t  p o l e  (uninnown) , Cares 3 and S fe r  c
1 

equal .  to ±fthe (biased ) l e S a t —

a estimate of d
1

(O~~, and Care 4 just a number  i n su r ing  that  (111—112. B)

is sat i~~i h c h . he :,lts clearl y d u i n s t r a t e  thc 15:0 r a i d  r e sp o n se  fo r

I V —

C
1 ~ 

cI n’ t ant OS ( ‘ V i ( i ~, l 1 t yd Ii ~’ t h e  d r  : :  i n g , s t ru c t u r a l  ci i : : t a r i c c  

~~~~
2 ) 1
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l’igure V I I — 2  d e m o n s t r a te s  the t r ack ing  accuracy versus c~, = constan t

at  vs r i o l s  t ime i nst a n t s  f o r  the previous s imulat ion case. Note the

gene ra l . parabol ic  n a t u r e  of each f ixed—t ime—curv e sugges t ing  that  at dif-

f e r e n t  por t ion s  of the response cycle , different fixed c1 
values are best.

As a second (~ aC ’llJl C demons t ra t ing  tha guaranteed asymptot ic  converge

of t h ~ MIL A S i den t i f ier  in th ie presence of output no:ise , consider the

se c o n d — or d i r  case

x (k+l ) a
~ 

x (k) +a
2 

x (k—l)  + b
1

u(k )  + b
2 

u (k—l)  (VII—13.A)

y =  x (k)  ± a r~(k)  ( V I I — l 4 . A )

where r~(k) is a colored noise

~ (k+l) = a
1 n(k) ± a2 ~~~~ (vII—15.A)

and w ( i : )  a Gaussian white  noise. For the p a r t i c ul sr  case ~T 
= [ 975

.22 3 , .079 , . 0 4 7 ] ,  E fu ( k ) }  = E{u(k)} 0, E{u
2(k)}~~ E{w

2
(k)} l, E~ a(k)u(k)},

a .08 , y1 
.8 , 

~2 
= .7, and t h e  ident i f ie r  cons tan ts  c

1 
= C

2 
0 (which

s a t i s f i e s  the SPR condit ion of ( I I I— 1 l2 .B ) ) .  The model is assumed t h e

same order  as the  p lant , and fo r  th is  case the asympto t i c  convergence

charac teristic (as guaranteed from Hyperstability) of the normalized

~I I~-~ I 1 2\
structural distance squared ( -‘-- ---

~~~~~
——— J is shown in Figure VII—3. Note

\ II~I I /
t hat  a l t h o u gh the time—invariant system convergence rate is slow , this

can ha improved by ad j u s t m en t  of t h e  c . and F ( O )  values by the designer.

B . F o i l  i n c ir 1dc~~t . i f i c a t  ion

A ‘ c r  of: os iputer  s ~ru u t i  l o t  ions were run to ver i f y the equat ion

e r ror  non l inear i d c n t : i f ic r  of Sehitog i ui , et a] [144]  , to ind ica te  t h e

oh i i . i t y  of such an ai .gori thm ic approach to hand le  n o n l i n e a r  d yn amic  sys—

t a : :  with and w i t h o u t mem ory.  U sing ( l V — 4  i. .C)— (1V—5 l . C) , investi gations

223



I V

KEY

* k = 6 0

+ — 9 0

0 ( P P

A = 200

:~~~ = ~~~~ 
-

~~~~~~~~~~~~ 

I

’

~~
7

()  7
_

~~

~~ - _~~~~ i- .
~

-
~ .~~~

-
~~ 

~~~~~ 
—  

~

.~~~~~~~ N / ~~ ~

~~
.\ 

_~~~_~~ ;1

.02 

2 ’N,
.01 - -- -—I - 

~~~~~~~~~
—- ±--— —.----.

~~
——-——-

~
————

~~
.2 .6

F i~n r e  VI 1 — 2 .  ~ t r u - i  n o  I f l i s t u , cc v s .  C
1 

a t  v a r i o u s  f~
’ ’.’ ’ u i J i L t ’

1 5: ;  t an a



V

I 0
1 0  —0

U

-

- 
3 ci

C c i

(J~~~~~~

~~ 4J —--..- — —
~~~ C S

-ci a.- ... - C- -— — C S

0

‘
i -

—

22 r~



were made in to  the 1)c ’r fornuance of the I d e n t i f i e r  to changing input  fre-

quency r i chness  ~-inc1 with mea surement  noise.

F i rs t , a p lant of the fo rm

A ~ + f ( ~ ) + A x u (VlI-l .B)
p O p

was us~ c1 , where A
2 

=A
0 

1 (known) and f(x ) is  the unknown f un c t i o n  (a

hys te ri sis  no nl inearity  of s1opc~~ 1, and sa tura t ion  va lue ± l ) .  A model

was selected of the fo rm

A ~ + f ( t  ) + A = (VIl-2.B)
p O p

w i t h  a si t e  var iable  fi1te~

x D
~~ (s) = —---‘ 

~1 
(VII-3.B)

p 1) ±1) s + s
0 1

w i t h  D 6t ) O ., 1) 50. Using 22 intervals fo r  x , i .e .  — 2 . 2 < ~~ < 2 . 20 1 p

wi th  i n c r em e n t s  of .2  wi th  micl pc ’int s  2.1 , 1.9 , 1.7 , . , — 2 . 1 , the  s yst e m

(Vu —i .  B) ~.‘ns run w i t h  the opsu at :ing condi t ions  A 11 
= A 12 

= 0 , C
11 

= 8.0 ,

C
12 

= 30, and u = 3.0 sin c i . [1/u /u ] .

Identifier re sporu :.;u was de te rmined  over a set of f r e q u e n c i es

.4 < w < .9 to demons t ra te  convergence rate  and asympto t ic  s t ab i l i t y  for

the hyste ric i s  loop of slope 1 and sa tura t ion  value ± 1.0. Figures

V I 1 — 4  and V l l— 5 show r e su l t s  for  A
11 values (key term) in d i f f e r en t inter-

vals . It can  be SCSI ;  tha t  the convergence ra te  increases with incr easing

f r e q u e n c y .  II co ver , at  W .1, no n o t i c e a b l e  i d e n t i f i c a t i o n  occurred

(ci thi er  ccr l vc rp nec  rote was tea slow to no t i ce  or the  identifier is not

a s y m p t o t i c a l ly sL a b l ’o  under tho se e hodit foac -) , which ind ica tes  an o p t i m u m

f r e q u e n cy  ron:y.’ is  p r e ’ ; c n t  to in - co i l ] i sh  i d e nt i f i c a t i o n  in the f o r t  cat  po r—

I l i l t  ‘ : . , . ‘(I s,: t oi ’ a 1 u i  ‘ v or :  ‘ ‘ne of thc’ I o u p  at W . 5 :i a shown in

‘Pt
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Figure VI I— 6 , whore A11(O) = A 12 (O) 0. For the p a r t i c u l a r  examp le , w -
~~ .4

seems to be an optimum f req u en c y  for  t h e  I d e n ti f i e r  to work a t .  It wil l

be noted that t h e  curve shows a smooth i progress ion from point to point on

the graph.  This  is not accura te  in t ha t  the iden t if i ca tion  process occurs

In d i s c r e t e  i n t e r val s  and ad jus t s  itself wh ile the variab].e is in that

interval. When the va r i ab le  leaves tha t  interva l , the i den t i f ication

process ceases in tha t  in terval unti l  that  interval is “ swc-pt ” again by

the variable. This procedure  produces a ser ies  of jumps in the COnV Crgeru c- C-

which would m :u ] :o reading t i e  grap hs qui te  d i f f i c u l t .  For this reason the

info rma t io n  was presented in a continuous manner.

The theoret ical  r esponse.  of the equation error to noise e i ther  cor-

related or u n cor r e ] a te d  would be to add an asymptot ic  bias t:o the results

obta ined by the  i d e nt i f i e r .  This is because the plant output is used by

the i t i c i o t  ~fier sad sta te  v ar i ab l e  f i l t e r  to approx ima te  all of the miss ing

p ln~~t s t a t e s  n ’ . 6 o : c I  f o r  l i i i  i d e n t i f i  c i u t i o n  process .  When noise is i n t r o —

ducc-d by the  p l a nt  , t h is  i c ’  I a r  con tamina tes all of the appr oximate sta tes

and th is causes thie bias to be added. The biasing e f f ec t  of noise is

ver i f ied  b y t1~ conjut er in ’7 I c-r c n t ,’ L ’ i on .

T h e  n o i n ’ ’ , q, is : dcl d to  the o u t p u t  and C; U S E S  correl i ;’  ted resid uals

when the  r y s t . c ’ : :~ of F p u r e  V I 1—7 is employed . The noise is d eveloped f ion i

t h o u  - plan t :  i n p u t  i ; , c i  t h

E~ ri} 1)

E {tH a (VII-4  . B)

a i ’ r ; i e ” j u ; ~

< P r oc < I i s  a cos t an t  r ’1;r ’-:’ ; s t ing ~~~~~~~~~ o u t ’’ f l O i S e . rih i s  ~~~~

is p u ;  t : u u 1 ; o u ’ h y  sc-v -ct’ Is,’ o ’ o.i~~o - n o j o .  L u ; ;  cuc e ;  S h c’scc ,c i t is  c o r r a l t id

w i l l  i i .
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lu ’s f u n o t  i c r ;  crc tested on the identifier with this type of noise.

In both , no int’ u -~ :ot i.on or assumptions about f(~) were made except that

it c o u u t ~ h ave h - u  l inear , non—linear , contain memory,  or be memory l.ess.

The f l r ~~t f ur .  L a;; t es ted  was a hyster i.sis loop with slope 1.0 and

s a t uc a i ng  at -P1 .0 ;u ; d —1.0 .  The standard deviation of the noise was

a1lo~- s , ’i  to v a r ,’ ~.- macn 10% and 100% in this ins tance .  The results of

this test a rcH ; in t J u ,ure  VI’I—8. From this figure, it can be seen

tha t , i i  g e cnc iuH , Liii: higher the standard deviat ion of the noise , the less

accur a t ’ :  the sesules  of the ident i f ica t ion. However , the iden t i f i e r  did

not hreal .do wco i .  . :. Li e tel y and even at 100% standard dev iation noise it

stil I . a t t emp tc :l  J . i a u it i f i c c ct i o n , although , extremely inaccurate .

The oth~~c 5 u n c t i o n  which  was used to test the effect of noise on the

Ides; i ~cr was f(x) = ~~~ The results of this test are shown in Figure

VII—9. Pro: ; I ) ;  f igu r e , it can b~ SO C II t ha t  the i den t i f i e r  produced a

generall y a c c u c c o t . ’ r ep r er e n ut a t  ion of the actual curve for noise levels

of 10~ to SOP s tandard deviat ion.  The convergence of three of the intervals

with respect  to t H e  is shown in Figure Vu —b . Examination reveals that

these intervals do , indeed , converge but the convergence is not exact.

~~~~~~~_ ‘1* ~~*p,g , I d en t i f i ca t i o n

Fran ; Chap t e r  5, some of the time—vary ing approaches were investigated

as ro:.. , u r d s  t h e i r  tracking ab i l i t y .  Considerations of bias , convergence

ra te  and  s tab i  l i t . ’ are  addressed .

i rs  t , c : ;  a ‘ [ 1  ye the p 1 ant

x (k+i.) a (k) x (k )  + b u (k+1) + b
1

u(k )  (VI I - l .C

y ‘~ x -I- q ( o u t p u t )  (V 1i—2.C)

U C u O l i ; ; ; . J i O , E {u } 0, E [u 2 ) = 1 (VII—3.C)

~~~
2 } p .  x l ,
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b = ’  .0274 , h
1= .0286 (vII—4 .c)

~ (0): from (TII-218.B)-(uII-221.B)

c~~at ft ;a ’  L ion  on th e - s t r u c t u r a l  d i s tance  is def ined as

400
= I I~L t~

) —~~(k) I I  (vIr— 5 .c)
k~ 20

~P - ’. ’n lii F i , c ’re P11—il is the e f f e c t  of both the time—invariant Landau

~‘~~‘0 Le;:~ i t  i c r  w i t h  t h a t  of the N method with 0 and 10% noise (K
2=l0);

lii’s e r p u a t  i c :  c n p i o y e d  are g iven in Chap te r  3 and 5. Note the relatively

~a : 7  t r a u H : i. ng  of the U i d e n t i f i e r  in tracking a (k) whereas the time—

.I a :s c i . ant  .ls;nd;1c case provides  poorer estimates as k± ~~. The “reweigh t ing”

cc up~h a t  P r  emp l oy e d  by the N and A tine—vary ing identifiers can he seen

i i :  F i r : . r:cs V ! . T — 12 ( a ) , ( b )  fo r  the example given. Note the reset or

c;:’ l ‘I sal i r c r c c re  in 1F(k)  1 every N (= 10) terms for W , but  for  the A

i .  la d I~
(
~

) I is r e l a t i ve l y cont inuous  if .8 < A  < 1.

U s i n g  J in ( V I I — 5 . C ) ,  the same p l ant  as before  with a d i f f e r e n t  a(k)

c.’; ;; L Op 1. ,‘e~ to de te rmine  the e f f e c t  of vary ing A and W. Shown in Figures

‘c i t — i ]  and V I T — 14  are identifier results for the A and N methods for  d i f —

li r e t  o u t p u t :  noise percentages . R e su l t s  suggest a range of A , .85 < A < .97

l ) u , u ” i C  of ; ;o : i au  cons ide ra t ions, wi th  K
2 

optimum about 1<K
2
< lOO.

S i ; i ,iar r ’~ u :lt~ hold for  other  plants of higher order with more (and di . f—

f e i n t ) t i c s- - v a r y i ng  coeffici ents.

Ac; a no i i a r  case , consider a th i rd  order p lant , with n m = n = m = 3,

çu T (0) = [ .4 .49 — 1 . 9 6  1.0 .5 . 06 1

[.3199 . “u 806 - .144  .9 83 .557 .11.9]

cc va ry 1 ’: , p ; u ; . ; n : u ’ t t - r a  ~.‘ - r , ’ g e ner at e d  f rom

~~~

. (k-I-I) cu 
~~~. 

(k) + (1— cc) r , (k) 1” 1, 2 , , 7 (V II — 6. C)

2 3 5

—‘—. --- — — -—- - —- — - —‘---- ‘ . ——--—- ——‘--——-.—‘-.--,~~~ — , -—.—..
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where 0 —.< cc < 1 and r . ( k )  are in c lep end ent  zero  rica n Gauss ian  wh i  to noises

wi th  u n i t  v a r i a n c e s .  The cu tp u t  noise , r~, (y x +  ii) is given by

ri (k+l) = .8 11(k) + .7 r~~(k) ( v lu —7.c)

The colored  noise  fl Ic ; emp loyed h c ;c ou’ :c-  it v io la tes  the  ideal cis ; : i i : ;cp t i o :c

s ta ted  in Method 13 of Chapter 3. U s i n g  the  A and N method s wi th  the

para l le l  i- ’Jt~\S f o r m u la t i o n  w i t h  [C
1 

C 2 
(~3J [— .4 — .49 .196] ,  s imula t ions

were run  fo r  vary i n g  Cc .  P en n i t y  costs were chef in c ’d as

N 2

~ ~ (i)  — i~i ( i )

J = -
~
-
~~~

-
~——--- ( v I I— 8 . C )
N 2

:i~— 3~

N
= ~~ ~~~[ y ( i )  - x (i) ]

2 
(vIi-9.C)

where I’] is a large nu.caber , and J r ep resen t s  a pa ramete r  s t r uct i ar a l  dis-

tance misa l ignment  cost and J the  tral i :’i i n  error p e : m ;u ] . ty .  o~ 1~ is

a v a i la bl e  for  compc .i t a t  ion  in a rea l problem .

Fi gure ViI—15 ohu o w s  the o ut p u t  t r a id~’in g a c c u rac y  as A and P 2 ( f o r

N) vary for  d i . f f u r c n  L p a r m J ; ’LL - r va r i a t i on  r a t e s  (cc changing) . Clearly

n o t i c eab l e  i i-; the  “ parabol ic ” e f f e c t  of an opt imal  range  of A m m m l  P 2 .

Fi gure  V I i — l . 6 shows cm .ini bar re ;:ult s  for  t h e  s t r u c t u r a l  d i s t ance  ci e m i l ’ .

an  a . -
~ 0, t h u  tr ac :1. ;;g accuracy improve; ; . Fi gure V 11— l7 compares and

and sl;o’~’;; t l in t al  t h o u p - h i  a range of A , 1
~2 

mm i n ;  so t h e  e r ro r s , the mill;;

occur  a t ’  ( h i  f l e r u - m u t  A va lues , si v r ’i ng  t ha t  ‘‘opt  li: i ’ .; i ; l ’’ Pu pa ;ds on the  t rack-

ing ac :i i i r ; cy d e f in i t  i orc ( i . e .  A .9 fu r  J ) . Due to lack of space mind
o1 ,t C

t. i i ; ; u - , osc:i lint : iiug mu ;ory r e s u i l  Is -ir e no t  g iven , al t h ou gh t r e n d s  mn e

cm i u m M , ’u .  F i r i i i ’ c  V l i , -18 cml i  . : t h e  ,co sI p a r a P e t  e t~ t r m u c L i n g  a c c u u I - ml c \ -  p o s s i b l e .
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To compare cuc . put at ’ionmu i r c q u i r c u :m c m u t s , Table Vu — I was gc-nc ;ra ted

assuming n = m = 3 fo r  var ious  methods us ing  an 8080 liP. Clearly, no

significant added burden occurs for the W or A method> ; over t ime— inva r i an t

L approaches , but  t i m e  o s c i l l a t i ng  memory requires about double the N method

and the SI{ARF m u c h  less than all others. Unfortunately, SHARF does not

insure global s tab P h i t y ,  bu t  from the t imes  shown it is the onl y method

easil.y amenable to on—line  use.

D. Analy si.s and S ‘i;~~~y o f  Timc--Varj i ing I IRAS I~ c ’n t i fi e r s

Froma the i. in u i l :ed r e s u l t s  presented , it  is not clear tha t the para l le l

MRA S approach for  moving window t ime— v ary ing  i d e n t i f i e r s  is “best ” , but

it has bran shown i t  func t ions  well wi th a p p r o p r i a t e  t :uni. ng.  Exp er imen t - f l

results shows no one method is l)etter , but  some desi gn guidelines .nr e :

W Method

N < N < N
L u

N
L 

= lower hound (>0), N = upper  bound

N - * l~~ A Method

~~~ Ignore Everyt:hing

N -÷ 
~ ~4 Tine—Inva r i an t  Ident : :if:i or

K f ( ~~. ,  ?~ parameters  to be i d e n t i f i e d )

As ~~~. 1 , so should K
1 2

K
2

-> 0 P c - l u r t  Present Data

K
2 

-
~ I gnore  E ver y t h i n g

A htethod

;u -
~ 1 

~
—7  In f i ni t e  t -iu ’ni ~~ry

A < I. -
‘‘

2 43



Table VU—I. Computational Burden of Identifiers

8080 hj p~ UPDATE
TIME (see)

PP .0 01) COST n~~~ 3

A. T 1PP-i ~VAki , ’N1’ 
~A 

4n 2 + 2 ln + 4] .42

+ s[2n + 4 ]

+ I- i [ 3(2 n ± l)
2

+15n + 9 }

+ D [2 ]

B. A PL TIIOIJ = + iN .42

C. N i-iE’I ’hI0~ (N 10) = -f ~

( D+  (2n + l)
2fl)~~

D. OSCILLATING I-tEl-tORY
(N

1 ~ -~-N 2
) 3

D 
2 .84

E. S 1h ” :IIF — A l~ u i , ) ) A[ 5n ’+ 3 ]  .08

+ s[2ru 4-2]

+ M( 10n + 7[ ± D [ l ]

*8 8  0 pp SPECIFICATIONS 2J

2 MI lcm

SOF’1 ’,~~ -~L-— I~-’,P LLl ’lL ~’i i’fl[) + , — , ~~~~ 1

A: 4lOps

S: 440 ~ts

M: 3800 1 : ;

0: 3600 ps

I
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Slow Parameter Variation .95 < A < 1

Fast .85 < A < .95

Oscillating Memory

N
2 

— Maximum Memory Length

N
1 

— Minimum Memory Leng th

Fix N
1

; as N
2 + Poor Track ing

Fix N2
; as N

1 
-
~ N

2 
Moving Rectangular
Window Results

One selection criterion for N
1, N2 

is that

N1 
= h

1
(a, ~7 of parameters)

N 2 
= h 2 (output  measurement noise)

where h .~~~~~ ”is a function of”
1

It is d i f f i c u l t  to indicate graphica l ly the relative data wei gh t ing

of the t ime—varying pa ramete r  i d e n t i f ier s  because da ta  is added and sub-

trac ted in d i f f e r e n t ~iays at diff -ren t tii.;es. To gim’c e rough idea , how—

ever , Figure Vil—lY is presented , where 1’clat,La da t a  we i gh t i n g  is p lot ted

vs. present  t i m e  k. This shows tha t as k .* c’. - , the ind ividua l  wei gh t i n g

given any p iece of da ta  by the t ime invariant  iden t i f i e r  approaches zero.

The A method levels  o f f  to provide a f i n i t e  woi gh t ing  fo r  data  and th ;e N

and oscillating memory (O.M.) methods have weights which  very between

upper  and low r hounds (a l thoug h t h u r  upper  and lower bounds are not  the

maine fo r  the two methods)

It a’ ~) - ar.Y the A method is less  s e n s i t i ve  to both p la nt—model order

di f i er er i c i ;; and par ameter  t i m e — v m u r i n  t ions , a l though in isolated ca;.;cs

t h e  N or osci I . I at in g  memory method  could be b e t t e r .  J.n all  cases t i m e —

var  i n  t I urn control oC C UrS  t h rough  cont ro l  i. ing F (k) (or eq i i i .val cut.  f u r  SHARI- )

‘blue weight  lug phii .osop h icc ; Of t h e  var ious  a p p r o a c h e s  are  compar ed to the

t i m e — i n v a r i a n t  c : m ; e  i n  F i g u r e  V l T — l ~
) .
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Ch APTER 8. FINDINGS , COPCLUSJ ONS , AND RECOi’T ’IENDAT IONS

Based on this study and results presented in this report , a series of

findings and conclusions regarding ~~.AS—type identifiers and their suit-

ability for sys tem iden tifica tion of a type  involvicmg a human ope ra to r  u ; o P n 1  ar e

given . This  chapte r wil l dileneate those key f ind ings , formul ate general

conclusions , and then based on these statements offer recommendations for

new work regarding new work in research , development , and h ar ch war e ira p le—

mentation.

From a study of the material developed in Chapters 2—7 , the fol lowing

general l indings can be given:

(1) A great variety of MEA S iden t i f i e r s  exist  which can
he used to identify linear systems

(2) The designer—selec ted  parameters  for  the adapt ive
iden t i f ier s  are somewhat a r b i t r a r i ly chosen , w i t h
the resul t  be ing  an i l l — de f i n e d  convergence r a t e .
A l t h o u g h a v a r i ety  of convergence a n aly si s  tools
are a v a i l a bl e , few if any , ;‘rovide a d e f i n i t i v e
estimate of the parameter estimator convergence rate.

(3) MP~AS identifier methods arc available which can
handle t ime—vary Log and nonl inear  p lants with; output
noise—corrupted nuo -m suremcnts .

(4) Although the para l le l  MRA S i d e n t i f i c f s  can y ield
a s y m p t o t i c a l l y  unbiased est imates  ( c u r l e r  appropr ia te
noise conditions), imp lemen tat ion is d i f f i c u l t in
prac tice because of the (cheoretical) need for a
knocil .c-cl ge of p lant  p a r a m et e r s , as in (111—112.8) for
( 111—109.8)

(5) Sari ecu—Paral. ic- i lk~AS can lead to b i a s e d  p ar a n m e t u r
e s t imates  in the presence  of noise [109] .  Recent  new
work prov ides  a r u m a n u ; ; of el i m - i i n a t  i ng  ;n c iu  bias in prac-
tice , however [ 2 4 3 ] ,  under c c rt a i . n c e c h . i t i o n s .

( 6 )  Much u r k  1-ifls ci r eedy  been done on c1 ct  cr in ining o p t i m u m
t r m i n s p o r  t l ag  f i ] . c  ers fo r  i;u ;u1 :i near iden t  I f i c a t  ion , as
dcvi- loped in  Cha 1-ut c- r 4 and P e c t . ion P of C h a p t e r  6 . Al l
arc  emus i ly lap  i t  ;~~fl~ cci ii; prac ti cc; .1 l u t  i n g s  of cc- non

l u s t s  m i r e  g i v c u i  iii Tab .1 c ~ elm i n  S ct ion I) of Ci umi p~ er 6,
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along with conditions on use of the state—variable
f i l t e rs .

(7) As shown in Chapter 7, the t ime—varying MRAS iden—
tifierm ; developed in this report can track time—
varying parameters much better than traditional
time—invariant MRA S identifiers.

(8) From Table V1I—l, computational burden can be
large insofar  as microprocessor  implementat ion  of
some of the  MRAS identifiers is concerned for real
time operat ion . Sim p l i f i ca t ion s  must  Pc- made to
allow for on—line , real—time identification.

(9) From Chapters 4 and 7, the MRA S nonl inear  iden t i f i e r s
invest -igated appear to not be amenable to on—line
identification due to the slow convergence rate
(cauced by the relatively short time the independcot
variable stays in a given identification increment
in phase—space).

(10) S t ra i g h t f o r w a r d  design guidel ines  can be fo rmula ted
as to t h e  e f f e c t  of measurement and input  noi se  on
parameter tracking accuracy (see Chapter 6, Section B).

( i i )  A l t h o ug h a va r ie ty  of par anieter ized human operator
models iu ~tve been developed b y other researchers ,
therc- appears to be no one best st.i-uct?~i~e or para—
meter i -,Li t ion that is  best (Chapter  2 ) .

From a s tud y of the r e su l t s  of the analy t i ca l  developments  in Ch;r.pter ;;

2—6 and simulation results bu Chapter 7 , the fol lowing general conclusion s

can be reach ;euj  concerning the use of MRA S ide nt i f i er s :

(I) Simple anal y t ica l  p r e d i c t i o n  tools for  dct~ - rn i n in 1
the r ela t ionsh ip between design p arameter  s e l e c t i o n
and puur ru n-ctcr convergence rate for MRA S linea r ideu ~—
tifiors i~s sparce.

(2) P aramete r  convergence i-ate is s t rongly  a f u n c t i o n
of t he  i d e n t i f i e r  C~~i t o .ec [ 1 3 ’  , 244

(3) A c cur a t  e cf t ’—l ~a;e non l inea r  I t v  i den t i f  h - cu t ion  is
pc . s i ;ih l . e f o r  m o d e r a t e  noise ob si -u r e d  o u t p ut  measure-
m e n t s  (Chap te r  7 ) .  I

(f t )  For “ f a st ” t i m e — v a r y i n g  p ; i r ; i c i t ’t cr5 , t r a d i  t t o m -i l

NR A S t i r l c — i n v a r i a n t  d . i t i l  i~ -rs  c a n n o t  m : c c ; u r ; t e l . v
t r a c k  p~~cnme t . cr u ;  wcl .1 fo r  l o t t e  t i rues , as ; P t ’~~n
l o u  h m i t m u l y t  i .ca ,1. .I \  iu ~ Ch i a p t ~ r 5 and  v i a  ~- : - ; u n p 1e in
Chapter  7.

2’u R
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(5) No ~ 1ng1 .e MRA S appears  best , whether based on con-
vergence rate , noise sensitivity, design simplicity,
identif ier modeling structure , etc.

(6) IP~\S j k u i t i f  i c - r e  can proper] y hand le i d e n t i f i cat i o n
prob ie - as  of a type simLiar to the human operator
ill a coinp enra t ory  t racking  loop .

(7) Further analytical work as to convergence desi gn
and anal ys i s  t e c hu n i qu e s  for  one or two of the p a r a l l el
flPJiS identifiers is needed.

(8) Analytical dc-termination of accuracy of fit vs.
numbcr  of l i nea r i za t ion  terms , f r e q u e n c y  ricirness
requ i r emen t s , parameter  convergence r a t e , number
of nonlinear  pa ramete r s , etc.

(9) Determine under what exact set of conditions (ii ,-ai y)
ccrtei.n FIItAS i den tif i e r  approaches can provide  b e t -t e r
results than the Opt imal  Control. Model (0CM) approach .

With regard to t ime—vary ing ident i f i e r s , areas of work being inves t i gated

include

1) pred ic t ion  of parameter  r a t e s  of change , then use
“shooting methods ” to improve t rack ing  speed.

2) adapt ive  a d j u st m e n t  of F (for  W meth -c o d ) ,  N
1 

and “2(for  osc i l la t ing  n;c~mory m e t h o d ) ,  and c . by u s i n g
decision logic on the output error . 1

3) usc- of series—parallel methods since th ey are easier
to r ea l ize  phys ica l ly .

Lu )  de te rmina t ion  of the band l im i t i ng  effect  on ~ (k)
due to the identifier makeup ( the  t i m e — i n v ar i an t
case. luas a psssl .r .md that asymptoticall y approach es
z er o ) .

5) d e t e r m in e  the par c ew (.er estimate phase lag as a
fur u c t ion of i den t i f i e d  p J sot  (I yna;n i c-e

6) d e t er m .in o  ana l y t i ca l l y t hu  e f f e c t s  of h i gh order
( w i t h ;  m a y  t i T l c -- - - s r~ og t e e m s) on p ara—

m ot e l -  ( U n V P ) . t e u i - e r a t e , t ue l e g ,  e tc .

- ‘I



Bar ed on the work p e r f o r m e d  and repor ted  on this report , the f o l l o w i ng

r ecom -- c- a d  a t  ions arc g i v e n :

(I .) Perform an anal y tical stud y to de termin e whether
any cf t h e  FII1AS i den t i f i e r s  are superior to maximum
l ikelihood , etc. To date , no definitive work has
bc-en done on conpar ing  e f f i c i e n c i e s  of MRA S iden-
t i f i e r s  to others .

(2) No d e f i n i ti v e  worl-z has been done wi th  o n — l i n e  model
order determination and it would be fruitful to fur—
thier investigate. 0ne conceptual approach with
pro m i se has been developed in Chapter  6 as a
go ide l i ne .

(3) I n v e s t i g a t e  the non l inea r  i d e n t i f i e r  developed in
Chapter  4 as regards  convergence ra te , ilaise
bias ing etc .

(!4)  Deter i s  nc- the uni queness capabi l i ty  of a m u l t i —
var iab le  identif i .e ; :  as a f u n c t i o n  of th uc  nature
of t i u c  i n p u t .  Since- in many pract:ical cases one
cannot -  con t ro l  the  i np u t  bu t  onl y m o n i t o r  i t , one
w ou l d  l i k e  to know t h i e  s i ze  of the paramet-er
e s t i m a t e  error bounds if the fr e q u en c y — r i c h n e s s
corn h i L i i n  is not  pre sent  (and hence the pa rame te r
e r ro r  does not  appr oach zero asymptotic- all y.

I
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n - - n r c -  no t  cons  dc-red d i r ec t l y .  Onl y a I en--: of the  i d e nt i f ie r  r m c c t h o d s  in

t h i s  n - n -  5o rt  u n - - r e  st u d i  c-d clue to t i ;n - c -  c o n s t r ain t s .

A .  ‘I n-n -, ’i cn - ri l n - - ;  [ 3  55 1

2. numcl m er of non]. T m u O n - u n -  F n - m n - n-

n = mcm cidn - l  ordc’r

nu = n u c - c l n - c c n -  of n c m ; r n - m n - . t c i m c  t e n - ;  .n- of m - . . -J ~~l f i n - m c I :  n - i t

y to y :  ru qu  :Lre s 1 ~.r i’ ( L (s ) i  i n - ’ m m i n -  up n - f  n I n t e g r n - u t on - s

M odel . : n In t egrn -u t.o mn - ( f o r  u 
~~~~ d~c)

n~ Ila lt i p li cr u (for 
~~~

, ~~.)
1 1

is 1-in -i t i pI ‘ u n -
J

- m m ” . o m m m i l. f o r  f ~“ n
n .

A

1 l oin - t r n - i t o r  ( f o r a . )

I I i : m ~s:i ;. .t i e r  ( f o r  v ’  -
~~~~~~. (fl)

3 I i t . e ;r a t O r  ( 1 ,c 1)
-J

1 1St]  1 p1 i c r

o I - I  ‘ - g i n - m t u s  ( f o r  SV1- ’ i (s)  f o r  e a t - l i  ~ )
T) uS

I



j  i’I m I n - n -  1~ in--rn - ; ( n - c f  rn - - n- - n n - n -  I l O i l  i n n - n - r i  ty  n . r c - q u i r e m e n t  s f o r

ci.; I ‘ r u - n - i  m t a t -  ic -;; )

C ’’ . -
~ I i  -C- m m m + f m ; ] + M [ 2n  + I m m  + 2j  + 2 r n }

ci 0

iii in-

tSe m m

C t ’  — I [ m i ’( t +  2 .~ ) }

(a  I..r c~ n - a~ ~~ 
-

I I .  S - -i . c - : tm [ ‘-4

n m n - m I d  05:1 T

mc ; ’ dn -n -~m c a  - S in- m c n - - r  n -Tn-’ ; : pc- i ’, nomial

m , m , m . m 1 cm r u n - c  n - i m c ; n - l c n -  m : i.ig; L— v n -ml ued l i — , ; t  i t m c - n - m r i t i e S

(I or I -n -
P,
’ m c :  m l ’ ,n-c of ;n - : i .Ct j -- - e In -m e d  n - o u t ]  Then -r i  t ies

n ± mii — ( 1  -1- j  ) -- nu m cn - Om cc : of linear f-aYu mm n - c -.ters

1- i m u l  t~~— v u l u i c . c n-l 1 5 - n - I  L n - n r l t . y :

2 / dm l

1 I T . : i t ’ 1 1; ly

S ~~~~~~~~~~~~ I- .. m l  .Sn - c ; m ’r i ty :

2 , n-~~— i

2 11

SVF f ‘.

ri ’ ‘0

s u m  f u , t ~ m m :

uu ’ 1

16’)



[9- 1 ] 1n-, - 1 ; c .’\- , C . , “ Sc . . -m ~
, n - -~i Data  FR J~ - I  a of time fl ;i sn O pm ’ m ; : t c ’ r  In a tI m ;  I “ c i

Syst~ -m m ’’ , l ’ lu .D .  ‘I ’ I u m ’ m : i c , (u n - i - ol Eloc . C : - , . ,  U CLA . 1 0 (’2 .

Gai n s

Li  mu - ,.,r :  11 11-1

N onl im -u et -mr Si ng l e— V a l u e d :  21 31-1 lS iN

Non I . i m i n o r  ‘t ;ml i i  — Vn - 1u n -  1: 2 1 iN iN

Error IT . :

n + 1 m + 1 Add

-1- — ( 5 - f  j) l,in - e c -m , : tn-’i; ;;s to riulti ply

(9, + ) non] ( m n - c-a m:  f a c to r s  n - u “ c m i  t i  p in -

Cost = I- T [ 2n~ + 2rn + 2 5]  + I[ S:  -F m c + Z + j ]

If m n~ , j  = 0 ( s tandard  s i a n - ; 1 n -— v a lued non l Inen -- r i t  i n n - n -  onl y ) ,  then

Cost = i - [ 4 n  + 2,2,] - 1 [ 4 m u ~ + 9,]

C.  ]oC - . -m m n - p  [ i:~s]

_l _ S

1- todd :

n + m ’ + l  A

n + m + N

Gains:

n
_ 

+ flu ’ + I S

2(j i ’ + i c ~ + 1) Ft

i n

1 t I

I
,m 

~~~

I



( I I  on - :  n ’ - t - um --I- I N
- A

- 
- I ) : c :  0~~ 4 - mc ; + 3 M

mm + m ;  A

i + [ ) :  1 A

I F) 

c ( S ) ;  .1 5

.-, 1)

0 
- ‘C- mm ’ ” + 1 It

i-i ” -F- mn- ” A

C:  1 Nl i- i. ,}

- -  
T - - J 

-

A

1 S

n -I - i c ” I - i

A

-I- : J A

i-I

( mm
’— ] )  A

r ,’ ; e t  N i n - i

1-’ -- ( ‘) :  n ” + n m -F- ,i S

( I n -  ) ( F n - ) ’ : (n +r a ’ + i ) 2 
M

( m m + r m ’)
2 

A

sn -I C ( ; :  ( i n -  
- -t - ;; 1) 2 

5

( I- ;’;) ( 1 )
1 

. -

C -1- 1. 1)

2/ .1 

— -— -- - — - - .— - — .——~~~ - - - — -  - - - - - - - - ----—--~~~ . - - - - -



a:

2 ( n + n ” -F m )  1-I

1 F)

n + mm i -}- 1 A

Cost = [ S m n -  + 5 m m m + (-]5 -4 - iD -I- A [ 2 n ~ -I- 2m ” + 3] + S[n  + m  + 2]

If N = I,), 0 S , ;m ; o . i m n - ” “ it ” , t h e n

( o n - i = i-T~ J S ; ’+ 7} -I

5. L c m m , 5  ‘ [1,16 1

n ” ~I ’ 1~~~+ I I t

‘C-

, 0 / ~ ~1’ ~~ ) :

1 S

1 1

m

n ‘C-  m ; m~ -I- 1 5

A

IT

n + i c u + 3  A

In - n - :  n ’ -I - mn ” + i  N

n -F mmC’ A

F -F C: ri ” 4- i i
” + 1 A

27 .’



I’i- oc - J’’77 .1 cc , S i m m  I r ,, m n - ,- i - : c o , , ( i m n - t - -  1977 , p~ . 832-—8 .35 .

2.50

—r

G ( k ) :

(n -F mmi + 1) 2 N

Cost A[ (n +m )
2 + 11n +iOnu ” -f/u J

+ S[n ’ -I- rmC’+ 4 ]

+ N [ 3 ( n + n m  + 1)
2 + 8 n +  7cm ” + 9]

+ D [ 2 ]

If n = m , A = D , n-nc) M = D , then

2 _ 2Cost = M [ 3 ( 2 n  +1) + l5n +11] -:- ,- \[4n + 23n + 8 ]

8. Nare n dra  [113]

Mod e l:

n 1-1
A x

A

n ’ mrm ” N
B u

n ”m ” A

e (k)

n
_ 

S

Gains:

1 1)
A y  y

-r
mm N

A

-- -
~
-

~
-
~~

- : n ” (n ” + m )

mm
oF: n ” N

n ” A

213



260 I

I

- -

(n - F )  c : n ” IC

n ” A

[ ( n -  p ) ] T 
n ” (n + ~~“) I t

n (n” +rc ) A

) :  n(n +m ) N

n ’(n ” + m ’) A

If A S , t - C = D , th in - -n

Cost = M [ 4n
2 

‘C- 3n ”m + 2n ” + 1]

+ A [5n ”2 + / m i c ”m + 3n ” ]

I f n m ,

Cost = A [9n + In ] + C-I ! 7n + 2n + 1]

F. C m , ;- -- 11 091

From [1.09] , time calc ,;1 c u t c e u t  cost is

Cost = 1!5n — 2 ] + M[4n”}

(I . Yn - ’ m m gJ240]  

*
i’rc ’ mn- [109], the calcu l ated cost is

Cost I [4n ] + I ’i [4n ”J

I
From [109], t I m ,  na lcu ta t c :d  cost is

Cost ‘~ 116n 1 + Mf 6o ]

1. Lion [ 1 02 ]

1- ’ i : ocmm [ 1 0 9 ] ,  the ca lcu l a t ed  cost Ic:

Cost = i -1 8n ”-2] + F C I B n ” 2
J
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~~ , F u p ’ i c n - ’ n- m JcO - m oe f - c r  T I s - m 1 m i e s ,

it = 4: p u - n -  ic’-J ,n-; in n - m m  u~~ I ;c te  c y c l i c .
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13een;m n - ’~ t i m e  cal cm ml ;t T n - mrm n - ; are so ro c :i i ici cated , the de ta i l s  m,’i li .  not be

di i  c’ , , - , ,  ed h e r e  - In gc’ : i n -’- m c  1., the conup i tta t i on  burden  is

Co- -ct 2 {“ old i I m ’ c - t ’~~~u :.; def:iim ’n -mi in Ca se 10 above.
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